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Abstract 



This thesis describes mathematical structures of the quantum BRST constraint method. Ul- 
timately, the quantum BRST structures are formulated in a C*-algebraic context, leading to 
comparison of the quantum BRST and the Dirac constraint method in a mathematically con- 
sistent framework. 

Rigorous models arc constructed for the heuristic examples of BRST for quantum electro- 
magnetism (BRST-QEM) and Hamiltonian BRST with a finite number of constraints. This 
facilitates comparison between the results produced by the BRST method, and the results of 
the T-procedure of Grundling and Hurst for the quantum Dirac constraint method. 

The different constraint methods are shown not to be equivalent for the examples of Hamilto- 
nian BRST with a finite number of constraints that close, and a BRST-QEM model constructed 
using the Resolvent Algebra of Buchholz and Grundling with covariant test function space. 
Moreover, this leads to the following three consequences: 

The quantum BRST method, and quantum Dirac method of constraints, are not equivalent 
in general. 

Examples of quantum Hamiltonian BRST can be constructed to show that the BRST method 
does not remove the ghosts in the BRST physical algebra. This occurs since quantum Hamilto- 
nian BRST selects multiple copies of the physical state space selected by the Dirac algorithm, 
and the ghosts are not removed from the BRST-physical state space. Extra selection criteria are 
required to select the correct physical space, which do not gaurantee correspondence between 
the Dirac and BRST physical algebras. 

Conversely, the BRST physical algebra and Dirac physical algebra coincide when QEM is en- 
coded in the auxiliary Resolvent Algebra. This is a rigorous example of Lagrangian BRST, hence 
quantum Lagrangian and quantum Hamiltonian BRST are not equivalent constraint methods. 
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Chapter 1 



Introduction 



This thesis describes the structures of the quantum BRST constraint method in a mathematicahy 
consistent manner, ultimately formulating it in a C*-algebraic context. The BRST quantum 
constraint method is widely used in modern theoretical physics, finding application in many 
areas such as renormalization of gauge theories |1H llU4j , constraint theory in classical and 
quantum Hamiltonian constraint systems [55\ [HI 1102^ [72] and constraint theory in string theory 
|64[ [371 [M] • As a general quantum constraint method it suffers from the problems that it comes in 
a multitude of varieties, is commonly defined in the context of a specific model rather than in an 
independent algorithmic manner and often requires the addition of model-dependent constraints. 
Although there has been analysis of quantum BRST in varying degrees of mathematical rigour, 
as discussed below, there is still a lack of unification of the various results as well as a lack 
of comparison to alternative quantum constraint methods in mathematically precise manner. 
The following develops a mathematical framework to address these issues. First this framework 
is developed in the setting of operators acting on a Krein space, which is used to analyse 
common BRST examples and to discuss problematic issues related to BRST in the literature. 
The framework is then extended to an abstract C*-algebraic context where is used to compare 
quantum BRST to the Dirac quantum constraint method in a mathematically consistent setting, 
and to further investigate the formulation of an abstract quantum BRST algorithm. 

We start with a brief historical survey of BRST. As the BRST related literature is vast, 
the account given here covers the part which is central to the development of most branches 
of BRST. BRST theory officially began with the work by Becchi, Rouet and Stora (BRS) 
[111 llOj . and separately by Tyutin (T) [100], in relation to renormalization of gauge theories 

1 



using path integral methods. In [IT] these authors discovered that it was possible to define a 
super derivation 6 (or s in their notation) on the fields involved (gauge, ghost, etc) such that 
5^ = 0; that the Lagrangians were 6 invariant; and that 6 produced the Slavnov- Taylor identities 
which correspond to gauge invariance in perturbation theory. In this way these authors were 
able to prove the renormalizability and unitarity of the S'-matrix in gauge theory models that 
satisfy the Slavnov- Taylor identities, which they demonstrate explicitly for the example of the 
5?7(2)-Higgs-Kibble model. 

Following this, Kugo and Ojima formulated BRST as a constraint theory, published in a series 
of papers [661 EZJ [691 HU [68] including the major work [68] (referred to here as K&O [68J) that 
exhibits many of the general structures associated to BRST today. They work in an operator 
formalism, where fields are operator valued distributions acting on some inner product space 
7i, and the construction 6 for non-abelian gauge theories is interpreted as 'replacing the gauge 
parameter by ghost parameter' in the gauge transformations. An explicit formula for the BRST 
charge Q is given such that it generates 6, is such that = 0, and hermicity assignments for the 
ghost fields are assumed which make Q hermitian. The latter two conditions are incompatible 
with a Hilbert inner product and thus forces the inner product on 7i to be indefinite. As = 
we have RanQ C KerQ and K&O then go on to assume formally the the physical subspace is 
Ker Q/Ran Q and to investigate consequent structures. They find that the physical subspace has 
a positive definite inner product using an argument based on a specific structure associated to 
the gauge theory set-up called the 'quartet mechanism' applied to non- interacting theories and 
invoking asymptotic completeness (K&O [68] p46). Under the assumption that the observables 
should be be those operators that factor to KerQ/RanQ, they prove that the local observables 
(as defined on K&O [68j p46) are the same as Ker 5 factored to KerQ/RanQ, which is used to 
give a proof colour confinement, K&O [68] Theorem 5.11 p69. 

The results in K&O [68] . while undoubtedly of great importance, rely on formal arguments 
as well as special features associated to gauge theories. It is natural to consider how these 
results can be extended to other theories with constraints and once done, to see if the inner 
product on KerQ/RanQ is positive definite, if the operators which factor to KerQ/RanQ 
always are in Ker 5, how to make the structures rigorous, what the relation is to other constraint 
methods such as Dirac. As the K&O approach is based upon modifying a symmetry of the 
Lagrangian, we refer to similar approaches as the Lagrangian approach to BRST. Following K&O 
[68] the Lagrangian BRST structures are further analysed and developed by many authors such 
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as[70l[3lll[Il[2l[78l[8ll[80l[Ml[92l[79l[93. Positivity of the physical space for gauge and string 
models is studied in [78l [971 HI 12] where it is noted that positivity is not guaranteed to hold 
in general [971 178j . and that perturbative arguments may not be applicable to gauge theories 
in [971 12] • Kugo and Uehara [70j investigate the observable algebra for Yang-Mills type gauge 
theories and find that a further restriction to ghost number zero BRST observables is needed to 
guarantee correspondence to the expected algebra ([70] Theorem 1 pl398). Also noteworthy is 
[64j . where the authors apply the Lagrangian BRST approach to bosonic string theory and find 
that 2-nilpotence of the BRST charge requires the critical dimension condition of D = 26 and 
that the physical subspace has positive definite inner product via a 'quartet mechanism'-like 
argument. 

Concurrently with the development of the Lagrangian BRST approach, Fradkin et al. [31 ^ 132 ^ 
EllS], published a series of papers with a general method for proving unitarity of the 5-matrix for 
arbitrary gauge fixing conditions for degenerate Hamiltonian systems. This method extends the 
original system by ghost variables and uses the bracket structure of the constraints to construct 
an 2-nilpotent operator Q in their notation) to generate a superderivation 6. It is argued 
that we can extend the Hamiltonian Hq of the original unextended system to Hi^, = Hq + 
where ^ is an arbitrary function of the extended variables, and that the S'-matrix derived from 
the extended system is independent of In this way we achieve independence of the S-matrix 
from the 'gauge fixing condition', in the form of the function ^. Although originally based 
on the path integral formalism, this method was set in an operator formalism in [9] where the 
basic objects Q and 5 had strikingly similar properties to the K&O construction, but where 
the the method now applies to a general Hamiltonian system with constraints, and that the 
construction of Q depended only on the commutation relations of the constraints. We refer to 
the above approach as the BFV (Batalin-Fradkin-Vilkovisky) approach to BRST. 

The BFV and Lagrangian BRST approach to constraints were brought together in the com- 
prehensive paper by Henneaux [49j . in which the BFV approach is reviewed and the major 
step of formulating it for classical Hamiltonian constraint theories is taken. Quantum theory 
is then considered in both operator and path integral formalisms where it is shown how the 
BRST charge for Yang- Mills as in K&O [68] can be arrived at using the BFV approach, that the 
extended system acts on a space of Berezin superfunctions, and a heuristic argument for equiv- 
alence between the Quantum Dirac constraint method and Quantum BRST method is given. 
The BFV formalism as described in this paper, and its subsequent development we will refer to 
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as the Hamiltonian approach to BRST. 

Since [1^ , Henneaux and many others have significantly extended the analysis of Hamiltonian 
BRST, both in the classical and quantum case. An exhaustive list of these works is not given 
here, but can be found in H&T [55j which is the standard reference for Hamiltonian BRST 
theory in the physics literature. The first half of this book summarises the major structures now 
associated to classical BRST. The ghosts and conjugate ghosts that appear in classical BRST 
are shown to arise naturally from the geometric structures of Koszul-Tate and longitudinal 
differentials associated to the constraint surface and gauge transformations. Using homological 
perturbation theory, they show that the BRST super derivation 5 arises naturally as the sum 
of these differentials plus higher order terms and satisfies 5"^ = 0. This produces the BRST 
cohomology, and it is shown that the algebra of observables of the original constraint theory is 
isomorphic to the BRST cohomology at ghost number zero. The generator Q of 5 is canonically 
constructed as in H&T [55] and the analysis is extended to cover the reducible case, i.e. where 
the constraint functions are linearly dependent. We will not treat classical BRST further in this 
thesis as it has already been put on a firm mathematical foundation, e.g. [30l [93l ESI E] ; we refer 
the reader to these papers and their bibliographies for details. 

With classical BRST being well defined, most authors construct Hamiltonian Quantum 
BRST structures by analogy to classical BRST with particular emphasis on the cohomological 
aspects. For example, the BRST observables are usually taken to be those 5-invariant opera- 
tors of ghost number zero rather than operators that factor to KerQ/RanQ. While Quantum 
Hamiltonian BRST is constructed in several heuristic formalisms, such as the path integral, we 
are only concerned here with the operator formalisms as this is most easily made rigorous. We 
study the operator formalism for Hamiltonian BRST given in H&T ^55j Chapter 13 as this has 
the basic structures of most versions of Hamiltonian BRST. As in the Lagrangian case, there 
are many questions to ask of the structure of Hamiltonian Quantum BRST. Fundamental to a 
probabilistic interpretation is the positivity of the inner product on the physical subspace. 

Positivity of the inner product on the physical subspace is sometimes assumed to be true, 
or that it will be only for ghost number zero states in the physical subspace, but it is noted in 
several places, e.g. H&T |55j p311, Grigore and Scharf [38] p644, that extra selection conditions 
beyond this are still needed for this to hold. Henneaux [50] (section 8) gives a discussion of this 
complication for the case of the string model, along with a discussion of other difficulties related 
to the superfunction representations commonly used in Hamiltonian BRST, e.g. indefiniteness 
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of the physical inner product and fractional ghost number. Solutions are proposed to both 
problems. These problems are also noted by other authors e.g. Landsman and Linden |!71j p425, 
McMullan and Paterson [74] p489 Fuster and van Holten 33j p7, p9, and essentially the same 
solution is proposed as in Henneaux [50j. A useful method for calculating the physical states 
which utilizes the c?sp-decomposition and the BRST Laplacian operator is noted in several places, 
and treated most systematically for the Hamiltonian framework in van Holten |102j Section 2.7, 
and for the Lagrangian framework in Scharf [92j p21. 

As well as issues related to the state space for both Lagrangian and Hamiltonian BRST, 
calculation of the quantum BRST observable algebra is not analysed in detail at the heuristic 
level. In the Lagrangian picture, K&O [68] give Proposition 5.9 p68 which shows heuristically 
that BRST invariant observables only act on KerQ/RanQ by their restriction to the subspace 
with no gauge particle creators, Scharf |92j pl27 proves unitarity of the physical S'-matrix using 
a similar argument and the tfsp-decomposition. In the Hamiltonian picture, H&T [55] Section 
14.2.1b, gives a structure theorem that relates the c?sp-decomposition to the operators in KerJ, 
but does not compare this to the Dirac method of selection of observables. These results all 
rely on essentially the same idea, expressed below in Theorem p. 3. lip and Theorem (j4.2.27p . 
In [53^ [52] a heuristic proof is given to show that restricting to ghost number zero operators in 
Ker 6 for the physical observables removes the ghost part of the algebra for Quantum Yang-Mills 
theory. The proof does not use the structure theorem in H&T [55] . However in Henneaux and 
Teitelboim [54j it is shown that 5 must be restricted to the original observables (without ghosts) 
to obtain the correct results for the example of quantization of generalised magnetic monopoles. 

Mathematically consistent treatment of BRST structures is needed to deal with the above 
issues. As BRST theory has existed for 30 years, work in this direction has of course been 
done. General BRST structures has been examined by Horuzhy et al. in a series of papers 
[571 El Eni ESI Ell [62l I103j . in particular in Horuzhy and Voronin ^57J the BRST charge is 
analysed Q as a possibly unbounded Hermitian operator acting on a Krein space, and various 
results including the dsp-decomposition are obtained. Ghost number operators are studied in 
Azizov and Khoruzhii [6j and conditions for the existence of these operators are given. The 
natural Lie superalgebra generated by Q, its Hilbert-adjoint Q* , ghost number operator G and 
the BRST-Laplacian A = {Q* , Q} is 1(1, 1) and its representation theory is carefully analysed in 
Horuzhy and Voronin [61J where a general description of how these representations decompose 
is given. A concrete example of BRST for the Schwinger model is discussed Horuzhy and 
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Voronin [58j in the Lagrangian approach, where the BRST charge is constructed along the hnes 
of 'replacing the gauge parameter by ghost parameter'. A problem is found in applying this 
approach to the LS solution (as defined in [58j), but it works well for the CF solution [19] 
with the result that the correct physical space is selected. It should be noted that the BRST 
charge for the Schwinger models has the same form as that for BRST-QEM when written in 
terms of creators and annihilators which is why we get the correct physical result. The BRST 
physical algebra is not discussed in this example, however the selection of the physical algebra 
is considered in [60j where it is shown that for theories with structures similar to QEM, the 
operator cohomology is what we expect. The proof of this fact relies on using an 'operator 
rfsp-decomposition' and is entirely algebraic. It is conjectured at the end of f60] that the spatial 
dsp-decomposition can be used to simplify the operator cohomology calculation. We do this here 
using a structure theorem similar to the one mentioned in H&T [55], but extended to cover the 
infinite dimensional case. Further papers [621 1103j are mainly concerned with studying 1(1, 1). 

In contrast to the direct study of the general structures of Quantum BRST, a second avenue 
to investigate Quantum BRST rigorously is to apply a well-defined quantization scheme to 
classical BRST. As classical BRST is mathematically sound and gives results equivalent to Dirac, 
it is natural to see if this will carry over to the quantum theory, and this is studied in [ 15^ [271 165] . 
Duval, Elhadad and Tuynman [27] found that by using Geometric Quantization as well as the 
BRST procedure gave they obtained the same problems with the indefinite metric of the physical 
subspace, fractional ghost number, etc, mentioned above with respect to Hamiltonian BRST 
([27] p543), but could obtain the desired results by modifications made on a case by case by 
basis. This seems a natural approach to take, however due to obstruction results in quantization 
[36\ [35], and the fact that there are quantum constraint systems with no classical analogue, 
direct analysis of quantum BRST structures is still of primary importance. 

Quantum BRST ideas have been applied to the rigorous formulations of perturbation theory. 
The idea of calculating interacting quantum field theories (QFT's) via perturbations of free 
theories is fundamental to all approaches to interacting QFT, and the well known divergences 
associated to the process are the bane of rigorous formulations of QFT. The approach taken in 
[921 [26| [25| [24} [56] is to define interacting objects via formal power series in such a way that 
each term satisfies certain properties we expect from our final theory, such as gauge invariance. 
Scharf [92] does this using the Epstein-Glaser [28j approach to constructing the S'-matrix where 
the terms in the S'-matrix are smeared time ordered operator valued distributions constructed 
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iteratively without the use of a ultraviolet cut-off function by the use of causality. BRST 
structures are used to define perturbative gauge invariance (PGI). For given models, the S- 
matrix is defined as the formal power series of the appropriate smeared time ordered free matter, 
gauge, and ghost fields with the n-th order term in the series denoted by {l/nl)Tn{xi, . . . ,rE„). 
Both Q and 6 are constructed using the Lagrangian method of 'replacing the gauge parameter by 
ghost parameter'. PGI is then defined to be that 6{Tn{xi, . . . , is a divergence of particular 
form (cf. [92] equation (3.1.18) p99) and is justified as it implies more traditional expressions 
of PGI, e.g. the Ward-Takahashi identities in the case of Quantum Electrodynamics (QED) (cf. 
|92j plOO). PGI as defined in [92j for a general theory also ensures that smearing the S'-matrix 
terms T„(xi, . . . , x„) over the Schwartz functions g G 5(M^,M") and taking the limit g ^ 1 
gives that 6{Tn{g)) (cf. [92j equation (3.1.25) p 100). That is, the terms in the S'-matrix 
perturbation series are such that T„ G Ker 5 in the adiabatic limit. Scharf makes the point that 
PGI defined using T„ and 5 this way makes sense even when the S'-matrix does not exist in the 
adiabatic limit, e.g. for the massless field case ([92] plOl). Hence BRST structures, such as the 
superderivation 5, are fundamental to the meaning of gauge invariance in this approach. Similar 
ideas are used in [24l |25] where observables, physical state space, and BRST charge Qint for 
interacting theories are constructed via formal power series derived from the free theory. These 
ideas are also used in [56j which provides an extensive analysis of renormalization of Yang- Mills in 
curved space time. It is assumed throughout these approaches that the physical interpretations 
require that the physical subspace, KerQ/RanQ, has positive definite inner product, and also 
that the physical algebra is defined to be Ker^/Rand. 

This concludes our brief historical review of the current BRST literature relevant to this 
thesis. Some other important works not mentioned so far are e.g. |1061 110^ [79J. For a more ex- 
tensive guide to the BRST literature, the interested reader can consult consult the bibliographies 
of [5511791 [T021I71 [8]. 

From the preceeding discussion it is clear that the quantum BRST constraint method needs 
a mathematically rigorous treatment for several reasons. We need to investigate positivity of the 
physical subspace in the Lagrangian and Hamiltonian frameworks. We need to investigate the 
selection of the algebra of BRST observables. We need to interpret Lagrangian BRST structures 
in a well-defined mathematical framework, and give an account of free theories such as QEM 
as in Scharf [92j in this framework. We need to be able to compare the different approaches 
to quantum BRST in a mathematically precise way, as well as compare quantum BRST to the 
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quantum Dirac method. 

This thesis pursues these aims and is orgainized broadly in two parts. Chapter [21 Chapter [3] 
and Chapter [4] make up the first part, and are aimed at developing clear consistent mathematical 
structures in a concrete representation. Initially, the standard quantum BRST examples are 
defined formally as found in the literature, then the model independent structures of quantum 
BRST common to the standard BRST examples in the literature are defined. The standard 
quantum BRST examples are then developed rigorously in light of these frameworks, facilitating 
discussion of problematic issues related to BRST in the literature from a consistent viewpoint. 

Much insight can be gained from analysing QFT structures in a representation-free setting, 
and the second part is aimed at analysing quantum BRST in such a setting. Chapter [5] encodes 
the structures of the previous chapters in a C*-algebraic context, and gives an abstract formu- 
lation of the general structures of the quantum BRST constraint method. This is a non-trivial 
mathematical problem for the case of BRST-QEM as most of the basic objects are defined as 
unbounded operators acting on a Krein-Fock space. The formulation of quantum BRST in C*- 
algebraic structures allows a comaparison to the quantum Dirac constraint algorithm from a 
general and rigorous standpoint. 

This is not to say that a C*-algebraic framework is the only way to analyse quantum BRST 
rigorously, as evidenced by the many other approaches to rigorous quantum BRST already 
mentioned in the introduction. The C*-algebraic viewpoint, however, gives a methodology to 
draw together and analyse in a consistent mathematical framework coming from the different 
varieties of quantum BRST. 

A summary of the contents of the Chapters is as follows: 

Chapter [2] gives an account of the standard heuristic BRST structures such as the BRST 
charge Q, BRST super derivation 6, and ghost structure. The Lagrangian and Hamiltonian 
BRST approaches will be discussed by giving an example of each. The purpose of this chapter is 
to motivate the rigorous developments in later chapters and to connect with standard examples 
as found in the literature. We will see that at the heuristic level, BRST for Quantum Electro- 
magnetism (QEM) selects the correct physical subspace, while for Hamiltonian BRST with a 
finite number of bounded constraints, BRST has problems with indefiniteness of the physical 
inner product and that extra selection criteria are required to specify the correct physical space. 

Chapter [3] makes the heuristic structures rigorous in terms of operators acting on a Krein 
space. There are several technical difficulties involved in this as many of the basic objects 
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involve algebras of unbounded operators acting on Krein spaces. We first give an account of the 
ghost algebra as the CAR algebra |16j smeared over a Krein test function space with a certain 
simple structure motivated by the BRST-QEM example. We connect this with the Berezin 
superfunction representations that are also commonly used for the Ghost Algebra. The natural 
spatial decomposition associated to the BRST charge Q, the dsp-decomposition, is given as well 
as its connection to the physical operator cohomology. Using this we give a simple example of 
where Hamiltonian BRST will not coincide with the Dirac constraint method at the spatial, or 
algebra level. 

Chapter S] is devoted to make the heuristic BRST-QEM example rigorous as well as other 
Bose-Fock theories with similar one-particle test function space. We find that in this rigorous 
formulation, the BRST-physical state space and BRST-physical algebra are what we would 
expect using other constraint methods such as the Gupta-Bleuler method. Other examples 
fit easily into this framework. Finally, we combine Hamiltonian BRST with a finite number of 
bounded abelian constraints with abelian Bose-Fock BRST in a natural way which yields a BRST 
charge Q that selects the correct physical subspace. Hence this yields a BRST-algorithm for a 
general finite number of bounded abelian constraints that selects the correct physical subspace 
without the need of imposing any further constraint conditions. This is an interesting result as 
it is not the case for the usual Hamiltonian BRST algorithm (cf. MCPS problem as discussed 
in Subsection 12.5.2] below). To author's knowledge, this algorithm, using the combination of 
Hamiltonian and Bose-Fock BRST, is an original construction. 

Chapter[5]is then devoted to encoding the previous structures and examples in a C*-algebraic 
framework. There are major obstacles in doing this such as that the BRST charge Q is un- 
bounded and that the super derivation 6 maps bounded operators to unbounded operators in 
physical examples such as BRST-QEM. To deal with these we first develop C*-BRST theory with 
bounded structures to see what features we need to encode. Unbounded superderivations with 
similar properties to the BRST super derivation have been studied in relation to supersymmetry 
by Buchholz and Grundling [17J using the Resolvent Algebra for the canonical commutation 
relations developed in Buchholz and Grundling [18j . Following a similar procedure we encode 
BRST for Abelian Bosonic theories in a C*-algebraic way and analyse the resulting structures. 
We find that when this is done in a way most natural with respect to Poincare covariance, the 
resulting BRST constraint procedure does not remove the ghost part of the algebras. This is a 
surprise given that the ghosts are removed in BRST-QEM example in Chapter |4l The reason for 
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this is that we have taken 'resolvents' of Krein-symmetric fields rather than Hilbert-symmetric 
fields (Appendix l7.2p when constructing the corresponding Resolvent Algebra, and so the struc- 
tures involved do not directly correspond to those in the QEM example. However we do find 
that Dirac constraining (T-procedure Appendix I7.4p produces the expected results. We modify 
the Resolvent Algebra so that it corresponds exactly with the bosonic example in Chapter d] 
and find that BRST-constraining now gives the correct results for strongly regular states (The- 
orem 15.4. 19p , but that now there are problems in defining the Poincare transformations at the 
algebraic level. 

Finally, using the bounded BRST case and QEM examples as a guide, we give a general 
formulation of what a C*-algebraic BRST theory looks like, conditions for states to give physical 
representations, how the physical algebra is defined at the algebra level, and how the examples 
developed fit into the C*-framework. 

We will use the following conventions in this thesis: 

• The metric tensor for Lorentz space is g^i, = diag{—l, 1, 1, 1). 

• The mantle of the positive light cone is: 

C+^ipeR^lp^p" = 0, Po>0}, 

• Inner products (•, •) are anti- linear in the first argument and linear in the second. 
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Chapter 2 



Heuristics 



The aim of this chapter is to an outhne of the heuristic structures which are to be made rigor- 
ous. As this chapter is heuristic, calculations will be formal in nature, with technicalities such 
as domains of definition and boundedness issues postponed to the following chapters. We will 
also relegate long proofs to an appendix so as not to interupt the flow of the text. In following 
the chapters where we are concerned with the technical details, all proofs will be given with the 
statement of the fact. We first give an account of the features common to the main quantum 
BRST approaches followed by examples of the Lagarangian and Hamiltonian BRST. The first 
example given is heuristic BRST quantum electromagnetism (BRST-QEM) done in the Lagrag- 
nian approach as found in Scharf [92], the second being the example of the Hamiltonian set-up 
with a finite number of constraints which 'close' as given in [551 1102^ \7T\ [73| [71} [8]. Finally we 
will discuss the structures that need to be made rigorous, and issues that need to be resolved in 
the following chapters. 

2.1 Set-up 

First, BRST begins as an extension procedure, where a quantum system with constraints is 
extended by 'ghost variables', a description of which is as follows. 

We start with an involutive field algebra Ao, with involution f , of possibly unbounded oper- 
ators which describes the physical observables of the system. This acts on a inner product space 
7io, with (possibly indefinite) inner product (•, •)o, where f is the adjoint with respect to (•, •)o. 
We then extend by tensoring on a 'ghost algebra', 

Ag := alg({r/j, pj \j G /}) 
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where / is some index set determined by the constraints, and the variables have the fohowing 
anticommutation relations, 

{Tlj,Pk} = Sjkl, {r]j,r]k} = {pj,pk} = 0, (2.1) 

We refer to the ijj as ghost variables and pj as conjugate ghost variables. The ghosts are chosen 
so that they are associated with the 'unphysical degrees of freedom' of in some manner, such 
as associating a ghost to each linearly independent Dirac constraint. 

Furthermore, we assume that Ag acts as operators on a vector space Tig, called the ghost 
space, with indefinite inner product (•, ■)g. The involution with respect to this inner product is 
also denoted f and we assume the following hermicity assignments. 

The total extended BRST algebra is ^ = -^g and it acts onTi = Tio Tig, with the usual 
tensor inner product (•, •). The adjoint with respect to (•, •) is given on the elementary tensors 
as B)"^ := ^ and extended accordingly. 

Remark 2.1.1 (i) Usually the conjugate ghost variables are taken to be anti-f hermitian 
( [55] pl90). That is = —p and {rij,pk} = Sjkil- By redefining p := ip we get the above 
equivalent algebra. 

(ii) The equations ()2.ip and hermicity assignments of the ghosts imply that (•,•) must be 
indefinite. To see this first note that rjj = {l/2){r]j ,r]j} = and so rjjpjrjj = rjj{\ — rjjPj) = 
rjj. Similarly, pjrjjPj = pj, and therefore if we let A = i{rijPj — Pjrjj) we have that A^ = A 
and = -{r]jpj - Pjr]jf = -{iljPjiljPj + PjVjPjVj) = -{Vj^Pj} = -1- So for Tp GTig we 
have {Axp,Aip) = (ipjA^ip) = —{il),Tp), and so Tig cannot be definite or semi-definite. 

(iii) Ti and Tig are almost always assumed to be a Krein space with a Hilbert-topology (see 
Appendix (j7.2p ). An explicit construction of the ghost algebra and Tig will be given in 
chapter (13. ip . where Ag is a representation of the CAR algebra over a particular test 
function space. We will also show the connection to the usual representation on super 
function space as given in [55] p495. 

The full algebra A is then given a ghost grading in the following manner. Suppose that 
M G ^ is a monomial of elements in Aq, ghosts, and conjugate ghosts. Then M is given ghost 
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number gh{M)= number ofrj - number of p, and we define Gn = span{M G A \ gh[M) = n} d A, 
the finite linear combinations of such M . We then get that A = span{A G | G This 
grading is referred to as the ghost grading^ and the above is weh defined as a consequence of the 
relations (j2.ip . which will be seen more explicitly in subsection ()3.1.ip . 

We also have a Z2 grading of A given by A'^ := span{^ G Q2n \ n £ Z} and A~ := spanjyl G 
^2n+i I n G Z}. A'^ and are referred to as the even and odd subalgebras respectively, and it 
is not hard to see that the map 7 : A'^ U A^ A given by: 

7(Ao) := Ao, Ao G A+, 7(^1) := -Ai, Ai G 

extends to an automorphism on A such that 7^ = t. We call this the Z2-grading automorphism, 
and is essential for constructing the BRST superderivation below. 

There is also commonly assumed to be a ghost number operator, G G Op{7ig). This is an 
operator such that, [1 ® G, A] = nA for A £ Gn, and with our ghost hermicity assignment, 

= —G. The existence of this will be discussed in subsection (jS.l.ip 

Furthermore TCg is assumed to have a ghost grading, which is given by the eigenspaces of G, 
i.e. Hgn ■■= {ip £ 7ig\Gip = nip}. Using G^ = -G, we see that {ipn,ipm)g = for tpn £ T~(-g,n, 
ipm £ ^g,m-, n 7^ —m. In particular, we see that Ti-gn are neutral subspaces for n 7^ 0. A good 
discussion of ghost number structure and operators is given in and we will discuss it in 
Subsection IS.l.li 

2.2 Charge 

After extending ^0 by the ghost variables Ag, an element Q G .4 is constructed from the 
constraints or gauge transformations in such a way that Q2 = 0, Qt = and Q £ Qi. Q IS one 
of the central objects in heuristic BRST theory and is called the BRST Charge. The purpose 
of Q is that it is used as a constraint condition to determine the physical subspace in 7i by: 

Wf«^^:=Kerg, 

Various arguments are used to derive formulas for Q. We will come back to these formulas and 
reasoning in the following examples, but first we list basic facts about structures derived from 
such Q: 
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1. = implies that RaiiQ C KerQ. H is almost always a Krein space, for which we 
assume the Hilbert-topology (see Appendix (j7.2p ) on Ji. Q is usually closed with respect 
to this hence KerQ is closed ([20j Proposition X 1.13 p310) and RanQ C KerQ. 

2. Q'^ = Q implies that Ran (5[_L]Ker Q, where [_L] denotes (•,•) -orthogonality. In particular, 
as Ran Q C Ker Q we have that Ran Q is a neutral subspace. 

3. Define an indefinite inner product on KerQ/RanQ as follows. Let ■;/;:= -0 + RanQ and 
(p := + Ran Q, then 



As RanQ is neutral this is independent of the choice of representatives il^,ip. Therefore 
KerQ/RanQ will be positive only when KerQ is a positive semidefinite subspace of 7i. 

4. Let J be the fundamental symmetry for Ti (see Appendix (j7.2p ). As = Q, we get from 
lemma (|7.2.ip that Q* = JQ'^ J = JQJ . It follows from this, the Krein structure of 
and = that Ti has the decomposition. 



where the direct sum © is with respect to the Hilbert inner product, and 7is ■= Ker Q n 
KerQ*, TLii := RanQ, Tip := RanQ*, KerQ = 'Hd®'Hs- This extremely useful result is in 
the literature in many places [55] p328, [l02] p44, [57] p682, [92] p22, and following [80] 
it will be referred to as the dsp-decomposition. Note that is also commonly referred to as 
the Hodge decomposition ( [102j p44, [55] p328). The proof of this is given in section (j3.2p . 
which is also in [57J, and covers the case where Q can be unbounded. 

5. From the dsp-decomposition it follows that RanQ is the isotropic subspace of KerQ = 
Ti-s^TCp. Hence Ker Q/RanQ is a Krein space with the indefinite inner product (j2.2p (see 
Appendix (j7.2p ). If KerQ is positive semidefinite, then RanQ is its neutral subspace (see 
Appendix ()7.2p ). hence the indefinite inner product (j2.2p is positive definite. 



6. Note that Hs = Ker Q n KerQ* = Ker (Q*Q + QQ*) = Ker A by positivity, where A := 
{Q,Q*} 



From the above remarks, we see that KerQ is degenerate with repect to (•, •) with isotropic 
part RanQ, and so the final physical state space is defined to be. 



(2.2) 



(2.3) 



ri, 



,BRST . 
■phys 



Ker Q/RanQ. 
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If Ti-pj^J^ is to be an acceptable physical space, we would like it to have positive definite inner 
product, and as discussed above, this will be true only when KerQ is a positive semidefinite 
subspace. As we shall see, this is not always true in simple examples such as the example below 
for abelian Hamiltonian BRST (Remark (j2.5.ip ). 

Now KerQ and Tipj^f^ are usually not easy to calculate in examples, however from the 
dsp-decomposition we see that, 

Ker Q = Ker A © RanQ. 

So there is a natural identification of W^^f^ with Ker A, and in many examples it turns out 
that Ker A is straightforward to calculate in contrast to KerQ. 



Remark 2.2.1 The natural identification above motivates some authors to say that Ker A and 
'^phys'^ are equivalent definitions of the physical subspace ([92] p22). However in examples, 
there are natural /? G Aut (A) that f-automorphisms but not *-automorphisms and are such 
that /3(Q) = Q but /?(Q*) / Q*, e.g. the relativistic boosts for BRST-QEM. 

Hence structures associated to a naturally factor to KerQ /Ran Q but not Ker A. Also it is 
not true in general that elements A ^ A that factor to A S Op('^^i^f"^) the same as the 
elements A £ A that preserve Ker A, and so the different choices of the physical subspace may 
have different physical algebras associated to them. For both these reasons we do not use the 
definition of Ker A as the physical subspace. ^ 



2.3 Superderivation 

Another fundamental feature of the BRST machinery is the BRST superderivation (see Ap- 
pendix ()7.ip for superalgebra) . If 7 is the Z2-grading automorphism on A, then this is defined 
as, 

6{A) = [Q,AU:=QA-jiA)Q, A G A. 

and we have that, 

S{AB) = 5{A)B + -f{A)SiB). 
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Basic facts about 6: 

1. It follows from = 0, and the super- Jacobi identity (see Appendix (jT.ip l. that 5^ = 
and we have that Ran 6 C Ker 5. 

2. As = Q we have that Ker 5 and Ran 5 are both f-algebras, but as Q* Q they are not 
♦-algebras. 

3. Q G A~ implies that "fiQ) = —Q and hence 70^07 = —S. Therefore 7(Ran(5) = Ran 5 
and 7(Ker5) = Ker 6. 

4. For B = S{C) £ Ran 6, A £ Ker 6 we have that by the preceding remark that ^{A) £ Ker 6 
and so AB = 'y'^{A)5{C) = 6{^{A)C) £ Ran 5. Similarly BA £ Ran 5 and so we see 
that Ran 6 < Ker S, where < denotes that Ran S is an ideal of Ker 5. To check if this is a 
proper containment, it turns out that we have to check whether Tig is trivial or not. This 
non-trivial result is Corollary (|3.3.12p below. 

5. It is easy to check that for A £ Ker 5 we have AKev Q C Ker Q and ^Ran Q C Ran Q, and 
for B £ Ran 5, BKeiQ C RanQ. Therefore we have that an ^ G Ker (5 factors through to 
an operator on W^^f and A £ Ran 6 factors trivially. 

Now as we are taking W^^^^f^ = KeiQ/RanQ as our physical subspace, we see that by the 
above comments Ker 5 will lift to the physical subpace and Rand will lift trivially. As we also 
have that Rand < Ker 5, we define the heuristic physical algebra as, 

pBRST ._ Kerd/Rand. 

As we are still dealing with heuristics, we will not concern ourselves with topologies on Ker 6 
and Rand. Also notice that as Kerd and Rand are not *-algebras, it is not clear that 'P^^^'^ 
will be a *-algebra under the usual quotient inner product. We will discuss this further in 
Subsection 13.31 where it turns out that under certain assumptions 'p^^^'^ has a C*-involution 
coming from the Hilbert inner product on Ker Q /RanQ. 

As in the state space case, 'P^^^'^ turns out to be difficult to calculate, the only complete 
explicit calculation in an example the author has found is in |60J. This is done in a very direct 
manner using some specific properties of the algebras involved in the example, and not using 
the (isp-decomposition. It turns out however that the dsp-decomposition can be used to give 
conditions on when A £ Rand for a general BRST set-up, with Tig playing a pivotal role (see 
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Corollary (j3.3.12p ). This provides a more economical proof of the result in [60], and can be used 
more generally to show facts such as 1 G Ran (5 iff Tig = {0} (theorem ()3.3.1ip ). 



Remark 2.3.1 The definition of the physical algebra is not uniform, when it is defined at all. 
The above cohomological definition is motivated by the classical BRST theory, as discussed 
in the introduction. The above definition coincides with the Hamiltonian approach, H&T [55] 
p301, [71] p490, and some authors using the Lagrangian approach [60] pl319. 

Originally a more Dirac-like approach was assumed by K&O [68] p59, which they proved 
to be equivalent to the above definition for local observables in the field theories they were 
considering (Chapter 5.1-5.2 in particular proposition 5.4 and proposition 5.9). We will return 
to this issue in Chapter (j3.3.2p . 4k 

With the basic objects of BRST defined in a heuristic fashion, we want to investigate the 
correspondence between the results using Q and 6 and those using the traditional Dirac method. 
With this in mind we give two examples which correspond to the two main approaches to BRST, 
Lagrangian BRST and Hamiltonian BRST. These examples will be analysed in a mathematically 
precise framework in the following chapters. At this stage we will only investigate the state space 
claim, leaving the analysis of the algebra until we have developed enough rigourous theory for a 
meaningful discussion in Section (13. 3p . 

The first example is heuristic BRST quantum electromagnetism (BRST-QEM) as presented 
in Scharf [92] Chapter 1. This is an example of Lagrangian BRST as described in Kugo & 
Ojima [68] pl9, with abelian gauge groups, and in this case we find that we get the expected 
state space. 

The second example is that of Hamiltonian BRST with Lie algebra of constraints. Hamili- 
tonian BRST also used to cover the case where the constraints do not 'close', i.e. form a Lie 
algebra, but the example given is sufficient to highlight the important features of Hamiltonian 
BRST, some of which are problematic, without adding unnecessary complication. We will see 
that for this example the BRST state space is bigger than the Dirac state space, and has in- 
definite inner product, and that even adding the extra condition of restricting to the ghost zero 
subspace does not fix this problem. Therefore the approaches in these two examples are not 
equivalent. 

Following the examples there is a discussion of their differing features. The next chapter 
then begins development of a rigorous setup that incorporates these examples. 
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2.4 Example 1: Heuristic BRST-QEM 

The following is a version of heuristic BRST-Quantum Electromagnetism (BRST-QEM) as given 
in Scharf [92] Chapter 1. This is an example of Lagrangian ERST, where the basic idea is, given 
a gauge field theory, we 'replace the gauge parameter by ghost parameter' K&O [68j pl6. This 
is a fairly vague concept given that rigorous interacting quantum gauge field theory is still an 
open problem, but we describe the process for electromagnetism below. 

Note that j92j does not make reference to ERST but has all features described in the pre- 
ceeding sections. Moreover this treatment is essentially the same as that in K&O |68j Chapter 
2, for abelian gauge group (C^^ = 0), the differences essentially being in labelling. We use 
Scharf's treatment for which the labelling is straightforward, and it makes use of the Hilbert 
space involution *. 

2.4.1 Basic fields 

For our basic ingredients, we follow |92j p9-pll, and assume that we have a bosonic field on 
(momentum space) with the following CCR relations, 

K(q) , a^p)] = 0, K(q)* , a'^(p)*] =0, p, q G (2.4) 
K(q),a-(p)1=5;:j3(p_q)^ (2.5) 

and a fermionic field with the following CAR relations, 

{c,(p),Cfc(q)} =0, {c,(p)*,Cfe(q)*} = 0, p,qeM3 (2.6) 
{c,(p),Cfc(q)*} = 5,fc53(p-q), j,k = 1,2. (2.7) 

These act on the respective Fock spaces TCq, Tig in the usual way, with the * denoting Hilbert 
involution. Note that the above are actually operator valued distributions and so to make sense 
of them mathematically we will smear them over a one-particle test function space. As this 
chapter is aimed at describing formal structures, we continue in the above manner leaving the 
mathematical precise treatment for Chapter HI 

We assume further that we can take tensor products of the fields above acting on TC = 
Ti-o 03 Ti-g. A Krein space structure and involution f will be defined on 7i below. Following the 
usual convention we will not explicitly use to denote the operator products. 

In this example, we will not define and Ag as they would correspond to pointwise products 
of operator valued distributions. 
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2.4.2 The QEM field 

We follow [92] plO but with different metric convention g := diag{—l, 1, 1, 1, ), 

^(a'=(p)e-^P" + a^(p)*e^P"), po = IpU = 1, 2, 3, (2.8) 

and, 

A°{x) = (2(27r)3))-5 [ ^(aO(p)e-^P^ - aO(p)*e^P^), po = |p|. 

J Vpo 

Note that A^{x)* = —A^{x) which reflects the fact that the *-involution is the Hilbert involution 
rather than the Krein involution. 

So far we have been considering Tip as the Hilbert-Fock space with the fields a^{p),a^{q)* 
acting as annihilation and creation operators. However the Gupta-Bleuler (GB) version of EM 
is usually defined in terms of creation and annihilation operators acting on a Krein-Fock space 
(see Schweber [9l] p246) . To see the connection we define a fundamental symmetry J G BiTio) 
so that I-Lq becomes the GB Krein-Fock space and A^{x)'^ = JA^{x)*J = A^{x). 

As we are in Fock space we assume that we have an A'^o which is a number operator for the 
a^{p) and that J = (— 1)^'^ (so J is bounded). It is easy to see that, 

J* = J, j2 = 1. 

Let (•, •) be the Hilbert inner product on TCq, for which * is the adjoint, then we define a new 
inner product as, 

(t) := (•,^->, 

and denote its adjoint by f, and we have that Ft = JF*J, F e Op(Ho) (see Appendix i^). 
Now it is straightforward to see that 

a\p)*J = - Ja^{p)*, a\p)*J = Ja''{p)*, k = 1,2,3, 

and so in terms of f-involutions we have 

a°(p)t = Ja°(p)V = -a°(p)* (2.9) 
a^{p)^ = Ja''{p)*J = a^{p)*, k = 1,2,3. 

From the definitions (j2.8p we get that 

A'^(x) = (2(27r)3))^l /■^(a/^(p)e-P- + a'^(p)te*P-), po = \p\, , = 0,1,2,3, (2.10) 
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All the A'^{xys are Krein (f) liermitian, but we now have that 

[a^(p) , a„{q)^] = g^,uKv - q) (2-11) 

and so we do not have the usual CCR's for the a^(p)'s with involution f. 
If, 



Z)o(x) := (27r)-3 f IPg-^P- sin(poxo), (2.12) 
Jc+ Po 

then we can formally verify that: 



[A^{x),A'^{y)] = -ig'^^Do{x-y), (2.13) 
^A^'{x) = 0, 
[Qo,^"(x)] = -i5^A(x), 

where A E S{R^), DA = and, 

Qo= [ d^^[{d,AndoA-{dod,A'')A], (2.14) 

J XQ=const 

:= I d^x{d^A'')%A. 

J xo=const 

Proof. See Appendix ([ZSD □ 

That is, we have the correct commutation relations for A'^(x) and Qq generates the gauge 
transformations. Note that the definition of A^(x) is made to ensure we get a g'^'^ factor in 
(|2.13p rather than 6^ (as pointed out in [92|, pl2). 

To get we have to further impose Maxwell's equations. Let F^'^{x) = A^'^{x) — A^'^^{x) 
then the Maxwell's equations are F'^'^ ^i, = 0. In Gupta-Bleuler QEM we also impose the Lorentz 
condition by by first selecting 7i' = Kerp^a^(p) for all p = 0, po = ||p|| and then defining the 
physical state space as W^^^^ := H' /H" where H" is the neutral part of H' with respect to the 
indefinite inner product on Tio. See Schweber [9ll p240-246 for details. 

2.4.3 BRST Extension of QEM 

The idea in Lagrangian BRST is to replace the 'gauge parameter' A(x) in (j2.14p by an anti- 
commuting 'ghost parameter' rj{x), such that. 



{r]{x) , r]{y)} = 0, □r/(x) = 0, 
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(2.15) 



The BRST charge Q is then the generator of the gauge transformations with 'ghost parameter', 
and we wih see below that = 0. The condition □r/(x) = is motivated by DA = 0. 
To this end, using the fields c(p) in (12.6p . we define: 

r?(x) = (2(2vr)3))^l / ^(c2(p)e-f- + ci(p)*e*^'-), = |p|. (2.16) 

J Vpo 

We can check that ri{x) satisfies (|2.15p . 

Remark 2.4.1 (i) Note that we do not use ci{p) and ci{p)* in the definition of r/(x) as this 
will not give {r]{x) , ri{y)} = 0. This is in contrast to the CCR field A^(x). 

(ii) We want a Krein structure such that r]{x) is Krein Hermitian, to get features such as = 
Q. To this end we choose a fundamental Jg symmetry on Tig such that C2(p)^ = ci(p)*. 
We will postpone the construction of Jg to section (|3.ip . 

(iii) Scharf defines a second ghost field as, 

f,{x) = (2(27r)3))-| / ^(-ci(p)e-^P- + C2(p)*e^f^), = |p|, (2.17) 

J Vpo 

(see |92) . p9) and notes that this is not the *-adjoint of 7/(x). Using the assignment 
C2(p)^ = ci(p)* we see that fj{x)^ = —fj{x). Moreover, we have the anticommutation 
relations 

{r,{x),fi{y)] = -iDQ{x-y) (2.18) 

Proof. See Appendix ([Z!]) □ 

Also note that fj{x) is not the conjugate ghost field, p(x), in our treatment, but it is related 
as will be seen in Remark ()4.1.13p . 

So now, replacing A(x) by rj{x) in (j2.14p . we define, 

Q:= j d^^{d,A'')d^r], 

J xo=const 

and note that = Q, and that now, 

Q = y"d^PPo[(a|l(p)*+ao(p)*)c2(p) + (a|i(p)-ao(p))ci(p)*], po = \p\, (2.19) 

where, 

a\iip) = iPk/po)aHp), fc = l,2,3 
where we are using the convention Pkx'' = p.x. 
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Proof. See Appendix I^M)- □ 
From this it follows that, 

[Q,A''{x)] = -id''v{x), (2.20) 

{Q,r/(x)} = 0, (2.21) 

{Q,fl{x)} = -iduA''ix), (2.22) 

Q2 = (2.23) 

Proof. See Appendix (^M) □ 



Now we have formally defined BRST-QEM and replaced the gauge parameter by a ghost 
parameter. To complete the analysis we need to find the physical state space. Usually we 
would also want to calculate the physical observables, but as we have not defined the BRST 
super derivation 6 in this formal example we will leave this till we have developed the appropriate 
machinery (subsection (|4.2.7p ). 



2.4.4 A and State space 

We now turn to the task of calculating the physical state space. Since the dsp-decomposition 



(equation ()2.3p ) gives Ker Q = Ker A © RanQ, we now calculate A. To simplify notation we 
define, 

^i(p) = -^(ai|(p) - ao(p)) 
Hp) = ;^(a||(p) + ao(p)), 

which satisfy the usual commutation relations. 

[6,(q),6,(p)*]=5,,#(p-q) (2.24) 



and so we get that. 



Q = V2 j d'ppo[&2(p)*C2(p) + ci(p)*6i(p)], (2.25) 
Q* = V2j d3ppo[62(p)c2(p)* + ci(p)6i(p)*]. 
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This is essentially the form of Q given in K&O [SSj pl9, H&T[55] p464, [95]p584, [601 EH], 
[HB]p218, and we use it now to calculate, 

A = {Q,Q*}, 

= 2 I d'ppl{bi{prh{p) + b2{vrb2{p) + cUp)ci{p) + 4ip)c2{p)) (2.26) 
Proof. See Appendix (^M)- □ 



We see that A looks like a number operator with Ker A = nj=i^2{Ker 6i(p) n Ker Cj(p) | p G 
M^}, that is kernel consisting of states with no 6(p)'s or c(p)'s. 
More explicitly, let 

:F:={f: aw") ^ C{R^) | /o = 0, p.f(p) = 0, f (p).f(p) = 1}. 

Let aj(p) = /(p)/ia^(p) = f(p).a(p). Then we have that for f £ J^, 

[a/(p), a/(q)] = f (p)-f (p)5(p - q) = ^(p - q), 

[a/(p),6*(q)] = (l/(po^^))p.f (p)5(p - q) =0, i = 1,2, 

and all other commutators are zero. This is not suprising as aj(p),aj(p) are the 'transversal 
photons'. Now we also have that formally 7i is the Fock space generated by on the vacuum state 
Oo®^g with 6i(p), 62(q), aj(p), c^(p), C2(p)'s. This statement is made precise in Subsection (14. ip 
using Proposition (14.1.3^ where the bosonic fields are smeared over = S)t ® ® ^2 with 
S)t, ^1,^2 corresponding to the a/(p)'s, 6i(p)'s, 62(p)'s above and the ghost fields smeared over 
= S^Y (B where SjJ ,Sj2 correspond to ci(p),C2(p) respectively. 

So we see from (I2.26P that Ker A is the Fock space generated by the aj(p)'s, f G J^, oi the 
space of transversal photons which we would expect from QEM. 

To see that the above construction corresponds to QEM we need show that the Maxwell 
equations are satisfied. We have formally, 

6{F^"'{x)) = 0, (2.27) 

F^'''^^{x) = idid'^fjix)). (2.28) 

with gh{x) as in equation (j2.17p . 

Proof. See AppendixdlSl). □ 

Therefore we have that formally F^^"{x) factors to KerQ/RanQ and that F^^^ ^^{x) factors 
trivially to KerQ/RanQ and thus the Maxwell conditions hold on the BRST physical state 
space. 
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2.5 Example 2: Hamiltonian BRST 



2.5.1 Setup 

Now we give the example of Hamiltonian BRST with closed constraint algebra, which follows 
the treatment in H&T [55] chapter 14, as well as many others, e.g. |102^ \T\ ] [73 | 173]. 

We begin with a field algebra acting on the Hilbert space TCq with inner product (•, •)o. 
We are told that we should 'not pay attention to the the functional subtleties arising from the 
infinite dimensionalitiy of the space of states' and 'proceed as if the space of states were finite- 
dimensional, [55] p302. Hence we will assume that is a C*-algebra and so acts on all of TCq. 
Let C = {Gi \ i = 1, . . . , n} C .4o be a finite set of self-adjoint, linearly independent elements in 
.Ao that form a Lie algebra, ie, 

[Ga,Gt]=iC:,G,, C:,eR. (2.29) 

Note G^^ = — C^b, and self-adjointness of the constraints imply that we must have C^^ G M. 

The class of Hamiltonian BRST systems includes the case where the constraints do not 
'close', i.e. the 'structure constants' C^^ are actually operators [55] p317, but this will not be 
discussed further as the example given is sufficient for our purposes. 

We assume now that C is our constraint set, which selects the physical state space by Tip := 
n^^j^KerGj. We then extend Aq by tensoring on a ghost algebra (cf. (j2.ip l. with a ghost for 
every constraint, ie 

A = Ao0 Ag, Ag = alg{{r]a,Pb I a = 1, . . . ,n}), 

which act on a Krein space Tig. Let the Krein-inner product on Tig be given by (•, ■)g which has 
fundamental symmetry Jg. Therefore {■,-)g '■= {'^J')g is a Hilbert-inner product, with Hilbert 
involution denoted by *. We let A = Aq ® Ag act on the Hilbert space Ti := Ti^ ® Tig. We 
assume that Ti has the usual tensor inner product and define the Krein inner product by using 
J -.= 1® Jg fundamental symmetry. 

Following |102j equation (2.116), we assume the Hilbert-adjointness properties for Ag as 

= Pa- (2.30) 

That this is consistent will be shown in Chapter (j3.1|) . and it is impicitly assumed in the usual 
Berezin representation which will be discussed in Section (I3.1.3p . 
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We now construct the BRST charge as, 

Q = Ga®r]a- {i/2)Cl^l ® wpc, (2.31) 

where we use convention of summing over repeated indices. This formula is given in numerous 
places, e.g. [55] pl97, [102], p48 [Tl], p423. 

It is obvious that gh{Q) = 1, it is straightforward to check that = Q, and with some 
work we check that 

Q2 = (2.32) 

Proof, see Appendix (fZB . □ 

Therefore Q fulfils the criteria for a BRST charge. For motivation for this definition of Q via 
classical theory see H&T [55j Chapters 1-12. 

Another motivation for Q is that we begin with constraints Ga and we want to construct a 
2-nilpotent constraint to develop BRST-cohomology. We then take Ga ® ^a, but as [Ga,Gb] = 
iC^^Gc we get 2-nilpotence only when the structure constants vanish, hence we need to add a 
term to cancel the terms coming from the non-commuting constraints Ga and this is — (i/2)C^jl(Xi 
ilaribPc- 

2.5.2 Physical subspace and Ker A 

Recall that A := and that the dsp-decomposition gives a natural isomorphism Ker Q/Ran Q — 

Ker A, by Ker Q = Ker A © RanQ. Hence we would like to calculate Ker A. 

Case 1: Abelian Constraints, C^j, = 0. 

We consider first the simplest case where all the constraints commute, i.e. C^^ = 0. In this 
case we have that, 

Q = Ga® r]a, Q* =Ga® Pa- 

Remark 2.5.1 We show that Ker Q is not a semidefinite subspace of TL: Note that TL^ (^TLg C 
KerQ. So take a,ipg ^ Tig such that {i^gjipg) > 0. As we have shown in Remark ()2.1.ip (ii) we 
have that {Aipg, Aipg)g < where A = i{r]ipi — pir]i), and hence for il^ = il'o® ^"^gi (V*;^) < 0- 
This is problematic as the final physical space Ker Q /Ran Q now has an indefinite inner product. 
This problem is noted in [55] p311, where it is stated that an extra constraint condition maybe 
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needed in specific examples. One possibility given is to restrict to states of ghost number 0. 
However, if we take il^g to have gh^ipg) = then we see that gh{A^lJg) = and hence the same 
problem arises. ^ 

Now Hp Hg C Ker Q, and we will now show that in fact Hp Hg = Ker A. Note that: 

A = {Q,Q*} = {Ga0 7]a,Gf,0pb}, (2.33) 

= [Ga <S) Va, Gb 1](1 Pb) + (Gb l){Ga ??a, 1 pb} , 

= + GbGb ® 1, 

where the second equality follows from {A,BC} = [A,B]C + B{A,C}, and the third from 
{VaiPb} = (^fel- So we see that, 

n n 

Ker A = Ker (^ ® 1) = p| Ker {Ga 1) = W° Hg. (2.34) 

a=l a=l 

This is a problematic result since if we identify H'^ with H'^ (g) ip for any nonzero ip S Hg 
then we have a copy of Hp in Ker A for every nonzero ip £ Hg, and so Ker A selects a larger 
constraint space than C. We will refer to this problem as the Multiple Copies of the Physical 
Space Problem (MCPS problem). The MCPS problem is noted in [102] p50 (who proves the 
same for the non-abelian case) and suggests that we need to fix the ghost number of physical 
states to the correct identification of the physical state space. However, as already noted at the 
end of Subsection 12.11 G^ = —G implies that subspaces with nonzero ghost number, are neutral 
with respect to (•, •). Hence if we restrict to vectors of a particular ghost number then this ghost 
number must be zero. As discussed in the remark above, this is not a good restriction. We 
will return to the MCPS problem and other choices for the physical space in Subsection ()3.1.3p 
Remark (j3. 1.211) . 

Also in [55] p311 it is mentioned that extra conditions beyond Qip = and 1 Gip = may 
be needed, a simple example of which is discussed in [55j p330 Excercise 14.16. We will return 
to these issues in section (I3.1.3P remark (I3.1.2ip . 

Case 2: Non-abelian Constraints, C^^ 7^ 0. 

We consider as above in (|2.29p the case that the constraints form a Lie algebra. For simplicity, 
further assume that C^^ 7^ is antisymmetric in all indices as this makes the following proofs 
simpler. The more general case of semi-simple Lie algebra is in [1021 llOlj and we are essentially 
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following the treatment there. Following [102j p50, we define, 

Ea := -1 iCl^,r]bPc, St = T.a (2.35) 

We also have, 

S* = 1 (g) iC^kVcPb = -1 8> iC^cVcPb = Sa, 
where we used r]* = pa- Then, 

A = {l/2)GaGa 1 + (l/2)(Ga 1 + 1 + S,), 

(2.36) 

Proof. See Appendix ^M). □ 



As Ga and (Ga <8> 1 + S^) are *-self adjoint operators, we see that A is the sum of 2n positive 
operators and hence, 

Ker A= Ha (Ker {Ga 1) n Ker (Ga 1 + S^)), 
= na(Ker(Ga® l)nKer(Sa)), 
= (W>Wg)n(n„Ker(S,)). 

So we see that in the non-abelian case we have the extra constraints on Ker A. As Ker A = 
Ti-pi^g'^ through the dsp-decomposition this is an extra constraint on the physical space. We will 
see in section ()3.1.2p that DaKer {Y,a)\'Hg is not one dimensional so again we have many copies 
of the Hp Hg) in Ker A and also that the restriction of (•, •) to Ker A is indefinite (see Remark 
(I3X2T]) ). 



2.6 Discussion of the Examples 

We now list the major positives and negatives of the above examples and then compare them 
to each other. The Lagrangian-BRST-QEM example has positive features: 

• It formally corresponds to other versions of QEM. It gives a state space isomorphic to 
the transversal photons, which will will be made precise in Section [4.31 Theorem (|4.3.3p . 
where we see that this space is isomorphic to that given by the Gupta-Bleuler method in 
[i6] p36. We have that SiFf'^ix)) = and Ff"" ^^{x) = ididf'fiix)), so the field operators 
F^^{x) factor to the physical subspace, and the Maxwell equations hold as F^'^ ^u{x) factors 
trivially. 
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• It models the example of free QEM, an example containing many physical structures, 
and difficulties: 

• Many of the basic objects are defined only heuristically: e.g. Q is defined as an integral 
of products of operator valued distributions; the fields A{x) are unbounded distributions 
and domains of definition need to be specified; we need a sensible definition of our ghost 
algebra to give meaning to odd and even elements; the algebras involved involve products 
of operator valued distributions so defining 5 and its domain needs care. 

• Once defined on a specific representation, to move to a C*-algebraic setting, we need 
to encode the unbounded operator algebras in some bounded fashion. We also need to 
encode 5 in a bounded fashion which is not a straightforward problem as it maps bounded 
elements to unbounded elements, see Definition (j4.2.1ip below. The natural involution is 
the Krein-f involution with associated objects such as f-algebras not Hilbert-*-algebras. 
Hence general C*-theory will not always apply directly but has to be arrived at by through 
the relation of f -involution to *-involution via Ad{J). 

• The BRST extension of replacing the 'gauge parameter' A by 'ghost parameter' relies on 
gauge theory structure and is not well defined in an algorithmic sense. Hence generalization 
is needed to be able to apply BRST to other theories with constraints. 

The Hamiltonian BRST example has the following positive features: 

• It only depends on the number and bracket structure of the constraints for the ghost algebra 
extension and construction of Q and so lends itself to a general constraint algorithm. 

• The operators involved are in B{7i) and so the structures can be encoded straightforwardly 
in a C*-algebraic setting. 

• We have an algorithm for dealing with the case where the constraints do not commute. 
It has the following negative features: 

• The constraint condition does not remove the ghosts from the physical subspace. Therefore 
extended and unextended systems will not be equivalent. 

• The physical constraint space does not have positive definite or semidefinite inner product, 
and also suffers from the MCPS problem. 
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• This leads to the BRST-physical algebra being not equivalent to the unextend constrained 
algebra for basic examples, as we shall see in Subsection 13.3.11 

• Adding the extra condition that physical states and algebras must be of ghost number 
zero does not solve the above problems. 

Comparing the two examples we see that they both fit the general description outlined in 
Section 12.21 Section 12.11 Section 12.31 but differ in crucial aspects: 

A major difference between these two examples is that in the BRST-QEM example A removes 
the ghost space, whereas in the Hamiltonian BRST example A does not. This stems from the 
fact that while the Q's in the different frameworks are cosmetically similar, they are derived 
from different reasoning. We will see below that this leads to BRST-QEM removing the ghosts 
from the observable algebra, but not for Hamiltonian BRST in general. 

The Hamiltonian example is more clearly defined than BRST-QEM example from a mathe- 
matical standpoint. In Hamiltonian BRST example both Q, 6 are constructed as finite sums of 
bounded operators, the original field algebra is a C*-algebra and as we shall see in the Section 
13. li the ghost algebra is easily seen to be a finite dimensional CAR algebra. In contrast, the basic 
objects in the BRST-QEM example, such as Q, involve integrals of products of operator valued 
distributions and the field algebras are not clearly defined, however the BRST-QEM example 
models many physical structures and hence needs a mathematically rigorous treatment. 

2.7 General Discussion and Directions 

In light of the previous discussion we can discuss the issues related to quantum BRST in greater 
depth as well as the general directions of this thesis. 

We need to give an account of the general BRST structures descriped at the beginning of 
this chapter that is general enough to incorporate both examples given above. In particular, 
we need to give a description of the Ghost Algebra that will describe the smeared ghosts of 
the BRST-QEM example as well as the connect this to the finite dimensional superfunction 
representations used in Hamiltonian BRST. We need to give the dsp-decomposition for the case 
of unbounded BRST charge Q, and also show its realation to the operator cohomology for the 
case of unbounded Krein-f algebras. There are results in these directions as discussed in the 
introduction, but we need extend these and unify them in order to incorporate both examples. 

29 



With the BRST structures well defined, in particular the ghost structures, we can discuss 
problems for Hamiltonian BRST related to the ghost space representations: ghost number zero 
restriction, neutral subspace and the MCPS problem. Although discussions related to these 
problems can be found in the literature in several places e.g. ([7l] p425-429, [73j p489, [50] 
Section 8, H&T [55] Sections 14.2.5, 14.2.6, 14.5.3, 14.5.4), I feel that these need to be collected, 
highlighted, and expanded as it is not always clear from the literature that these are always 
problems faced by Hamiltonian BRST with heuristic set-up as in Section 12. 4[ The example of 
BRST applied to a constraint set consisting of a finite number of canonical momentum variables 
is often assumed to fit into heuristic Hamiltonian BRST e.g. H&T [55j Section 14.4, and we 
do not have neutrality or MCPS problems with this example at the heuristic level. However 
we cannot ignore boundedness issues in this example and it turns out that this example fits 
better into a Lagrangian framework rather than Hamiltonian. This is for reasons such as that 
the momentum constraints are Krein-symmetric rather than Hilbert-symmetric and quantum 
momentum variables with canonical conjugates have trivial kernels. See Subsection 14.2.81 for 
more details. 

We need a mathematically precise formulation of the BRST-QEM example so we can compare 
the results to other rigorous versions of quantum QEM. We do this first at the level of Krein 
representations in Fock-Krein space, where we actually give an account that covers more general 
free abelian bosonic theories with setup similar to KO . 

With BRST done for Hamiltonian and BRST-Bose-Fock theories, it is natural to see if we 
can combine the two approaches in a way that captures the positive features of both approaches, 
but avoids the negative. We can do this by combining abelian Hamiltonian BRST with a finite 
number constraints with the abelian BRST-Bose-Fock set-up to get an general BRST algorithm 
such that selects A the correct state space. 

We want to give a C*-algebraic formulation of BRST so as to connect with the algebraic 
approach to QFT. We have many difficulties as already mentioned in the introduction, but we 
can do this in terms of an unbounded super derivation acting on a subalgebra D2{5) of a C*- 
algebra A. A key to this construction is the ghost algebra as developed in Section 13.11 , and 
the Resolvent Algebra as developed in [18]. We identify the interesting states on the algebra, 
and how the general structures from Chapter [3] are incorporated in the C*-framework. We then 
apply these structures to the examples developed. 

There are also major equivalence issues: how do Lagrangian and Hamiltonian quantum BRST 
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relate to each other and when do they give equivalent results; and when will quantum BRST 
give equivalent results to the Dirac algorithm. Using the general BRST structures above, we can 
answer these questions on a case by case basis for given examples where the ghost extensions 
have been made and 5, Q explicitly constructed. However these are difficult questions to anwer 
in general and we discuss this further at the end of this thesis when we have developed and 
explored the examples and structures to a greater extent. 

2.8 Appendix: Proofs 

Proof. (Proof of equations (j2.13|) l. 

Recah g = diag{-l, 1, 1, 1), [a^(p) , a,,(q)"l'] = ^^.^.^(p - q), and 

^'^(x) = (2(2vr)3))-| / ^(aM(p)e-P- + a'^(p)te^P-), po = |p|, , = 0, 1, 2, 3. 

In the following calculations we assume that po = \p\,qo = |q|. 

(.) [A^{x),A'^{y)] = 

= (2(27r)3)-i [ ^(K(p),a^(q)t]e-f-+^'?^-K(q),a'^(p)t]e-*^^+^f^) 



(2(27r)^)-V f ^^(e-^P(^-^) -e*P(^-^)), 
J Po 

(2(27r)^)~^g'^'^ ( f ^ ^ ^'i-Poi^o-yo) ^-ip-i^-y) f ^ P ^-ipoixo-yo) ^ip-U-y) 
\J Po J Po 

-3au f <^~ip.(^~y) _ 



-i{27:)-'g^- / _^:e-*P-^-"y^sin(po(xo-2/o)), 
J Po 

-ig^'''Do{x-y) 



(ii) This follows from □e"*?'^ = -{pi - Ip^e-^P^ 

(iii) We use the notation := {d/dy'^). 



[Qo,A''{x)] = / d'ydy^[A'^{y),A''{x)]dyoA{y)-dyody,[A^^{y),A^x)]A{y), 

J yo=const 

= i [ d^y {dy^g^^Do{x - y))dyQK{y) - [dyody^g^^^ Do{x - y))A(y), 

J yo=const 

= i I d^y {dy^Doix - y))dyoAiy) - {dyody^Doix - y))A(y), 

J yo=const 

= - i [ d'yDoix - y)(a,o5^"A(y)) - {dyoDo{x - y))5^'^A(y). 

J yo=const 
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This is the solution to the Cauchy problem of the 3-dimensional wave equation with initial data 
/i(x) = d''A{0,x) and /2(x) = 5o/i(x) = dod''A{0,x) and so we get that, 



[Qo,A''{x)] = -id''Aix), 
(see Pinsky [H] p325 with c = 1). □ 

Proof. (Proof of equation (j2.18p )Recall the defintions of r/(x) and f/(x) in equation (j2.16p and 
equation ()2.17p respectively, and the CAR's 

{cj(p),Cfc(q)*} = 6jkS^{p - q), j,k = 1,2 

in equation (j2.6p . In the following calculations we assume that pQ = \p\,qo = |q|: 

(,,(.).^(.)} ^ (2(2,)')- ffg /4^(-(c,,rt..,(,)}e— + {c.(p).c.(tf ) 



= (2(27r)3)-i / ^(e-ip(^-y) _eip(^-y))^ 
J Po 

= -iDo{x - y) 

where the last equality follows as the calculation of equation (j2.13p (i) above. □ 

Proof. (Proof of equation (|2.19p ) Note that as qx := —xoqo + (x.q) we have d^a^^{c\)e~^^^ = 
— ig^a^(q)e^*''^. Therefore, using (12.160 and (|2.10p we get, 

J xo=const 

= (2(2^)3)-! / f^f^d^^I{x,q,p), ;po = |p|,go = |q| 

J xo=const VPo jqo 

where, 

I{x,q,p) = 9^(a'^(q)e-^'?" + a^(q)te^'?")9o(c2(p)e-^f" + ci(p)*e^P") 

- ao(a^(a^(q)e-^''^ + a'^(q)te'''^))(c2(p)e-'P^ + ci(p)*e*P^), 

= (-ig^a^(q)e-*''-' + ig^a^(q)te^''-')(-zpoC2(p)e~^^'^ + ipoCi(p)*e*^^) 

- (-gogM«^(q)e-^''" - gogM«''(q)^e^'")(c2(p)e-^^" + ci(p)*e^P-), 
= (po + go)9^a^'(q)ci(p)*e-*(^-^')-- + (po + q^)q,a>^{c^)^ C2{v)e'^''-P^-) 

+ ('Zo -Po)'7^a^q)c2(p)e-*(^+P)^ + (go - Po)gM«^q)^ci(p)*e*(''+P)^')- 
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Now using {2tt) ^ =const d'^x e*^^'^'"?)^ = e*(P°=''^o^^'^5(pibq), and the condition = Qo = IqI 



lxo=const 

we get, 



Q = (2(2^)3)-! / / d^^I{x,q,p), po = |pUo = |q|, 

J xo=const 

= (2(27r)3)-i I ^2i2nfipoP^a'^iq)c,{pr + PoP.a'^ip)^ c^ip)), po = |p| 
and by the relations (|2.9|) . 

= j c?^PPo[(a||(p) -ao(p))ci(p)* + (ci||(p)* + ao(p)*)c2(p)], l^o = |p|- 



□ 



Proof. (Proof of equations dZ^O]), (|2:22]) . ([2:2T]) . ([2:23]) . ) If we use equation (1239]) to write, 

Q = j (i^ppo[(a||(p)* + ao(p)*)c2(p) + (a||(p) - ao(p))ci(p)*], 

where a||(p) = iPj/po)^-^ (p)- Then it follows from the defining (anti-)commutation relations 
dMI), diaD, that 

[Q , a^(p)] = -p^C2{p), [Q , a^(p)t] = p^ci(p)*, (2.37) 
{Q,ci(p)}=Po(ai|(p)-ao(p)), {Q,c*i(p)} = 0, (2.38) 
{Q,c^(p)}=Po(ai;(p) + aS(p)), {Q,C2(p)}=0. (2.39) 

To prove = (|2.23p we write Q as, 
d^p 



/d'^p 
— {PoPt^a^ (q) ci (p) * + poP/.a^ (p) cs (p) ) , 



Po = IPI 



and so, 



2Q^ = {Q,Q} = j d3p({g,pX(q)ci(p)*} + {Q,pX(p)tc2(p)}), 



Po = IPI 



Now using {Q, AS} = [Q, + A{Q^ B} and the above relations we get, 

{Q,pX(q)ci(p)*} = [Q,PX(q)]ci(p)* +pX(q){Q'Ci(p)*}' 

= -p^P^C2(p)ci(p)* 

and similarly {Q,P/ia'^(p)^C2(p)} = P^J'^c|(p)c2(p). Substituting back into 2Q^ we get, 
2Q2= yd=^p(-p^p'^C2(p)ci(p)* +p^p^cl:(p)c2(p)), Po = |p|, 
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where the last hne follows as p^p'^ = for po = |p|- 

Equations ([2:20]) . ([222]), ([2T2T]) . follow in a similar manner. Note that [92j p20 has a different 
proof of = 0. □ 

Proof. (Proof of (I2.26P ) Using equations (12. 25p we have, 

A = {Q,Q*} = 2l I d^ppod^qqo ({62(qrc2(q) + ci(qr6i(q), 62(p)c2(pr + ci(p)6i(pr}). 
Now, 

{62(q)*C2(q) , ci(p)6i(p)*} = 62(q)*foi(p)*{c2(q) , ci(p)} = 

so, 

A = 2^ y d'cid^pqoPo{{bU^)c2{q} , 62(p)c2(p)*} + {ci(p)6i(p)* , cUq)6i(q)}), 

and, 

{62(q)*C2(q),62(p)c2(pr}= (2.40) 
= 62(q)*fe2(p)c2(q)c2(p)* + 62(p)62(q)*C2(p)*C2(q) 

= 62(q)*62(p)c2(q)c2(p)* + 62(q)*&2(p)c2(p)*C2(q) - 62(q)*fe2(p)c2(p)*C2(q) 

+ 62(p)&2(q)*C2(p)*C2(q) 
= &2(q)*&2(p){c2(q) , C2(p)*} + [62(P) , &2(q)1c2(p)*C2(q) 
= [&2(q)*62(p) + C2(p)*C2(q)]5(q - p) 

Note that the above calculation uses the OCR's (j2.24p . Substituting back into A gives, 

A = 2y" d^ppl (6i(p)*6i(p) + 62(p)*62(p) + cKp)ci(p) + c*2(p)c2(p)) (2.41) 



□ 



Proof. (Proof of equations (|2:27|) and l^2B) First, 

F^^x) = A^'''{x)-A'''^{x), 

= (2(27r)3))-| ( [ ^(_ip-a^(p)e-*P- + ip-a^(p)te^P") , 



f ^(_ipMo'^(p)e-ip^ + ipf'a'^ipye'P'')] , po = Ipl. 

J Vpo J 



Using the action of 6 given in equations (j2.37p it follows straightfowardly that 6{F^'^{x)) = 
which is equation (I2.27p . 
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To prove equation (|2.28p we differentiate tlie above equation to get 



- / 4^(pVa'^(p)e-'^" +p''p,a^'{p)^e'n) , Po = |p|, 

J Vpo J 

= - (2(27r)3))-| ^(pMp,a'^(p)e-P- + p'^p^a'' (p)^ e'P-)^ , po = |p| 



using p^Pu = for pQ = |p|. Furthermore using equations (I2.37P and p^a^ = po{a\\ — ao), 
= i5 ((2(27r)3))-| j ^(ipMc^(p)e-Px + ip^^cl{p)e'n^ , po = |p|, 
= i6{d^fi{x)). 

wliere fj is as in equation (j2.17p . □ 

Proof. (Proof Q'^ = <^M)) 

This is the proof as in masters thesis [85]. We will repeatedly use the properties of super- 
brackets [•, -jsb as in Appendix (j7.ip and for ease of notation we will drop the for this proof. 
Recall that Q is defined by equation (j2.3ip . 

Q = GaVa - {i/2)Cl^r]aribPc, 

then, 

2Q^ = [Q,Q]sb = [Gar]a,Gjr]j]sb - i[Gar]a,Clir]kr]iPj]sb - {l/'i)[Cab'nailbPc,Clir]kr]iPj]sb, 
= A + B + C, 

where we have that, 

A = [Ga'na,Gjr]j]sb = {Gar]a,Gjr]j} = GaGjr]ar]j + GjGaT]jr]a, 

= [Ga,Gj]riar]j + GjGa{rjj,r]a} = iC^hGcVaVj, 

and, 

B = -iCli[Gar]a,rik'niPj]sb, 
= -iCliGa[r]a,r]kmPj]sb, 

= -iCliGai[i]a,'nk'ni]sbPj + 'nkm['na,pj]sb), 

= -iCliGaiVkVl^aj), 

= -iCkiGaVkVi, 
= -A. 
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Therefore we have that = C, 



-AC = C^,^C'jk[7]aVbPc,r]jmPi]sb, 

= CabCjk {[VaVbPc, VjVklsbPi + VjVkblaVbPc, Pi]sb) , 

= CabC}k {llaVbiPc, VjVkjsbPi + [f?a?/6, VjVkjsbPcPi + VjllkllaVbiPc Pi]sb " r]jr]k[r]ar]b, Pi\sbPc) , 
= CabCjk {VaVb[Pc, rijVk]sbPi - VjVkiVaVb, Pi]sbpc) , 

= CabCjk {vaVci^'jVk - 5lrij)pi - r]jr]ki6tr]b - 5if?a)/5c) , 

= {CabCikVaWPi - i'^/'^)C}kCfbWVbPc) 
+ {-CabCjcVaVbVjPi + CjkCaiVjVkVaPc) , 
= 0. 

The last equality comes from equating the coefficients of each term in the brackets. □ 

Proof. (Proof of (I2.36P ) We will drop the notation for this proof. First we let, 

A = {Q,Q*} = A + B + C + D, (2.42) 

where, 

A = {GaTIa, GbPb}, B = {GjPj, {-i/2)C2bVar]bPc}, 
C = {Cj-Hj, {i/2)C^f,Vcpbpa}, D = {l/A){C^f,VaVbpc, C}kViPkpj}- 

Now recall that, 

Sa := -iC^bVbVc- 

Using the ghost commutation relations (j2.ip . the constraint brackets (j2.29p and antisymmetry 
of C^fj in every index, we calculate A, B,C and D. 

A=[Ga, Gb]r]aPb + CbGaiVa^Pb}, 
= iClbCcTlapb + CbCb, 
= CaX'a + CbGb, , 
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and, 

B = -{i/2)C2bGj[pj,riaribpc]sb, 

= - ( V2) Gj ( [pj , rjarib] sbpc + VaVb [pj , Pc] sb) , 

= -{i/2)C',,Garn,Pc + {i/2)Cl^GbiiaPc, 

= Ga'^a- 

By a similar computation we calculate, 

C = —Ga^a- 

Next we calculate, 

4^ = C^bG}k[VaVbpc,ViPkPj]sb, 

= GabCjk {blaribPc,Vi]sbPkPj - ViiVaVbPc, PkPj]sb) , 

= CabGjk {VaVbiPc, riilsbPkPj - [Varib, m]sbPcPkPj - rjiVarjb[Pc, PkPj]sb - ViiVaVb, PkPj]sbPc) , 

= GabCjk i^cVaVbPkPj - m[VaVb,PkPj]sbPc) , 

= CabGjk i^lVaribPkPj - Vi[VaVb,Pk]sbPjPc - ViPk[VaVb, PjjsbPc) , 

= CabCjk {siriaTibPjPk - S^rjiTiapjpc + S'^rn'Tibpjpc - SlriiPkVaPc + SiriiPkribPc^ , 

= [CahGjkVaribPkPj - C^f^C'ji,r]iT]aPjPc + G;^,,C'jar]iT]bpjpc 

- GabC'ikViPkVaPc + C^^GikViPkVbPc] ■ (2.43) 

Now, 

-GabGbkmPkVaPc + Cl^Gl^rhPknbPc = -2G^^C^iriiPkVbPc, 

= 2^a^a (2.44) 

Also by the antisymmetry of the structure constants and the Jacobi identity, 

GabCjkriaVbPkPj = -CtCjkVaVbPkPj, 

= (CkcCaj + C^.Cj^JVaVbPkPj, 

= GjcGakVaVbPjPk + C^^C^^riaVbPkPj, 

= -CjcGakVaVbPkPj + G^^G^^riaVbPkPj, 

= -2GlG',kVamPkPj, (2.45) 
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and, 

-CabCjbViVaPjPc + C^bCjaViribPjPc = C^bCij^VaPj Pc + C^jC^^Vir]bPj Pc 

= CjcCakr]ar]bPkPj + C^kCjcVaWkPj, 

= 2C^,C:,WkPj. (2.46) 
Substituting equations ([234]), (pliSj) . (fTiG]) in equation(l233|) gives that, 

D = (1/2)S,S, 
Substituting back in (j2.42p we calculate, 

A = il/2)GaGa 1 + (l/2)(Ga €5 1 + 1 + Sa), 

□ 
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Chapter 3 



General BRST Structures 



The aim of this chapter is to obtain a mathematically consistent definition of the hem'istic BRST 
structures outlined above including the ghosts, the charge Q, the dsp-decomposition, and the 
operator cohomology. 

3.1 Ghost Algebra 

We first need to properly define the ghost algebra (cf. Section l2.ip . Recall the key heuristic 
features: 

1. There is a representation of an algebra Ag := alg({7/j, pj \ j G /}) acting on a Krein space 
Hg with indefinite inner product (•, •)g such that the ghosts tjj and conjugate ghosts pj are 
Krein-hermitian. 

2. There is a ghost number operator G such that = —G, Hg = ©5^_oo'^5,ri where Hg^n = 
{tp G HglGi^ = ni/j}, and [G,A] = nA, A e Gn- 

Conditions for the existence of a ghost number operator have been studied in [6], where 
the structure of Krein spaces Tig that admit such a ghost number operators is determined. We 
will connect with these results after we have constructed the ghost algebra in a well-defined 
mathematical framework. 

We start with a construction for even and infinite dimensional Ag. This construction will 
correspond to the smeared version of the ghosts in the BRST-QEM example of the previous 
section (example ()2.4p ). We will then treat the odd degree case by restriction and finally, 
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connect to superfunction spaces as given in Berezin [12] sections 3.1, 3.2, HT ^55j Chapter 20.2, 
[73] p482. 

We define the Ghost Algebra as a CAR algebra over a test function with the following 
structures. Let W be a Krein space with indefinite inner product (•, •), a fundamental symmetry 
J (see Appendix (j7.2p ). i.e. W is a Hilbert space with norm coming from the inner product (•,•), 
Ti = 7i+ © TL- where TC+,7i- are closed subspaces of 7i and © denotes Hilbert orthogonality, 
and (•, •) = (•, J-) where J = P+ — P- where P+, are the projections on 7i+, TC- respectively. 
Note that J is a unitary on Ti such that J* = J, = 1. We will denote [_L], [©] for Krein 
orthogonality, etc. and _L, ©, for Hilbert orthogonality, etc. 

Lemma 3.1.1 Let TC^ and 7i- have the same cardinality. Then there exist closed subspaces 
ni,H2 C H such that H = © W2, JHi = ^2- 

Both Til and 7i2 are neutral with respect to the Krein inner product (•,•) and Pi = JP2J 
where Pi,P2 are the projections onTi.i,Ti.2 respectively. 

Proof. Let TI+ and H- have orthonormal basis {e\)x^\, (e|)AeA respectively for some index 
set A. Now define, 

/i = £a+^ /2 = £i^ AeA 
^ ^2 V2 

We have that {/|, /|}a6A is an orthonormal basis of Ti. and J/| = /|. 

Let Hi := [fl\Xe A] and := [/| I A G A]. Then JHi = ^2- As (•,•) = (•, J-) by 
definition, it follows that 7ii is neutral in the Krein inner product by TLi _L 7^2- Also for ijj G T~Ci 
we have P2J1P = from which it follows that JP2J = Pi- □ 

The Fermi-Fock space for Ti. has a natural Krein structure associated to J: 

Lemma 3.1.2 Let TC and J be as above, that J 7^ ±1, and let ^~{TC) be the Fermi-Fock space 
with Hilbert inner product (•, Let Jg := T{J) be the second quantisation of J and define the 
indefinite inner product: 

(■' ')g •~ '^g')g^ 

on. ^~(7i). Then (TC) is a Krein space with indefinite inner product {■,-)g, and fundamental 
symmetry Jg. 

Proof. We have that J is *-unitary implies that Jg is *-unitary and furthermore J = J* and 
J 7^ ±1 implies that Jg = J* and Jg / ±1. Hence by lemma (I7.2.3P we have that {•,-)g is 
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indefinite and the 5 CH) is a Krein space with indefinite inner product (•, ■)g and fundamental 
symmetry Jg. □ 

Let c{f),c*{f) be the usual annihilators and creators on (TL) and define: 

AiTi) := C*{{c{f),c*ig) | /,g e W}) C (W)). 

We have: 

{c{f),c{g)} = {c*{f),c*{g)} = 0, {c{f),c*{g)} = {f,g)l, (3.1) 

(cf. [1^ section 5.2). As {Ti) is a Krein space, we can calculate Krein adjoints by A'^ = JgA*Jg 
(cf. lemma ([721])). So: 

ct(/) = r(J)c*(/)r(J) = c*(J/), (3.2) 

and hence: 

{c(/),ct(5)} = {c(/),c*(J<7)} = (/, J5)l = (/,5)1- 
Define the Krein-hermitian fermionic quantum field operators: 

C{f) = -^(c(/) + ct(/)) = l={c{f) + c*(J/)), (3.3) 

on d~{7i). Note that C{f)* = C{Jf) and so C(/) is Hilbert hermitian only when Jf = f. 
Then, 

{C{f),Cig)} = Re{f,g)l, (3.4) 
which corresponds to a Clifford algebra with indefinite inner product. Define the ghost fields as: 



then \/f,g G W2, 



vU) ■■= C{f) V/ e ?^2, (3.5) 

r,*{f) = C{Jf) 
{viD^via)} = Re{f, g)l =0 as is neutral 

Mf),V*i9)} = {C{f),C{Jg)} = Re{f,Jg)l = Re{f,g)l. (3.6) 

Now take an orthonormal basis {fj)jeA of T~(-2, where A is some index set. The above relations 
justify the identification of rj{fj) as our ghosts and 

Pifj)-=V*ifj) = C{Jf,) (3.7) 
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as its conjugate ghost. That is, they are both f-hermitian and, 

{v{fj),v{fk)} = {p{fj),p{fk)} = Re{f,f)l = (as 7^2 is neutral) (3.8) 
Mfj),p{fk)} = Mfj),V*{fk)} = ReifjJk)! = hjl 

which are the relations ()2.ip . Moreover Jgr]{f)Jg = p{f)- Note that we have associated the 
Clifford algebra elements C{f) with 7i2 arguments as ghosts and with 7ii arguments as conjugate 
ghosts. Using c{if) = —ic{f), c*{if) = ic*{f) and [J,i] = for all f & H, we can recover the 
creators and annihilators from the ghosts by: 

c(/) = i=(??(/) + ir?(i/)), fen2, 

c*{f) = ^{p{f)-tp{if)), fen2, (3.9) 



and, 



c*{f) = ^{rj{Jf)-ir,{iJf)), fe-Hu (3.10) 



c{f) = ^{p{Jf)+ip{tJf)), feHi. 
We define our ghost algebra and Fock ghost space as: 
Definition 3.1.3 The Fock ghost space is, 



Hg ■.= rin) = Ag{n2)n. 

where the ghost algebra is, 

Ag{7i2) := C*({77(/),r?*(5)|/,<7G W2}) 
= C*({C(/)|/eH = Wi©W2}) 

= A{n) C B{r{n)). 

Denote Ago{'H2) '■= o-lgiiviD^V* id) I /)5 £ "^2}) o,nd note that Ago{7i2) is dense in Ag{Ti.2) in 
the norm topology. Also Ag{TL2) and Ago{TL2) will he denoted by Ag and Ago respectively when 
no confusion will arise. 



Remark 3.1.4 



(i) There is an automorphism a G Aut (^3(^2)) given by 

a(C(/)) := C(J/). 
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(3.11) 



That this is an automorphism fohows from {C {J f) , C {J g)} = {Jf,Jg)l = {f,g)l and 
|16j Theorem 5.2.5. We will denote this automorphism by a in the sequel unless specified 
otherwise. Note that we have A"^ = JgA* Jg = a{A*) for A G Ag by which we define the 
Krein involution on the algebra independently of the representation Tig. 

(ii) Given an orthonormal basis {fj)jeA of 7^2! the linearly independent set: 

S = {v{fj),V*ifj),Vm,V*m\3 G A}, (3.12) 
= Mfj),Pifj),viifj),Pm\j e A}, (3.13) 

generates, via equations ()3.9p and ()3.10p . a dense subalgebra of Ag, whereas the set, 
Mf,),V*{fj)\3 e A} = Mfj),p{f,)\j G A} 

does not. This is easy to see by dimensional comparison in the finite dimensional case, 
which extends to the infinite dimensional case as for each j G A we have that the set 
alg{{7]{ f j), p{fj)}) generates a proper norm closed subspace of 

A = c*{Mf,),v*{f,),vm,v*m\j G A}). 

3.1.1 Gradings 

Next, we define useful gradings for Ag. Recall that Pi is the projection onto 7ii {i = 1,2), and 
define, 

iVi := dT{Pi), N2 := driP2), where D{Ni) := D{N2) = S'o (W). 

where D{Ni) and D{N2) denote the domains of A'^i and A''2 respectively and ^q{TC) is the finite 
particle subspace of the Fock space Tig = We have: 

JgNiilj = T{J)dT{Pi)ij = dT{JPi)i) = dT{P2J)^ = N2Jgi; 

for all il; G 5o (W)> making use of J Pi = P2J. Thus by Jg^o (W) = doC^)- 

JgNiJg = N2. (3.14) 

Now A^i and on doiT~(-i) and 5^0(^2) respectively are just the number operators which we 
combine: 

N:=Ni+N2 = dr{Pi + P2) = dr(l), D{N) = ^^{H), 
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i.e. N is the number operator on ^q{TI). Note that is *-symmetric on ^^{Ti), so by A"^ = 
JgN*Jg (see Appendix (j7.2p l and equation ()3.14p . we have that N is f-symmetric on ^Q{7i). 
Now N induces the usual grading on TCg: 

Proposition 3.1.5 

where m = dim('Hi) (possibly infinite), and, 

An: = {Ae Ag\AD{N) C D{N), [N,A]i) = nAtP, ^ G D{N)}, 
dn ■. = {^ eng\NtP = n^}. 

Moreover = An^ for all n £N. 

Proof. The standard definition of the number operator is to define A^Vn := nipn for in the 
n-particle subspace of d^C^), and extend linearly to the domain 

{tp e I Xli^i hV'nP < 00} \M P7- It is then proved that A^ = dT{l) on doCH), and so 

the above decomposition of Tig = (B'^Q^n follows. 

Let {fx)xeA be an orthonormal basis for TC, and let, 

be a monomial of creators and annihilators where A = (Ai, . . . , Afc) G A'^, = (/ii, . . . , G A^ 
and (A; — /) = n G Z. As M"^ 7^ '^^ have that Ai . . . are distinct and . . . are distinct. 
Also as c(/)^ = c*(/)^ = for all f e TC we have that, 

M^^^ / ^ n < 2m. (3.15) 

Let J G N and take ip £ ^j. Now is the subspace of ^Q{Ti.) spanned by the n-particle vectors, 
hence by the definition of the creators and annihilators: 

c*{mnCdn+i, c(/)5„c5„-i, c{f)do = {0}, n > 1, V/ G W 

From this we have that ^ip G ^j+n for (j + n) > and M^^ip = for {j + n) < 0. Therefore, 

W, Ml^]^P = (j + n)Ml^^p - jM^^i; = nM^^i;, (3.16) 

where equation (j3.16p is trivially true when M^^ip = 0. As j was arbitrary and D{N) = 
^-{H) = ©^=o5" we get that (i3T6]l is true for ah ip e D{N). Hence M^^^ G An- Now by [l6] 
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Theorem 5.2.5 pl5, 



Ag = [{1, M£_^ I n G Z, A G A'^, G a' and {k - I) = n}], 

and we obviously have 1 G hence, 

'{l U {^{Ml^ I n G Z, A G A^ G A' and (A; - /) = n}) }] C [{J^Z-2M] C Ag, 
= [|l U (|J{^A,M I n G Z, A G A^ G A' and {k - I) = n}) } , 

where we used equation (I3.15P for the first inclusion. Therefore [{U^™_2m-4n}] = Ag. 

By the definition of N , Sjn is the n-th component of a vector in Fock space and so for n > 0, 



5n = [{M^,f,^g I n G Z\{0}, A G A^ /I G A' and (k - I) = n}] C An^ C dn 
where the last inclusion follows as Nil. = implies An^ C and that is closed. That is we 



have = An^ and we are done. □ 

We will refer to these as the CAR gradings. 

To the Ghost Gradings below we introduce the notation: 
We define the ghost number operator as, 

G:=Ni-N2 = dr{P^-P2), DiG)=doin), 

and note that G is *-symmetric on ^Q{7i). By JgNiJgip = N21P for ip G S^g (W), we have that G 
is f-skew symmetric on ("H). This gives a grading of Ag and Tig as. 

Proposition 3.1.6 

Ag := [U„__2m^n]) '^g '■— ®n=-m^n 

where m = dim('Hi) (possibly infinite), and 

g^: = {A£Ag\ AD{G) C D{G), [G, A]^ = nAiP, V G D{G)}, 



S^n ■■ = {tp ^ Tig \ Gip = nip} = Gn^, 

Proof. Suppose that Qi and 1^2 are the vacuum vectors of 5^0(^1) and 5^0(^2) respectively, 

45 



then {Til © W2) is unitarily equivalent to (Tii) do ("^2) by defining the map, 
f/ : ?0 (Wl) ® ^ (Wl © 

U{a*{h,) . . . a*{hjni a*{U,) . . . a*{f,,W := 

a*(/Ai)...a*(/Aja*(^,)...a*(^JO, 



n\l\ 



{n + l)\ 



where fx^, - ■ ■ , /a„ £ Wi, /^^ , . . . , ^ H2, n,l e Z. We then extend Unearly to all of do CHi) 
5^0 (^2)- It is easily checked that U is well defined and unitary, the only thing to note is that the 
{n\l\)/{{n + ly.) comes from the antisymmetrization of components of elements in (^). Now 
we identify 5^0(^1) with the subspace C/(5^q (T^i) ^2) of 5^0(^1 © TI2) and doC^i) with the 
subpsace C/(5o (^1) © ^2) of S'o (^i © ^2)- 

The result now follows similar to Proposition I3.1.5] if we recall that A'^i and on i^g ("Hi © 
7i2) = UidoCHi) © 5^0(^2)) are just the number operators when restricted to 5^0(^1) and 
5'o(W2) and that G = iVi - 7V2- □ 

We refer to these as the Ghost gradings. Note that Gil. = 0. 

The CAR and Ghost gradings of the spaces and Algebras give the following structure 

Lemma 3.1.7 Let Ag(TC2) be the ghost algebra with dim 7^2 = (possibly infinite). Let k,l G 
{—2m, . . . , 2m}, then: 

(i) AkAi c Ak+h GkQi c Qk+i- 

(a) Al = AI = A-k and Ql = Q-.k and Q\ = gk. 

(Hi) 7]{f) G Ql and p{f) £ Q^i for all f ^H. 

(iv) dk -L di for k,l > 0. S)k for k ^ I where _L denotes Hilbert orthogonality and k,l €z Z. 
Moreover ^k[^^- 1 for k 7^ / where [_L] denotes Krein orthogonality with respect to (•, ■)g, 

where we take the convention that Ak = Qk = {0} for k < —2m, or k > 2m. 

Proof, (i): Take A Ak, B Ai and ip G (^)- Then using AnD{G) C D{G) for all n G Z, 
we get [N,AB]tij = [N, A]B'4) + A[N ,B]^Ij = kABip + lAB^^ = {k + l)AB^p. Therefore AB G Ak+i 
hence AjAk C Ak+i. Similarly GjGk C Gj+k- 
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(ii) : Let A E Ak and ip,S, ^ C^)- Then as is *-symmetric, 

{kA*i;,Og = {4',kA0g = {i^,[N,A]Og = {-[N, A*]ij,Og- 

Thus [N,A*]Tp = -kA*%l} for all V G S'o (^) ^nd hence A* £ A-k- So Al = A-k and similar 
arguments produce the rest of (ii) using the fact that N is f-symmetric, G is *-symmetric, and 
G is f-antisymmetric. 

(iii) : We have, 

r?(/) = i=(c(/)+c*(J/)), fen2 

P{f) = V*{f) = -^i^Jf) + / e ^2 

from which we see that, for all / G 7i2- 

[G, Tiim = mi - N2), -^(c(/) + c*{Jf)M = v{f)i^, (3.17) 
[G, p{m = [{Ni - N2), ^(c(J/) + c*(/))]V = -p{f)i^, 

for ah V G do in), by [A^i,c(/)]^ = 0, [iV2,c(/)]V^ = -c(/)V', etc. 

(iv) : Let £ ^k, ^ G ^l- Then as N is *-symmetric, l{ip,Og = ii^^^Og = i^i^^Og = ^ii^^Og 
and so ip -L if k ^ I. As G is *-symmetric, the analogous argument shows that S)k -L for 
k ^ I, and as G is f-antisymmetric we also get 5^fc[_L]5^_i for k ^ I. □ 

Remark 3.1.8 (i) Let {fj)j(zj^ be an orthonormal basis of 7i2^ and let A be a monomial of 
the r][fjys and p*{fj)^s. Then A £ Qk where k is the difference between the number of 
/3(/)'s and the number of fy(/)'s in A. By lemma ()3.1.7p (i) and (iii) we get that A £ Qk- 
Thus the definition of the ghost grading above agrees with the heuristic definition given 
in Section 12. 1[ 



(ii) The identity r/(/) = -^{c{f) +c*{Jf)) for f £ H2 shows that the CAR grading and ghost 
grading are different as r/(/) has ghost number one but no definite CAR grading number. 

Also we have, 

Definition 3.1.9 The Ghost grading induces the 'Z2-9i^o.ding: 

Ag . Ag Ag , 
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where m = (11111(7^1 ) (possibly infinite) and 

•^g := [Un=-2m^2n], A' := [U^=_2m^2n+l] • 

We refer to this as the Z2-grading in Ag. We define 

j{A) = A, yAeA+, 7(A) = -A yAeAg. 

It is easy to see that 7 extends to a *- automorphism on A such that 7^ = l. We refer to 7 as 
the Z2-grading automorphism on Ag. 

Remark 3.1.10 It is easy to see that c{f),c*{f) £ Qi C Ag for f e Hi and c{g),c*{g) G Q-i C 
Ag for g G ^2- Therefore c{f),c*{f), C{f ) G A' for all / G l|k 

These algebras and gradings are defined in the Fock representation. We want to find conditions 
on states so that the ghost grading structures can also be defined in the state space of their 
GNS representations. We follow [39] lemma 6.1, p26, 

Proposition 3.1.11 Let Ag(7i2) he the ghost algebra with dim{TC2) = m (possibly infinite), and 
suppose that lo o a = co G &iAg) where a is defined in equation ()3.1ip . We define: 

Ti-n ■■= 'n-uj{Qn)^u; CTiuj, n £ {-m, . . . ,m} 

where {tTuj,^uj,'Huj) is the GNS-data for lo, with Hilhert inner product Define = 

Jio')iu where is the implementer for a in 7i^. Then we have 

io{Gn) = Vn / iff TLnl^XHk when n ^ —k. 

In this case we also have that Tin is neutral with respect to (•, •)^ (i.e. {ip, iJj)uj = for all tp G Tin) 
, JujTCn = Ti-n, Tiuj = (B'!^=_m'Hn, Tin -L Tik for k ^ n, and we have the following decomposition, 

Furthermore there exists a symmetric, and \- symmetric operator G with domain 
D{G) = Wo[e]™=i(Wn e n-n) such that Gip = for ^pGTCn. 

Proof. First for V = vr<^(A)17^, ^ = TT^{B)n ^ we have that, 

{^.Ou = {^u{A)n^,J^Ti^{B)VL^)^ = uj{A*a{B))=uj{a{A*)B) 

48 



Let uj{Gn) = for n ^ 0, and let A £ Gk, B € G„ and k ^ —n. By lemma (|3.1.7p (ii) we 
have that a{A*) = £ and so by lemma ([3X7]) (i) a{A*)B G Gfc+„ / Gq. Therefore 
(V'lOt.j = uj{a[A*)B) = 0. As such -0,^ are dense in TLk and "H^ respectively, we get that 

n- 

Conversely suppose that TLnll-XHk for n ^ —k. Now £ TCq and so if n 7^ 0, then 
Hn[-i-]^uj- So if A G Qn then tp := 7r^^{A)^i^ G Tin and we get that uj{A) = {^uj,'^u;{A)^^^)i^ = 
{^lij,7ruj{A)i}^)^ = = 0, where we used J* = J^j and J^j^luj = ^l^- 

Observe that 7^n[-^'Hk for k ^ —n implies that 7in[-^'Hn for all n 7^ and so Tin is a neutral 
subspace for all n 7^ 0. Next since A"^ = a{A*) we have: 

where we used Juj^u) = in the first equality and lemma (|3.1.7p (ii) in the second last equality. 
Next, 

m 

71=— m 

where we used Proposition 13.1.61 in the third equality. 

Now we have that Tin -L T~(-k for /c 7^ n by 7^n[-^'Hk for k 7^ — n, (•,-)a; = {•,Ju)-)ui and 

The decomposition, 

now follows from the above relations. 

Finally, Gi/j = nip for ip G Tin defines a linear operator G on Tin- As Tin -L Tik =^ Tin H Ti^ = 
{0} for A; 7^ n this extends to a linear operator on D{G) = 'Ho[ffi]™=i('^n © Ti-n)- That G is 
*-symmetric and f-antisymmetric follows by direct computation in the inner products (•, ■)^^ and 
(•, (This proof of the existence of G is based on that in Proposition 1 [6J p673-674). □ 

Hence we define. 

Definition 3.1.12 Let &g C &{Ag) be the set of states, 

&g = {to £ &{Ag) \ lj o a = uj, ij{Gn) = for n 7^ 0}. 

That is, Gg is the set of states with the correct ghost grading structure, and with GNS cyclic 
vector with ghost number 0. 
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We connect the above abstract structures to the Fock structures at the beginning of this 
chapter as follows. Let ttf ■ -^g ^i'^g) be the Fock representation of Ag, and the Fock 
state LOp G be defined by ujf{A) := {Q,'irp{A)Q) . Then as Jgil = and JgTip[A)Jg = 

'KF{ot{A)) we have that ojp o a G &g, hence ujf G &g- Moreover the GNS-representation vr^^ 
is unitarily equivalent to vTir by a unitary U : Tig Ti^jp with UQ = 0,^^. Hence we recover 
all the concrete Fock structures from Ag and lof- The explicit spatial connection of the Fock 
structures to Proposition (|3.1.1ip is, 

Hujp = UHg, Tin = T^ujF{Gn)^LUF = USjn = U{i^ G | G^- = nip}. 

The ghost number operators are connected by U*GU = G, where we have used the symbol G 
for the ghost number operator on Tig and for the ghost number operator defined in Proposition 
(IHXTTT) . 

3.1.2 Finite Dimensional Ghost algebras 

Here we consider the case of finite dimensional ghost algebras. For finite dimensional 7i2 we 
have that all representations Ag{TC2) are multiples of the Fock representation by [16j Theorem 
5.2.14. Hence we will only consider the Fock-ghost representation of Ag{TC2) on the Fock space 
TCg in this section, and not denote the representation explicitly. 

Suppose that TC2 has a complex orthonormal basis where m < oo. So dimH = 2m 

and TC has orthonormal basis {Jfi, fi\, i = 1 . . . m}. Then ^~{TC) = (W) is finite dimensional, 

m 

N = Ni+N2 = Y.{c*{fj)c{fj) + c*{Jf,)c{Jfj)) (3-18) 
i=i 

and 

G = A^i - iV2 

m 

= T.^c*{jfMJfj)-c*{fMm 

^ m 

(3.19) 

where the last equality for G follows from equations (jS.Op and (j3.10p and the brackets relations 
in equation (jS.Sp . 
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Remark 3.1.13 (i) The formula for G in terms of the ghosts corresponds to the heuristic 
ghost number operator in HT [55j p313. 

(ii) The reason why we did not choose 

m 

Gi = Y.[v{fj)p{fj)+r]mpm] 

as our ghost number operator is that while it gives the correct commutation relation with 
elements in Ag it does not annihilate the vacuum, and G\ ^ —Gi. That is it will not serve 
as a good number operator on the state space. In fact by the commutation relations we 
get Gi + 1 = G. 

As 7i = Til © JTCi is even dimensional, we have an even number of linearly independent 
ghosts, i.e. {rj{fj),ri{ifj) | j = 1, . . . ,m}. To deal with with an odd number of ghosts define, 

A.g{Ti.2) := C*{{r]{fj),p{fj) \ {fj)^=i a complex orthonormal basis of "^2}), 

which we denote A'^g when no confusion will arise. Note that A^g makes sense for m being either 
even or odd but in the case that m is odd we get Ag has an odd number of ghosts r]{fj). Hence 
when we want an odd number of ghosts we use Ag. 

Remark 3.1.14 (i) Note that A^ is a proper subalgebra of Ag = G*{{C{f ) \ f £ Ti = Tii e 
Ti.2}) since / — > r]{f) and / p{f) are only real linear and {fj)Y=i is a complex basis. A 
problem with using Ag is that we cannot recover the c(/)'s and c(/)*'s from it. 

(ii) A natural representation to consider is the action of A^ on 

nf; := Aii;, e ng\{o}, 

for ^p chosen such that Jg'H^^ = 'H^^ , i.e. such that TL^^ is a Krein space (note that TL^^ 
is complete as it is finite dimensional). We can choose such that A^g acts irreducibly on 
7i^^ and the corresponding representation is isomorphic to the Berezin representation as 
will be discussed in the next section. However, we will see below that the choice -0 = 
does not give an irreducible representation. 

4k 
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3.1.3 Connection to Berezin Superfunctions 

A common representation for the ghost algebra is of operators acting on Berezin superfunctions, 
and is described formally for the case of finite ghosts in Berezin [12j sections 3.1, 3.2, HT [55] 
Chapter 20.2, [73] p482. In this section, we give a well-defined interpretation of these formal 



superfunction representation's vector space structure and indefinite inner product. This Berezin 
representation is useful as it gives an irreducible representation of the ghost algebra for an odd 
number of ghosts (cf. (I3.1.17P ). We will also discuss the formal formulas in the literature for the 
Berezin integral, products of superfunctions and involution on superfunctions, but we will not 
give rigorous interpretations of these as they are used to construct the formal indefinite inner 
product and will not be needed explicitly in this thesis. 

The motivation and purpose for this section is so that we can connect to the literature and 
discuss related problems, as done Remark (I3.1.2ip at the end of the section. After this section 
we will only use the formal Berezin terminology when referring to the heuristic literature. We 
summarize in Definition (j3.1.22p below, the definitive ghost stuctures used in the rest of this 
thesis. 



Another rigorous treatment of the heuristic Berezin calculus is in [89] but we do not discuss 

this here since this will take us too far afield, as we would need to connect it to both our approach 
and the heuristic approach. The Ghost-Fock algebras used here are sufficient for our purposes. 

In this subsection we consider both the cases of an odd and an even number of ghosts. Note 
however that in the case of an even number of ghosts the Berezin superfunctions are redundant 
as we can use the full ghost algebra as discussed in the previous section. 

Let be an orthonormal basis of 7i2 where m € N. Define r]j := and pj : = 

p{fj) = rf-. We will construct an irreducible representation for A^'^ with a cyclic vector Vt^f such 
that Pj annihilates for all 1 < j < m. 



definitions by constructing a representation of Ag that can be identified with the formal Berezin 




Lemma 3.1.15 Let ip := pi . . . Pmivi ■ ■ ■'>lm + («)™*-' 
Qsf ■= iV^Wm ■ ■ ■ VmPi ■ ■ ■ PrrS^WgY^^ Satisfies: 



-'^)/^l)i7. Then the unit vector 



(i) pjQsf = for I < j < m, 



and 



(a) {nsf,Usf)g = 0, 




for j = m 



= < 







for j < m 
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Proof, (i): follows from {pj, Pk} = for all 1 < j, k < m, in particular = for all 1 < j < 
Using = pj and pj = we get (Qgf, ^sf)g = 0. 
Now using ij„[±]ijj„ for n ^ —m we calculate, 

(-0, r/i . . . r?^^)^ = (Pi • ■ ■ Pmm ■ ■ ■ r)m^, (z)'"^'"~^^/^r7i . . . rjmPi ■ ■ ■ Pm^)g 



m(m— 1)/2 



= {Jgpi . . . pmm . . . rim^, (i) 



iir^"'-^>/^\\m---VrnPl...Prnn\ 



PrnVl ■ 




rjmPi ■ 


• • Pm^}g 


PmVl ■ 


■ ■ flrrS^^g-i 



a 



+ ^)/2(??m • • • mPl • • • PwP', Pi--- PmVl - - - rim^)g, 

= (l)"'^"'-'^/^ VmPl ---Pmn\\l + (i)"'^"'-'^/^ \\m--- VmPl - ■ ■ Pm^fg, 

= 2^r(-^-^y^\\n,...r,mPi.--Pmn\\l, 

where we used JgQ = $7 and JgiJjJg = Pj for 1 < j < m for the third equality, and r/^ . . . ??i = 
(^—l'^rn{m-i)/2^^ foj- fourth equality, and applying the method of the previous step. 

Now define, 

(m \ 
J2vjpA -(m/2)l. (3.20) 

As Pj^sf = Vj) we have that Ggf^sf = —{fn/2)Q,sf- Moreover = —Ggf, [Gsfjilj] = Vj 
and [Gsf,Pj] = —pj Vj. That is Ggf acts as a ghost number operator with Qgf ghost number 
-(m/2). 

We calculate, for 1 < j < m: 

-{m/2){9,sf,r}i . ..r]j^lsf)g = {G^sf.ni ■ ■■Vj^sf)g, 

= - {^Isf, GsfTjl . . . 'r]jVLsf)g, 

= ((W2) -j){^sf,m---r]j^sf)g, 



hence {ngf^Vi - - - Vj^sf) =0- ^ 
We define the Berezin ghost representation as. 

Definition 3.1.16 Let Ag(TC2) be a ghost algebra with dim{TC2) = m < oo, and Qgf € TCg be 
as above. Then Tihz '-= ^ = A'^g^sf o,nd the Berezin representation -Khz of Ag is this action 
of Ag onHbz, with inner product {■,-)g- 
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Lemma 3.1.17 Let Ag{7i2) be a finite dimensional ghost algebra with dim('H2) = m. Then: 

(i) S := {Qsf^'Hi^sf^ ■ ■ ■ ,Vi ■ ■ - Vm^sf} is a C-linear basis forTibz, hence dim('H5^) = 2"*. 

(a) Jg^sf = {—i)"^^"^^^^^'^'^bz{vi---Vm)^sf, o.iT'd Jg'Hhz = where Jg is the fundamental 

symmetry on Tig. Hence 7ii)z,is a Krein space. 

(Hi) TTbz '■ A^g — > B{Ti.bz) is irreducible. 

Proof, (i): For this proof we assume that we are in the representation nhz and not use the 
notation exphcitly. For any {ki, . . . ,ki} C {1, . . . , m} with ki < k2 < ■ . . < ki define 

Cki,...,ki ■= %i • • • Vki^sf, Mki,...,ki ■= Pki--- PkiVi ■ ■ - Vki ■ ■ - mi ■ ■ - Vm, 

where ifj denotes omission. Now using r]j = 0, Pj^sf = and the commutation relations (13. 8p 
we calculate, Mj^^,,,^j^^ki,...,ki- have three cases. 

Case 1: E {/ci, . . . , ki} such that ki ^ {ji, . . . , jn}. In this case we have that Mj^^^^^^j^^ has a 
ghost term r/^. , and so using the ghost anticommutation relations: 

where A is a monomial of conjugate ghosts with indices ji, . . . jn and ghosts ki, . . . ,ki, . . . ,ki. 

Case 2: 3jj G {ji, . . . , j„} such that ji ^ {ki, . . . , ki}. Then Mjj^...j^ contains a conjugate ghost 
Pj. and so, 

Mj,,...,jjk^,...,ki = ± Bpj^rjk^ . . . 

= ±Br]k,...rjk,Pj^nsf, 
= 

where is a monomial of conjugate ghosts with indices ji, ■ . ■ , ji, ■ ■ ■ jn and ghosts ki, . . . ,ki, 

and we used Pj^^sf = 0. 

Case 3: {ji, . . . , j„} = {ki, ki}. 

Mj,,...,jMu...M = Ph ■ ■ ■ PjnVl ■■■Vjl---Vj'„.-- VmVh ■ ■ ■ Vjm^sf, 

= ± Pji . --Pj^m ■ ■■Vm^sf, 

= ±m---vii---'njn---Vm^sf, 
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where we used the fact that the ghosts and conjugate ghosts with different indices anticommute 
in the first hne, that {rii,pi} = 1 and that the conjugate ghosts annihilate the vacuum in the 
second, and lemma (j3.1.15[) (ii) in the last line. Summarizing these three cases: 



Mju-,jnCkl,...,ki = ' 



±7/1 . . . fg . . . rg; . . . -qm^sf for {ji, . . . ,jrn} = {h, ■ ■ ■ ,ki} 7^ 0, 
otherwise. 



(3.21) 



To see that S is linearly independent, let: 

m m 

= ao^^s/ + ^ OtjVj^sf + ^ "ii J2^ji%^s/ + • • • + ai,...,m?/l • • • Vm^sf, 

j=i i=ii<i2 

m m 

^ji,32^'jl,j2 + • • • + CH...,m'Cl,.--,m' 

j=l l=ji<j2 

where a^, . . . ,ai,...,m G C. Now act with on this linear combination where ji < . . . < 

jn G {!,..., m}, then using equation (j3.2ip gives 

= ±«ji...jn^i ■■■rhl---vTn--- Vm^sf =^ ah...3u = 0> Vii, n G {1, . . . , m} 

Hence = aQ^lgf and hence ao = 0. Therefore the set S is linearly independent. Also S spans 
TLbz as Pj^j = and TLi^^ = A^g^sf-, and so we have dim('Hf,2) = the number of vectors in 5 = 

(ii): We have rjjPjVj = Vji^ ~ VjPj) = ~ VjPj = Vj a-iid the brackets {rij,r]k} = {Vj^Pk} = 
for k ^ j, and so 

m--- VmPl ■ ■ ■ PmVl ■ ■ -rim = 112 ■ ■ ■ '?/mf?lPl^/lP2 • • • Pm'n2 ■ ■ - rjm, 

= % • • • rim'niP2 ■ ■ ■ Pmm ■■■Vm, 

= (-l)(™'~^)?7i . . . r]mP2 ■ ■ ■ Pmm ■■■llm, 



(-l)^-('"-^)m...ry. 



(3.22) 
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Using JgTjkJg = pk, Jg^ = ^, and the brackets (j3.8p we see that, 

JgQsf = Cm-.. VraiPl ■■■Pm + W'^^™"^)/" 1)0, 

= . . . r?^pi ...p„^^l + {ir^'^-'^/^m ■ ■ ■ Vmim, 

= C[r]i . . . rjmPl ■ . . Pm^ + (-i)™^™"-^^/^??! . . . rjmPl . ■ ■ PrnVl ■ ■ ■ Vm'i-)]^, 

where C £ M+ is the normahzation constant, and we used (j3.22p in the third equahty. Now if we 
take any vector ip £ [S] = Tibz, then it fohows from the above equahty, Jgirj^Jg = Pk, Pk^sf = 0, 
and the ghost commutation relations that Jgijj £ [S] = TCtz- 

(iii): Now let ^ ip £ TLbz- Using equation (|3.2ip and the decomposition of ijj in terms of the 
basis S as above, there exists Mj^^^^^j^ such that, 

^ii,...jnV' = Ar/i . . . ^ . . . rg; . . . r/^Os/ / 0, A G C. 

Thus, 

Pi---Pji---Pj~n--- PmMj^^,„j^i; = XQsf- 
where we used the ghost anticommutation relations and Pj^sf = for the last equality. There- 
fore we have that for all ^ £ Tibz there exists A £ A^g such that Aip = 0,gf and as 0,sf is cyclic 
we have that every vector in Tibz is cyclic. Hence vTfe^ : A^g — > B{Ti.bz) is irreducible. □ 

In equation p.20p we defined Ggf and we will use the same notation for its restriction to Tibz- 
Denote Ggf restricted to Tibz the Berezin Ghost Number Operator and it gives a grading on Tibz '■ 



Proposition 3.1.18 Let Ggf be the Berezin Ghost Number Operator. Then 
(i) Gsfftsf = -{m/2)Vlsf, gIj. = -Gsf, [Gsf,Vj] = Vj, and [Gsf,pj] = -pj Mj. 
(a) We have the decomposition: 

m 

nbz = ®n[ 

where Til^ := £ TLbz \ Ggfip = jip} and j £ {— m/2, m/2 + 1, . . . , m/2}. 



m 

Ak-{va/2)) 
'■bz 

k=0 



(Hi) Furthermore we have that 'H;^^[_L]'H^^ for j —k with respect to {■,-)g, in particular each 
^bz a neutral space with respect to (•, ■)g for j ^ 0. 
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(tv) Let e := pi . . . pmivi ■■■Vm- {ir^'^'^yH)n E Hf^ = A^n. Then C^Hbz. 

Proof, (i): First Gsfi^sf = -{m/2)VLsf, = -Gsf, [Gsf,'nj] = -Vj, [Gsf,Pj] = -Pj Vj follow 
immediately from lemma p.l.l5p equation (j3.20p and the ghost anticommutation relations (j3.8p . 
From these relations we see that Gsf£,ji,...j„ = — ("1-/2— ^^)Cjl,.••,in where we are using the notation 
as in the proof of lemma (j3.1.17p . 

(ii) : Now G*j = Ggj and so eigenspaces of Gsf with different eigenvalues will be orthogonal 
with respect to (•, ■)g. By lemma (I3.1.17P (i), the set S := {^sf,^,ji,...jn I 1 ^ Ji < • • • < Jn < 
spans Tibz and so the grading decomposition, 

follows. 

(iii) : This follows from = —Gsf- 

(iv) : It follows from p^ = for all 1 < j < m and the definition of Ggf (equation (j3.20p ) that 
GsfS, = — (m/2)^. Hence as eigenvectors with distinct eigenvalues of Gsf are orthogonal, it 
follows that 0^=1 

To complete the proof we need to show that ^ _L flsf- Recall from lemma (I3.1.15P that 
risf = Gtp where ip = pi . . . Pmivi ■ ■ ■ Vm + and C is the normalisation constant. 

Using for n ^ —j (Proposition (|3.1.6p l we calculate, 

(C, = {Pl--- PrnVl ■ ■ ■ Vm^, Pi ■ ■ ■ PrnVl ■ ■ ■ 'nm^)g 

+ (_(i)™(™-l)/2^^ p^^^ ( l)/2p^ . . . p^J^)^^ 

= (j?! • • • Tlm^-, Vm--- VlPl ■ ■ ■ PrnVl ■ ■ ■ 11m^)g 
- {Pl ■ ■■Pm^,Pl ■ ■■Pm^)g, 

using r]m ■ ■ - rji = (^—l)"^(^~^y^rii . . .rjm and equation (j3.22p gives, 

= im - ■ ■ Vm^, m--- Vra^)g - {Pl ■ ■ ■ Pm^, Pl ■ ■ ■ Pm^)g, 
= 

where we used JgQ = fl, Jgi]jJg = Pj for ^ ^ j ^ 1^ and that Jg is unitary for the last equality. 
□ 
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We call the above decomposition TChz the Berezin Ghost Grading. As G and Gsf have the same 
commutation relations with r]j and pj, we have that [G, A\ = nA iff [G^f, A\ = nA for A G A^g, 
n G we do not need to define a Berezin ghost grading of A^g as it would coincide with the 
ghost grading already defined. Note however that the spatial and algebra gradings do not match 
in the sense that, 

ni:^"''^'^ = [{{G,r^A^g)n,j}i j = o,...m, 

which is due to the fact that $7^/ is the state with 'no ghosts' but has Berezin ghost number 
-(m/2). 

For the remainder of this section we will assume that we are in the Berezin representation of 
Ag and not denote it explicitly. Using the Berezin representation of we now define the space 
of Berezin superfunctions which corresponds to the usual heuristic definitions (cf. references at 
the beginning of this subsection). Assume that TCq is a fixed Hilbert space with inner product 
(•, •)o and define, 

which has the tensor Hilbert inner product, (•, ■)sf, and Krein inner product (•, ■)sf ■= {■, (1 (8) 
Jg)-)sf- Now by lemma ()3.1.17p (i). we have that a vector in TCgf has the form, 

m m 

aia2 ^ '?aia2^s/ + . . . + 1pl...m 

(g) rii . ..rim^sf, 

a=l l=ai<a2 
= : l/jQ + IpaVa + • • • + 1pl...m'ni ■ ■ ■ Vm, (3.23) 

where Voj • • • j ■0i...m S "Hq, and the last line is the heuristic expression for a superfunction, 
where the operators % are now reinterpreted as Grassman variables in a formal polynomial 
with coefficients in TCq. 

Remark 3.1.19 In the above definitions we have written the ghost terms in order of increasing 
index. Another common convention is writing superfunctions ^ in sums of all permutations of 
indices, ie, 

m m 

ai...amVai • ■ ■ Vam ■ 

a=l l=ai,...,am 

(see [12] p50, HT [55] p319). These are equivalent by using the ghost commutation relations, 
but will have coefficient functions ipai...aj differing by a constant. Also using increasing indices 
will give slightly different formulas in the definition of the integrals and inner products below. 
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We can check that lemma (j3.1.15p (j3.1.15p gives for i/', C £ "^j via the decomposition in equation 
(13:23]) that: 

m—1 m 

+ E E (-l)^^^^-'^'=^-''^(^a,...a,,ei...aV..a,...m)o). (3-24) 
j=l ai=l<...<aj 

We call the representation tTs/ ■ A^g B{S!F) defined by vr^/ := l^vTb^ the Berezin superfunction 
representation of A'^g, and for the remainder of this section we will not denote tt^j explicitly. 

We connect the above construction with the usual description of the Berezin superfunctions 
as follows. Formally, the Berezin superfunctions are defined by the last line of equation (j3.23p 
where Ti.Q is assumed to be an L'^{i-i) space, and act as the coefficients of the Grassman variables 
rjj (cf. references at the beginning of this subsection). Then a formal integration rule, formal 
multiplication, and formal conjugation is assumed on SJ-' and are used to give an indefinite inner 
product on the SJ-. We give these formal rules below but do not try to make sense of them 
rigorously, we just show that they produce the same inner product as the formula (I3.24p . 

The Berezin integral is formally defined on SJ- as, 

J drji . . . drjm ■■= j (iAiV'i...m- 

and is referred to as integrating the 'top function'. This is a formal definition and we are not 
assuming that dtji . . . drjm defines a measure on the ghosts. Let tp,S, £ SJ-. Formal multiplication 
tp^ is defined to be multiplication of the terms in tp and ^ with respect to the decomposition given 
by equation (I3.23p . with the coefficients ipai...a„, S,ai...ai being multiplied pointwise as ordinary 
L'^ifJ^) functions producing an L^{ij) function, and the 77^1 ■■■''lam terms being multiplied and 
rearranged into increasing index order using the ghost anticommutation relations. Note that 
repeated indices in multiplied terms (denoted aj.) will give rj^^ = in the ghost part of that 
term, hence that term will equal 0. See Example ()3.1.20p below for a sample calculation. Formal 
conjugation on ST is defined by: 

V'"^ = -00 + V'a??l + . . . + ■i/'l...m(??l • • • '^m)^ 

.'inVm ■ ■ ■ Vlj 

= + + + ■■■rim, 
where is complex conjugation in L'^{fJ.) and the formal conjugation f acts as (77^^ . . ■rjjn)^ — 

•••^jj- 



Using the formal Berezin integral, multiplication and conjugation, the formal inner product 
on S!F is defined by: 

A straightforward calculation shows that the above inner product on SJ- defined using the formal 
Berezin integral agrees with the rigorous equation (j3.24p . We give a sketch of the calculation 
below for the case of m = 2 (Example (j3.1.20p ) with the general case following in a similar way. 



Example 3.1.20 Take m = 2, 7^o = L'^ilJ-), and V',? G SJ^, i.e, 

= ipQ + tpirii + V'2??2 + ipumm, ^ = '^0 + Cim + 6^2 + Ci2mm- 

Then: 

^t^ = V'o^o + (V'iCo+'0oCi)m 
Therefore, the top function of tp^^ is: 

(■0062 - 012^0 + i'lC2 - ll^2Cl)mV2- 

Hence the formal inner product is: 

(^) Osf = i j dfi (V'062 - i'u^o + - ip2^i), 

which we see is the same as equation (I3.24p with m = 2. The factor of i in front of the integral 
is needed to ensure that {ip,^^)^^ = {^,^p)sf■ 4 

In the calculation of {ip, ^)<j/ for general m, an important point is that the only term that con- 
tributes {il^,£,)sf is the integral of the 'top function' of -i/'^C, and so this the only term we have to 
calculate in the product. The sign factor (— l)((Ei=i in front of the {ilJai...aj,^i...di...dj...m)o = 
J dfj,iJjai...ajS,i...di...dj...m term in equation (|3.24p formally comes from rearranging the indices of 
the ghost terms in the top function into increasing order. This allows us to identify the heuristic 
superfunctions with the Hilbert space ST = TLq TLbz- 
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Formally define left differentiation by Grassman variables by: 



(-1)' •••%---?7jn> a = ji 

0, otherwise 



and extending linearly to S!F (cf. [12] p51,57). Then A^g is heuristically assumed to act on S!F 
via, 

d 

rjai' = Valp, Pa = T^- (3.25) 

From equation (j3.23p we see that this corresponds to the representation vr^/ : A^g B{SJ^), 
hence we know that it extends to a well-defined representation of Ag. This provides a rigorous 
interpretation of the Berezin superfunction formalism. What is more, from lemma p.l.l7p we 
know that SJ-' is actually a Krein space, we have the explicit form of its fundamental symmetry 
and we know that iTsf : Ag — > B[SJ-) is an irreducible representation of A^g. 

Remark 3.1.21 (i) Another natural candidate for a space on which the restricted ghost 
algebra can act is 7if^ = A^g^g, where VLg is the Ghost-Fock vacuum vector. However 
this will not be an irreducible representation. This can be seen as G implies 
that T-Lbz = Al9.sf C nf^ . But by Proposition (Kll.lSp (iv) we have that the inclusion is 
proper. As Ag preserves TLhz we get that action A^g on Ttf^ is reducible, hence we see that 
the restriction of a pure state of Ag{Ti.2) to Ag is no longer pure. 

(ii) One of the main features of the Berezin representation is that 

p^n^f = 0, 1 < i < m, (3.26) 

which is an attractive feature since we can think of the ghost and conjugate ghosts as acting 
as creators and annihilators with vacuum ^sf- Hence the superfunction representation is 
often assumed in Hamiltonian BRST to identify a natural physical subspace amongst the 
'multiple copies of the physical space' (see section ()2.5.2p l. If we take a Hamiltonian BRST 
model with commuting constraints (cf. Section [2. 5 p with Berezin ghost space then we saw 
that Ker A = Ti'^^Tibz (equation (lOD ). i.e. the span of vectors of the form 

.mVl • • • Vm 

where ipo,il^a,''Pi...m S Hp {CQsf} are Dirac physical vectors. 
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The choice of representative for the physical space is then the space spanned by the physical 
vectors with no ghosts, i.e. the ipo vectors. Note that the subspace of Ti^z with Berezin 
ghost number — (m/2) is spanned by Qgf and so we can also see this choice of representative 
space, i.e. TCpfSiCClsf, as restricting to the subspace with Berezin Ghost number —(m/2), 
by which we get BRST physical space naturally isomorphic to the Dirac physical space. A 
significant problem with this choice is that if we have a representation of the ghost algebra 
with f-adjoint ghosts and conjugate ghosts, and a vector ip such that pjip = for some j, 
then: 

(V',V') = {{vj,Pj}i^,'^) = {{vj + Pjfi','^) = 
= iivj + pj)i^, ivj + pM) = ivj'^,Vj'4^) = (f/jV, V') = 0. 

So the span of such vectors ip will not be a good physical subspace as it is neutral with 
respect to the indefinite inner product. This is exactly the case for Tip {Cfi^/} in 
the superfunction representation. This problem is noted in |33j p7, and a correction is 
suggested. This problem also occurs due to the Berezin grading structure on TCbz which 
we discuss in the next item. 

(iii) We have a grading structure on TCf,z by using the Berezin ghost number operator Ggf (cf. 
equation (I3.20p and Proposition IS.l.lST ii)). As G^j- = —Gsf we get that any eigenspace 
of Gsf with nonzero eigenvalue will be neutral. Hence the only subspaces with definite 
Berezin ghost number that are positive with respect to (•, ■)sf (hence can serve as a physical 
subspace) must have Berezin ghost number zero. This shows again that the usual choice 
of physical space Tip (8 {Ci7s/} is problematic, as it has Berezin ghost number —(m/2). 

Restricting to the zero ghost subspace is problematic when there are an odd number of 
ghosts dim(TC) = m = 2k + \. Proposition (jS.l.lSp fii) shows that the eigenvalues of G^f 
are fractional and hence the non-trivial ghost numbered subspaces have fractional number, 
i.e. the ghost number subspace is {0}. Hence restricting to ghost number zero subspaces 
gives a trivial model (as noted in [71j p425). 

(iv) A second method to deal with the neutrality of the natural physical subspace li.^ (8> CQ.sf 
has been suggested by [71] p426 and [33] p7. One takes a subspace of Ker A spanned by 
the ghost number —m/2 and ghost number m/2 space, ie, 

(Ker A)+ := [V'o ® (1 + r?i . . . Vm)^sf \ V'o G = W° {C(l + r/i . . . r?„)17,/} 
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(where (Ker A)-|- = V+ in the notation of [71j p426). (Ker A)4_ a subspace of indeterminate 
ghost number, which can be seen as a problem discussed in [33J p8. 

To the author, indeterminate ghost space number does not seem to be a serious objection 
for these reasons: First we have already graded our algebra so as to apply the BRST 
superderivation and so do not need the ghost space to do this. Second, the choice of zero 
ghost number for the physical subspace was arbitrary in the first place. Third and most 
importantly, (Ker A)+ is a subspace which is positive with respect to (•, •) and corresponds 
to nl without the MCPS problem (cf. Subsection [2321) • 

(v) Consider the case of Hamiltonian BRST with a finite number of non-abelian constraints 
as in Subsection I2.5.2r 2). We have that (C^^l r]arihPc)^sf = 0. In fact we also have 
VLgf ,rji . . .r]m^sf G HaKer (Sq) as defined in (I2.35p . and so ® Ci^sf C Ker A and 
TCq (8> CQgf C Ker A. Both 0,gf and rji . . . r]m^sf are neutral vectors and so we have that 
n^Ker ( Sfl) is not one-dimensional and that Ker A has indefinite inner product. So we have 
the MCPS problem for non-abelian Hamiltonian BRST as claimed in the end of heuristic 
Subsection [2321 Note that Ker A_|_ as defined in the preceding item is in Ker A and so is a 
good candidate for the choice to solve the MCPS problem, as long as we are not concerned 
with definite ghost number for the physical space. 

(vi) The above construction for the Berezin space does not work in the infinite dimensional 
space as the construction of requires a finite number of pfs. Also the heuristic defini- 
tion of integral does not work as we have no top function. This means that a choice such as 
(Ker A)+ to solve the MCPS for any formulation of Hamiltonian BRST with infinite con- 
straints will become problematic. Infinite dimensional Berezin representations are dealt 
with in [89j pl36 onwards. We do not discuss these further as the infinite dimensional 
ghost algebras are sufficient for us and come from the motivating physical example. 

Above, we found the two conventions for the ghost algebra: 

• Ag on Tig with ghost operator G = —G'^ and vacuum 

• A^g C Ag on Tibz C Tig with ghost operator Gsf = ~G\j- and vacuum ^Igf- 

Both are used in the heuristic literature, but for the analysis below we would like a unified 
terminology. So we summarize their essential similarities and differences: 
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• As remarked in Proposition (j3.1.18p . the ghost grading of Ag with respect to G coincides 
with the ghost grading of Ag C Ag with respect to Ggf. 

• The spatial ghost gradings do not coincide;- whereas 

ng = e™=_^io„, = gJ^, on = o, 

we have: 

Hence the fohowing unified terminology is appropriate with respect to the general structure 
required to define the BRST superderivation. 

Definition 3.1.22 A Ghost Space Tig is either: 

(i) A Hilbert space Ti^j where m £ &g C <5{Ag), and it is equipped with the grading structure, 
D(G), and G as given by Proposition ()3. 1 . 11 p . 

(a) The Berezin ghost space Tig = TCbz and it is equipped with the Berezin Ghost Number 
Operator Ggf and Berezin grading structure as given by Proposition (j3.1.18p . 

Once it has been established that we are using the Berezin ghost space, we will also refer to the 
restricted ghost algebra A^g as the ghost algebra and drop the 'sf ' subscript when no confusion 
will arise. 

Remark 3.1.23 In constructions it is preferable to use the full ghost algebra rather than the 
Berezin representation of Ag as we can recover the CAR creators and annihilators, as discussed 
in Remark (j3.1.14p (i). However the Berezin representation of A'^g is used in the odd number of 
ghost case as this is the finite irreducible representation of Ag. For the even number of ghosts 
case we can use the full ghost algebra, but may in examples still use the Berezin representation 
of Ag so as to stay as close as possible to the heuristic literature. 4 

3.2 Charge and dsp-decomposition 

In physical examples, such as BRST-QEM, the BRST charge is given as a formal integral of 
unbounded operators (e.g. equation (|2.19p ) which suggests that any well-defined formulation will 
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need to include the case of an unbounded Q. The main aim of this section is to prove rigorously a 
version of the dsp-decomposition which is general enough to be applied to the subsequent QEM 
example. This has been done in [57j, and here we give slightly different proofs. This includes 
the case of bounded Q. 

Initially we do not assume any Krein or ghost structure. Let be a Hilbert space with inner 
product (•,•). 

Theorem 3.2.1 (dsp-decomposition) Let Q he a closed operator, RanQ C D{Q) C Ti, and 
= Q. Then we have the following decomposition, 

where Us := KerQ n Ker Q*, Hd := RanQ, Hp := RanQ*, Ker Q = © 

Proof. First, as Q is closed we have that KerQ = (RanQ*)-*- ([20j Proposition X 1.13 p310) 
and hence we get the first decomposition. As = we have that RanQ C KerQ and so if C 
is the orthogonal complement of Ran Q in Ker Q we have, 

n = RanQ © £ © RanQ*. 

Now = implies (Q*)'^ = and so the above decomposition holds for Q*, therefore we have 
that C C Ker Q D Ker Q* = Tig ■ It is straightforward to check that Tig = Ker Q n Ker Q* C 
(RanQ © RanQ*)-*- = C and so Tig = KerQ n Ker Q*, which gives the decomposition. □ 

For the remainder of this subsection TCs,TCp,TCd denote the same spaces as in Theorem p.2.ip 
and Ps,Ps,Pd are their corresponding orthogonal projections. 

The heuristics in Chapter[2]use Q to select the physical subspace. Correspondingly we define. 



Definition 3.2.2 The BRST-physical space of Q is, 

n^s'^ ■■= KerQ/Ri^ = KeiQ/Hd (3.27) 
Let if : KerQ — > '^phyV factor map, and denote ip := for all if) S KerQ. 

Further motivated by the heuristics, we assume that 7i has a Krein structure with fundamental 
symmetry J and denote the indefinite inner product by (•, •) = (•, J-). Then we have, 
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Lemma 3.2.3 Let Q £ Op{7i) be a closed operator which is Krein symmetric on its domain 
D{Q), i.e. Q C Qt. Moreover, let RanQ C D{Q) and = 0. Then 

KexQ = ns®nd = ns[®]nd 



where TCg '■= KerQnKerQ*, Ti-d := RanQ and [©] denotes orthogonality with respect to the 
indefinite inner product (•,•). 

Proof. The first decomposition is given by Theorem (|3.2.ip . Next, assume that -0 ^ KerQ, 
C = Q(p£ T-id- Then as V G KerQ C D{Q) C D(Qt), wehave {^p,Q(|)) = [QHA) = (W,<A) = 0. 
That is, Ran Q[©]Ker Q. As (•, •) = (•, J-) we have that it is continuous in both arguments and 



hence = Ran Q [©] Ker Q . □ 

The Krein inner product on Ti now induces an indefinite inner product on W^^f^, which is 
weU defined by lemma (|3.2.3p . 

Definition 3.2.4 Define an indefinite inner product on "H^^f"^ as, 

:= (V',^ = {Ps^.Psi), VV,e G KerQ 

Note that ip = PgTp for all ip G KerQ. Moreover, as KerQ and Tid are complete with respect to 
the Hilbert space topology, the factor space 'Hpfj^^'^ is complete with respect to the factor topology. 

An interesting case of the above constructions is when Ti-^j^f^ becomes a Krein space with the 
inner product The following example shows that the assumptions of lemma (|3.2.3|) are 

not sufficient to imply that W^^^^f^ is a Krein space. 

Example 3.2.5 Let £ be a Hilbert space and A £ Op(£) be a closed, symmetric operator with 
dense domain D{A). Furthermore, let A be such that Ker A = {0} and Ker^d* ^ {0} ([87J). 
Define H = C ® C, D{Q) = D{A*) © D{A) and 



A\ or 

Q:=| , J:= 

,0 0/ \/ 0. 



From these definitions it follows that Q = and 



0\ D(A*) 
A* \ C 
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and that 



Hence 



D(A*)\ KerA* 
KerQ = | ' 1 , KeiQ* = I 



, KerAM / 

KerQnKerQ*=| , J (Ker Q n Ker Q*) = 

/ VKer^* 



Hence JTis = J(KerQ n KerQ*) -L Tis- This shows that Tis is a neutral space and that the 
inner product (•, •)p is neutral on W^^f"^. 
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Remark 3.2.6 In general, J does not preserve KerQ (cf- Theorem ()3.2.8p below) and so 
J does not factor to 'Hpfj^^'^. However, if J preserves a linear section of the factoring map 
vr : Ker Q — > 'Hpf^^'^ then the restriction of J to that section can be used to define a fundamental 
symmetry on W^^f^. A fundamental symmetry defined this way depends on the choice of 
section. 4 

The following lemma is an example of the above remark, and will hold when Q is Krein-selfadjoint 
(cf. Theorem ^2M)- 

Lemma 3.2.7 Let JHs = Tis and define Jp £ BiTip^f^) by Jpip := 7p~ip for all Tp G KerQ. 
Then: 

(i) Ti-pj^f^ is a Krein space with fundamental symmetry Jp, and Hilhert inner product: 

{^A)p--={^,Jpi)p = {Ps^,Psi), VV,CeKerQ (3.28) 

(a) The map <f\'Hs • "^s '^phys'^ ^-^ a Krein and Hilbert isometric isomorphism. 
(Hi) The space 'Hpj^^f'^ is a Hilbert space with respect to the inner product {ip,£,)p if and only if 

JPs=Ps. 

Proof, (i) As J is a fundamental symmetry J* = J. Combining this with the assumption 
J7is = Ti-s gives JTi'^ = Tij', hence [Pg, J] = and so Jp is well defined. Therefore {JPs)"^ = Ps 
and (JPs)* = JPs and so J* = Jp and Jp = 1. From: 

ii,, i)p = ii,, jpi)p = {Ps^i^, jPsO = {Psi^, PsO, 
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we see that {ip, is a positive definite and hence 'H^j^f'^ is a Krein space, as W^^^f^ is complete 
with respect to the factor topology. 

(ii) : Obvious from (i) 

(iii) : As is a Krein space then Jp = J = — where P^ and P^ are the projections 
onto the positive and negative subspaces oiHpi^f^ with respect to '^ph^jV ^ Hilbert 
space with respect to {il) ^ ^)p \S. P^ = Q \S. Jp = 1 iff JPg = Ps by the definition of Jp. □ 

The above sufficient condition (lemma (j3.2.7p ) is satisfied in many examples, in particular it will 
be satisfied whenever Q is Krein selfadjoint. Note however, that it is not satisfied in Example 

Theorem 3.2.8 Let Q € Op{7i) be Krein selfadjoint, i.e. Q = . Moreover, let RanQ C 
D{Q), and = o. Then: 

(i) We have the following decompositions, 

n = nd®ns®np = ns[®]{np © Hd) = Ker g © Hp, 

where Us := KerQ n KerQ*, Hd := RanQ, Hp := RanQ*, KerQ = Tis ® Tid and [©] 
denotes Krein orthogonality. Furthermore Tig = J'Hs and Tip = JTCd, o^nd hence Tis and 
Hp © TLd are Krein spaces, with respect to J. 

(ii) The inner product (•, •)p makes Tipf^^'^ a Krein space. 

Proof, (i) Theorem ()3.2.ip gives the first Hilbert decomposition. 

Let V G KerQ and ^ G D{Q), then by Q"^ = Q we have {'ip,Q^) = {Qil^,0 = 0, i.e. 
RanQ[_L]KerQ. Similarly Ran Q*[_L] Ker Q* and so = (KerQnKerQ*)[_L](RanQ©Rang*). 
Now the second decomposition follows from the first. 

From Appendix ([7?2]) we have Q* = JQ^^J = JQJ, hence tp £ Ker Q n Ker Q* iff QJ'^^p = 
Q*J^iP = iff {JQJ)Ji} = {JQ*J)Ji^ = iff J-^ G KerQ n KerQ* hence JHs = Hs- Also 
from Q* = JQ'^J = JQJ we have RanQ* = Ran (JQJ) = J(RanQ)J and it follows that 
RanQ* = JRanQ, i.e. TLd = JTip. 

(ii): We have JTis = Tis from (i) and so (ii) follows from lemma p. 2. 71) (i). □ 

Remark 3.2.9 (i) Any bounded Q satisfying the hypothesis of lemma ()3.2.3p can be ex- 
tended to a Krein selfadjoint operator on TL. Therefore Theorem p.2.8p holds for bounded 
BRST charges and so TL^hyf^ is a Krein space in the case of bounded charges. 

68 



(ii) When Q is Krein-selfadjoint, Theorem (j3.2.8p gives JTLd = "Hp and JTLs = TCs, hence Q 
and J have the fohowing decompositions with respect to the dsp-decomposition: 

/o m\ 



Q 





\^o y 



and J 



fo 

W 
\L J 



on 7i 



[nj 



where M £ Op{Ti.p,7id) is a (possibly unbounded) closed operator, W G BiTLs) is a 
unitary, = L* and L : Tid — > Tip. 

Note that the above decomposition for J is not guaranteed in the case where Q is not 
Krein-selfadjoint, as can be seen by example ()3.2.5p . 

Now Ti-p^^^ is the physical state space and the inner product (•, ■)p is usually taken to be the 
physical inner product. A physicality requirement is then that (•, ■)p is positive definite, hence 

phys 



implying W^^f is a Hilbert space. By lemma (I3.28P (ii) this leads to: 



Definition 3.2.10 The condition of physicality onTi 



J P. = P. 



BRST 
phys 



is: 



(3.29) 



In the heuristic picture a key object used to obtain Tis is A = {QQ* + Q*Q). However it 
follows from (Ota [82] Theorem 3.3 p232) that in the case of unbounded Q we do not have 
RanQ C D{Q*), so we need to take some care in defining A. 



Lemma 3.2.11 Let Q be as in Theorem ()3.2.8p and let there be a space D{A) dense in TC and 
such that: 

D{A) C {D{Q) n D{Q*)), QD{A) C D{A) D Q*D{A), 



and, 



Define, 



Hs = Ker Q n Ker Q* C D{A). 



A^ := {QQ* + Q*Q)^, ^ e D{A). 



Then A is ^-symmetric on D[A) and Ker A = Tig 
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Proof. That A is *-symmetric is obvious. 

By definition of A we have KerQ H KerQ* = TCs C Ker A. Conversely, if ip ^ Ker A then 
= (V',AV^) = WQ^f + and so Ker A C Hs, thus KerA = W^. □ 



The assumptions above are of course reaUsed in the case that Q is bounded and will be realized 
in the example of KO Abelian BRSTQEM below (cf. lemma (I4.2.22I) ). 

An interesting question is, given an operator Q as in Theorem (|3.2.ip . can we find a funda- 
mental symmetry on TC such that Q is Krein self adjoint? 

Lemma 3.2.12 Let Q be a closed operator on Ti such that, RanQ C D{Q), and = 0. Then 
there exists a fundamental symmetry J G B{TL) (i.e. = 1 and J* = J) such that Q is Krein- 
selfadjoint with respect to the indefinite inner product (•,•) := (•, J-) where {■,■) is the original 
inner product. 

Proof. Let 7i = Hd ®Hs®'Hp be the decomposition given by Theorem (|3.2.ip . Let Q = W\Q\ 
be the polar decomposition ([20j Theorem VIII 3.11 p242) for Q, i.e. W is a. partial isometry 
such that W : ((KerQ)-*- = Tip) — > (RanQ = T~id) is isometric, and I^KerQ = 0. Furthermore 
let Ps be the orthogonal projection onto Tig, then, 

W*W = Pp, WW* = Pd, = W'^ = {W*f = PsW* = WPs = W*Ps. 

Now define J := Ps + W + W*, then using the above identities we get that = P| + WW* + 

W*W = Ps + Pd + Pp = l. Obviously J* = J. 

Now Q* = \Q\W* hence \Q\ = Q*W hence WQ*W = W\Q\ = Q. Also, = implies 

{Q*f = hence Theorem 1^:21] apphed to Q* gives that KerQ* = Hs ® Hp. Therefore 

Q*J = Q*{Ps + W + W*) = Q*W. Furthermore Q*{D{Q*)) = RanQ* C Hp and so JQ* = 

{Ps + W + W*)Q* = WQ*. 

Therefore JQ*J = WQ*W = Q. Now by Appendix ([72]) lemma ([7XT|l we have that 
= JQ* J = Q and so Q is Krein-self adjoint. □ 

By this lemma we see that the assumptions in Theorem (j3.2.ip are enough to ensure that 
there is a Krein structure that makes Q Krein self-adjoint and gives all the structure in Theorem 
(I3M . 
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3.3 Operator Cohomology and dsp-decomposition 

The formal operator cohomology is defined as 'P^^^'^ = KenJ/RanJ, but we need to consider 
domain issues when making sense of this rigorously. When we have done this we will show the 
connection between the dsp-decomposition and the operator cohomology. We will decompose 
D{6) into blocks with respect to Tid ® 7is (B 'Hp, then use the block decomposition of KerJ to 
construct elements in Ran 5. This is basically the same technique as in [51j p285, [92j pl27, and 
K&O [68j Proposition 5.9 p68. 

We describe here the basic mathematical structures used for the BRST-constraint method. 
In practice, the actual spaces and operators are constructed from the given field theory and 
constraints, where the number of ghosts equals the number of constraints. 

To investigate the operator cohomology, we first have to define 5 and the algebra it acts on 
explicitly. 

(i) Let £ be a Krein space with indefinite inner product (•,-)o with Krein involution f, and 
definite inner product (•,-)o = (■;<^0")o with Hilbert involution *, and let Pq C £ be a 
dense subspace of C 

(ii) Let TLg be a Ghost space with ghost gradings and ghost number operator G with domain 
D[G) as in Definition (j3.1.22p . i.e. G can be either the full ghost space of Berezin ghost 
space. In the case that TLg is the full ghost space, we use the full ghost algebra Ag with 
dense subalgebra ^^o- In the case of the Berezin ghost space we use the restricted ghost 
algebra A^g and by an abuse of notation use = A^g for this subsection only as the 
results it contains depend only upon the Z2-grading of the Ghost algebra. 

(iii) Let 7i = Tig with natural indefinite inner product (•,•), positive definite inner prod- 
uct (•, •) and fundamental symmetry J induced by the indefinite inner products, positive 
definite inner products and fundamental symmetries on C and Tig. 

(iv) Let ^0 be a Krein and Hilbert involutive unital subalgebra of Op(£) defined on a common 
dense invariant domain T)q C £, i.e. for A E we have D{A) = Dq, AT>q C Pq- In 
addition we will assume that all A £ Aq are closable on Vq. Let (X" Ago be the algebraic 
tensor product where we are assuming no topology. 

(v) The ghost grading of Ago naturally extends to Ago, however we will need to enlarge 
our algebra by operators not in the tensor product (such as the charge Q) and so we make 
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the following definitions. Let D{Q) := Vq ® D{G), G := 1 (g) G with D{G) = D{Q) and 
define: 



(^0 ® Ago) 



+ 



{A e {Aq Ago) I [G, = 2A;A^/;, G Z)(Q), A; G Z} 



(^0 ^go) 



G (^0 Ao) I [G, vl]^ = {2k + l)Ai), V e ^(Q), ^ G ^} 



ie, (^0 ® AgQ)~^ are the elements with diff'erence between ghosts and conjugate ghosts 
is even, and similarly (^o ® Ago)" corresponds to elements with an odd diff'erence. As 



= P{f). r]{f)^ = riif), p{g)^ = p{g) for / G W2, 5 G it follows that (A®Ao)+ and 



(.4o ® Ago) are both *-closed and f-closed subspaces of ^0 ® Ago, moreover (^0 ® Ago) 
is a *-closed and f-closed subalgebra of ^0 ® AgQ. Define a Z2-grading of ^0 "X" AgQ by, 



where A+ G (A ® Ago)^,A_ G {Aq ^o)"- 

(vii) Now let ^ be a f-involutive subalgebra of Aq (8> such that '^{A) = A. As 7(^) = A 
we get that, 



where A'^ := Ar\ {Aq ^o)"'' and A~ := ^ R (^0 ® AgQ)~ . We need to include the case 
of proper inclusion A C ^0 ® AgQ to handle the G*-algebraic BRST-QEM below where, 
for technical reasons, the BRST superderivation cannot be defined on all of Aq ® AgQ (cf. 
Definition (|5.3.4p and Definition (|5.4.4p below). 

Lemma 3.3.1 Let Q G Op((5) with domain D{Q) be such that Q : D{Q) — > D{Q) be a Krein 
symmetric and 2-nilpotent operator, i.e. Q'^ijj = for all ip G D{Q). Then: 

(i) Q is closable. 



Aq AgQ := {Aq «) AgQ)+ e {Aq ^o) 



and define the grading automorphism on ^0 ^ AgQ as: 



-f{A+ + A^) = A+-A_, 



A = A'^ eA~, 



(ii) RanQ C D{Q) and qV = for all ?/; G D{Q). 



(Hi) {Q*f^ = for all ^ G D{Q*) 
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Proof, (i): This follows from Proposition ([7231) • (ii): Let i = Qtp ioi ^ e D{Q). As Q is the 

closure of Q, we have a sequence C RanQ C D{Q) such that ^„ ^. By the assumptions 
on Q we have that = and so if we denote an element in the graph of Q as (x, y), then 

(en,QU = (en,o)^(e,o). 

As the graph of Q is closed we get that ^ G D{Q), i.e. RanQ C D{Q) and = = Q'^i/j, i.e. 
Q^tP = for all V G ^(Q)- 

(iii): First recall that Q* = Q* . Let ^ G ^(<5*) = ^(Q*) and ^ G Then by (ii) 

= {i^,Q'^i) = {Q*iJ,QO- Hence it follows that Q*i; £ D{Q*) and hence that {Q*f = 0. □ 

By this lemma, Q satisfies the conditions of Theorem (|3.2.ip and so we have the dsp-decomposition 
for Q: 

H = Hd®'Hs®'Hp = Ran Q e Hs Ran Q*. 

Let Pi be the projection onto Hi for i = d,s,p. As Q C Q there is no guarantee that these 
projections preserve D{Q). To decompose the A into a convenient form we assume: 

Assumptions 3.3.2 Let Q be as in lemma (|3.3.ip and let: 

(i) PiD{Q) C D{Q) for i=p,s, d, and Q*D{Q) C D{Q). Then the following are well defined: 

(a) M:=Q\p^D(Qy 

(b) As KerM = {0} there exists an inverse M^^ : RanQ {Hp n D{Q)). Let K := 
M-'^Pd, with domain D{K) = {ip e D{Q) \ Pd^ G RanQ}. 

(ii) PdRanQ C RanQ. 

(iii) Let: 

[G,Q]^ = QV, [G,Q*]^ = -Q*V, [G,K]^ = -Ki; (3.30) 

for V G L'(Q). 
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Note that D{KQ) = {V- G £>(Q) | G D{K)] = {V- G D{Q)\PdQ^ E RanQ}, and so by 
Assumption (j3.3.2p (ii) we get D{KQ) = D{Q) and hence KQ = Pp\£i(^Qy 

Assumption (iii) will allow us to enlarge A by Q,Q* , K, Ps, Pp, Pd, e.g. below in equation 
()3.3ip . In examples, the assumptions need verification, and we now give conditions on D{Q) for 
these to be true. These conditions will hold in the QEM example below and the next lemma will 
show that as well as in the case of bounded Q and G {i.e. finitely many bounded constraints). 

Lemma 3.3.3 Let Q G Op{Tl) preserve its domain D{Q), he Krein symmetric and let Q'^ip = 
for all Tp G D{Q). Assume that: 

L»(Q) = RanQe ©RanQ*, and [G,Q]ip = Qip.Mip D{Q). 

Then, 

(i) PiD{Q) C D{Q) for i=p,s, d, and Q*D{Q) C D{Q), 

(ii) P^RanQ C RanQ. 

(iii) We have that: 

[G,Q*]V = -Q>, [G,K\ij = -Kij, 
[G,Prf]V= [G,Pp]^= [G,P,]V' = 0, 

fori^eD{Q). 

Proof, (i): Q is closable by lemma (l3XT]l . Hence Q* = Q* by [87] Theorem VIII. 1 (c) p253, 
and so RanQ* C RanQ* = Tid, moreover -PplRanQ* = 1- As RanQ C RanQ, PiD{Q) C D{Q) 
for i = p,s,d now follows. Furthermore Q*7is = {0} C D{Q), Q*RanQ C RanQ* C D{Q) 
and Q*RanQ* = {0} C D{Q) by lemma BTD (iii), hence Q*D{Q) C D{Q) by the assumed 
decomposition of D{Q). 

(ii) : RanQ C RanQ C Tid- 

(iii) : Let G D{Q). It follows from [G, Qji/; = Qijj and *-adjoints that [G, Q*]il' = -Q*i>. Hence 
we have [G,Q*Q]^ = 0. 

It is sufficient to prove the remaining identities for ip £ D{Q) such that Gip = gip, (7 G M if we 
recall that D{Q) = Dq (gi D{G) is spanned by linear combinations of such vectors where g runs 
over all the possible ghost numbers we are considering (cf. Proposition (I3.1.6P and Proposition 
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(j3.1.18p (ii)). So for the remainder of the proof we let the chosen tp G D{Q) be such that 
Gip = gip, g £ M and so by the assumption on D{Q) we have ij: = Pstp + Q(p + Q*(, where 
if G Ran Q* _L Ker Q and ^ G Ran Q _L Ker Q*. 

We want to show that [G, Pd]tp = for all -0 S D{Q). By (i) we have PdGip = gPdip = sQv' 
for (/9 G Ran (5 -L KerQ* as above. So we need now only show GP^'ip = GQip = gQ'^. To do this 
we calculate, 

Q*QG^ = GQ*Q^ = GQ*ij = Q*{G - = {g - 1)Q> = Q*Q{g - 1)^. 

where the first inequality comes from [G, Q*Q] = on D{Q) using QD{Q) C D{Q) and [G, Q*] = 
—Q* and its adjoint on D{Q). Therefore: 

Q*Q[(G-(5-i)V] = o. 

Now RanQ _L KerQ* and RanQ* _L KerQ imply that Ker (Q*Q)|RanQ* = {0}. Also [G,Q*] = 
—Q* on D[Q) implies that GRanQ* C RanQ*. Hence as if, Gip G RanQ* we have that 
Q*Q[{G - [g - l))(p] = implies that Gip = {g - l)ip. By [G,Q] = Q on D{Q) we have 
GQip = gQip, and so [G, Pd]ip = 0. 

Now by Theorem ()3.2.8p we have Tip = JTid which implies Pp = JPdJ which implies Pp = 
JPdJ = Pp- By Proposition ()3.1.11l) (or Proposition (jS.l.lSp (i) for the Berezin ghost number 
operator) we have G^ = —G on D{Q), hence [G, Pp]0 = [G,Pd]''ip = 0. 

We have shown that [G, Pdli^ = [G, Pp]ip = and since = 1 — Pp — we have that 
[G,P,]0 = O. 

Lastly, GKip = GM^^Qip = Gip = {g — l)ip where the last equality was proven above. 
Therefore [GjKjip = —ip = —Kip. □ 

Remark 3.3.4 (i) For unbounded Q the above condition that D{Q) = Ran Q © "H^ © Ran Q* 
needs verification, and will be done for the forthcoming BRST-QEM example by lemma 
(I4.2.22p . We can always restrict the domain of Q so that the above condition holds, 
however we then would have to check that A preserves the restricted domain if we use Q 
to generate 5. 

(ii) For the case of bounded Q and finitely many bounded constraints {i.e. bounded G) we 
can restrict the domain of Q to D{Q) = RanQ © Tig © RanQ*, then extend (j3.30p to all 
of 7i by continuity. 

75 



With the above assumptions we enlarge A to 

Ae^t ■■= *-alg{^ U {Q, K, Pp, Pd, Ps}}, (3.31) 

and using the commutation relations (|3.3U|) we can extend the Z2 grading to Aext which is a 
*-algebra but not a f-algebra. Note that by assumptions, D{Q) is an invariant domain for all 
the elements in Aext- By a slight abuse of notation we use the same notation A~ and A^ for 
the extended even and odd algebras. Note that Q,Q* ,K G A~ and Pg, Pp, Pd G A^. We define 
the BRST super derivation as: 

Definition 3.3.5 With definitions as above, the BRST superderivation is 

6{A)tl; := [Q, AUtl^ = {QA - -/{A)Q)^I;, A G Aexu^l^ G D{Q). 
An interesting result is that we have a unique Q which generates S. 

Lemma 3.3.6 Let Qi,Q2 G A'^ have common dense invariant domain D{Q) (as they are in 
Aext), o,nd he such that Q\, Q2 G A~ and 6{A)^ := [Qi, A]sbtp = [Q2,A]sb4' for all A G Aext ctnd 
i) G D{Q). Then Qi = Qs- 

Proof. Let ijj G D{Q), and calculate 

[{Qi - Q2)*(Qi - Q2) + {Qi - Q2){Qi - Q2r]^P = 

= [{QuQl} + {Q2, Q2} - {Qi, Q2} - {Q2, Ql}]^, 

= mi)+siQ2)-mi)-s{Q*2M, 
= 

From this we have that ||(Qi - Qa)^'!! = II (Qi - Q2)*V'|| = 0, i.e. Qi = Q2. □ 

This result is interesting as it relies on 5 being a sitperderviation, in contrast to the case of 
derivations where the generators are non-unique up to a central term. 

Since the original algebra A contains the physical information, we will define the BRST- 
observable algebra using the restriction of 6 to A. 

Proposition 3.3.7 Define the BRST-physical observable algebra as: 

■pBRST ._ (Ker5n^)/(Ran5n^). 
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Let if : KerQ '^phy^'^ ~ Q /'^d o-nd r : Kev5 Ker5/Ran5 be the factor maps and 
note that r : (Ker 6 (1 A) ^ pBRST _ (j^^j- S n A)/ (Ran 6 H A). Define the dense subspace 
'^phys'^ := ip(KeT Q) and for ease of notation, 

i> := ip{ij), VV' G Ker Q, A := t{A), G Ker 5. (3.32) 

Then: 

(i) Both Ker J/Ran5 and "P^^-S"^ have a natural actions on ^^^^f^ by, 

Alp = Alp, (3.33) 

for all A £ Ker 6 respectively A £ (Ker 6 f) A) and all tp G Ker Q. 

(a) The \ -involution on Ker (5 and Ker (5n^ factors to the \ -involution on Ker (5/Ran5 respec- 
tively 'P^^'S"^ with respect the action defined in equation (13.330 . i.e. 



A^p = A^ 

for all A G Ker 5 respectively Ker 5f^A where A^ is the the adjoint of A with respect to the 
inner product (•, ■)p. 

Proof, (i): We check that the action given by equation (j3.33p is well defined. Now Ker (5 
preserves KerQ and RanQ, hence factors to ^^^f"^- Furthermore (Ran(5)KerQ C RanQ and 
so factors trivially to ^^^^f"^ hence the action is well defined. 

(ii): First = Q implies that Ker (5 and Ran 5 are f-algebras, hence f factors as an involution 
on J>^^^'^ , Moreover it factors to the involution with respect to the indefinite inner product on 
n^^yf^ by equation (l333l) which can be seen by calculation: 

(AH,i)p = (^,0p = [AH,0 = i^P,AO = (^,iOp, 

for all ip,i £ '^phys'^ ^ ^ Ker 5, where we have used that by definition {ip,C)p = (V'lO 

for all G KerQ (cf. Definition HiS^^h ). □ 

The fact that f factors to an involution on 'p^^^'^ in Proposition (j3.3.7p (ii) relies on = Q. 
But Q ^ Q* implies that Ker J and Rand are not *-algebras in general, hence the *-involution 
on Ker (5 n A does not factor to 'p^^^'^ , This is problematic from the mathematical standpoint 
as *-algebras have more tools available e.g. C*-algebra theory in their bounded representations. 
However as W^^f is a Krein space it has a Hilbert inner product which we can use to define 
a *-involution on Ker(5/Ran(5. 
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Lemma 3.3.8 Given notation above: 



(i) For A G Ker(5 we have: 
and 

A* \jyB RST £ {Ker 6 /Ran 6). (3.34) 

phys 

Hence A ^ A* := PsA*Ps is an involution on Ker(5/Ran5 which coincides with the *- 
involution on Keic6/Ran6 with respect to the indefinite inner product {•,-)p. With respect 
to this involution, KerJ/RaiK^ is a *-algebra. 

(ii) If the physicality condition JPg = Ps holds (cf. equation (j3.29p ] then the ^-adjoint on 
Kei 6 factors to the *-adjoint on Ker5/Ran5 as defined in (i). 

Proof, (i): Let A £ Ker 6 and ip,^ £ KerQ. Using equation ()3.28p we have, 

{iAi^)p = {Psi,PsA^l,) = {Psi,PsAPs^) = {PsA*Psi,^), 

where we used the fact that A G Ker 5 imphes that ARan Q C Ran Q in the second last inequahty. 
It is easy to check that PgAextPs C Ker 5 hence PsA*Ps G (Ker(5/Ran5) and we have that, 

As Ps is *-self adjoint and Aext is a *-algebra we get that Ker(5/Ran(5 is a *-algebra. 

(ii): Let JPg = Ps- Then lemma (I3.2.7P (iii) gives that {ip,i)p = {ip,£,)p follows that 

A^ip = A^ = A*^p for all G V^^f^ . □ 

Remark 3.3.9 (i) If we use Aext as the domain of 5 then we have by lemma (I3.3.8P (i) that 
Ker(5/Ran(5 is a *-algebra. So although Ker (5 was not necessarily a *-algebra, factoring 
out Ran (5 from Ker 5 produced a *-algebra. Notice that we had to extend to Aext to get 
this result in general, i.e. we do not have that (Ker 5 n A) /(Ran 6 n „4) is a *-algebra in 
general and we would need to put more restrictions on the domain of S. 

We will return to this point in the C*-theory (Proposition (jS.l.lip ) as in the abstract theory 
we want the BRST physical algebra to be a C*-algebra with respect the *-involution and 
norm defined in Proposition (I5.1.12p . We will find that a sufficient condition is for the 
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physicality condition JPg = Pg to hold (cf. Definition (j3.2.10p and Example (j5.1.14p (i)). 
In this case we also have that the f-involution factors to the *-involution on the final 
physical algebra. 



(ii) When Q is Krein-selfadjoint, Theorem (I3.2.8P gives JTCd = Ti-p and so the physicality 
condition is JPs = Ps, hence in terms of the dsp-decomposition, the physicality condition 
states that: 

/o L-^\ ( Hd^ 



where L 



-1 



J 



L* , L : Hd Hp. 



10 

y 



on 7i 



n. 

yupj 



We want to decompose Ker 5 into a convenient form. To do this we introduce the following 
algebra homomorphism. 

Lemma 3.3.10 Define, 

$f * : Aext ^ Aext, by <^T\A) := P.AP^, 
Then $3^* is an algebra homomorphism on Ker 5. 

Proof. That $f * For AeKeiS we have AHs C Hs^Hd and AHd C Hd and so for A,B Ker 5 
we have 

$f = PsA{Ps + Pd)BPs = PsAP^BPs = $f' 

and so it follows that is an algebra homomorphism on Ker (5. □ 

The next theorem shows that the kernel of is Ran 6. 

Theorem 3.3.11 Let Q, D{Q) satisfy Assumptions (j3.3.2p and let Aext, ^f^* be as in equation 
(j3.3ip and lemma (|3.3.1Up . In particular Q G A'^ is a 2-nilpotent Krein- symmetric (hence 
closable by Proposition (|7.2.4p j operator with domain D{Q), and Q satisfies the hypothesis of 
Theorem (|3.2.ip . Let 5{A) = [Q, A]s for A £ Aext- If B £ Kev 5 and PdRanB C RanQ, then: 

(i) B G Ran (5 iff ^f\B) = 0, i.e. B G Ran 5 iff {PsBPs)D{Q) = 0. This implies that: 



B = ^f\B) + C, 



where C £ Ran 5. 
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(ii) Suppose that P^Ran A C RanQ for all A ^ A. Then: 



iBRST 



(Ker S n ^)/(Ran S H A) = (Ker S H A) 



where = denotes an algebra isomorphism. 

Proof, (i): Given that PiD{Q) C D{Q) for i = s,p, d, where Pi is the projection onto 7ii, then 
with respect to the dsp-decomposition of Q, Q has the representation: 



^0 









on 7^ = 


-Hs 


^0 Oy 







Let B G Aext- Then it has the representation: 



B = 

Now as Ps,Pp,Pd € Aext we find: 

m = 



^Bii Bi2 Bi3\ 
B21 B22 B23 

\B3l B32 B33J 



onH = 



( MB31 MB32 MB33 - 7(Bll)M^ 



V 













(3.35) 



-7(S2i)M 
-7(53i)M J 

Therefore if B e Ker S, then MB31 = MB32 = which imphes B31 = B32 = as Ker M = 0. 
As RanM = RanQ, ^{B2i)M = imphes 7(B2i)RanQ = 0. Also RanQ is dense in PdD{Q) = 



{D{Q) n RanQ). Let ^ G PdD^Q) and a sequence {Qtpn)ne'Z such that Qtpn ^- As Aext is 
*-involutive and 7(B2i)M = 0, we get for any G D{Q) that: 

(V', 7(^21)0 = hm(7(B)*P,V,QV'n) = hm(^, 7(^21 )QVn) = 0, 

n n 

where we used the fact that 7(-B2i) = l{Ps)l{B)^{Pd) = Psl{B)Pd and that 7 is a *-automorphism 
in the first equahty. As D{Q) is dense in 7i, we have ^{B2i)D{Q) = j{B2i)PdD{Q) = 0. As 7 
is an automorphism, B21 = 0. 

Now MB33-j{Bn)M = imphes BnRanQ C RanQ and B33 = M-'^j{Bn)M. Therefore, 

fp 11 B12 Bi3 \ 

522 B23 , (3.36) 

y M-^j{Bu)M^ 



5 G Ker 5 iff B 
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Now suppose B £ Ran 5 C Ker 6. If we compare equations (|3.35p and (j3.36p we see that 
B22 = 0. Conversely suppose that that B22 = 0. Then we would like to choose a C G Aext to 
produce S{B). Consider: 



C 



' 

-7(S23M-i) 
y M-^Bxx M-^Bi2 









KB - Psi{B)K G Aext 



(3.37) 



As B £ Aext preserves D{Q) , and by the assumption P^Ran B C Ran Q we see that Ran {PdB) = 
PrfRan C RanQ = D{M^^) and it follows that the bottom row of C is well defined. Also 
RanM^^ C D{Q) and so —^{B2i,)M~^ is well defined. Hence all the entries of C are well 
defined. 

Assumption (j3.3.2p (iii) gives that ^{K) = —K and j{Pd) = Pd^ so as Bn = PdBn we have 



7(M-iSn) = j{M-^PdBu) = l{KBu) = -K^iB 



11 



-M-S(Prf)7(Bn) = -M~\{B 



11; 



Substituting C into equation (j3.35p gives, 
/ 

6{C) = 



\ 



/^ii B 



11 "12 





Bl3 

B23 



\ 



(3.38) 



Bii B12 Bi3 
j{j{B23M-'^))M 
\ -7(M-i5ii)M J 

where we used 7^ = i and 'y{M~^ Bn) = —M~^^{Bii) in the second equality. Hence we can 
choose C as above to get 5{C) = B. 



\ M-^-f{Bn)Mj 



(h): Let B £ Ker 5. As P/ = Ps we have (^>f *)^(P) = $f *(P), hence C = {B - $f *(P)) G 
(Ker <I>^^*(P) n Ker 5). Therefore by part (i) we have C G Ran 5 and so part (ii) follows. 

(iii): Let A G (Kei 5 n A) and ^1^\A) = 0. Then by part (i) A G (RanSnA). Conversely, 
let A = {QC - 'y{C)Q) G (Ran5 n A) for some C G Aext- As PsQ = QPs = we have that 
<^f\A) = hence (Ran5n^) = (Ker $f * n KerJ n ^). By lemma (13.3. lOp . is an algebra 
homomorphism on Ker (5, and so part (iii) follows. □ 

We have the important corollary: 

Corollary 3.3.12 Given the hypothesis of Theorem (13. 3. lip then: 



lGRan(5 iff Tis = {0} 
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Remark 3.3.13 (i) Note that while the definition 'p^^^'^ involves only the unextended al- 
gebra A, to prove the isomorphism 'p^^^'^ = $^^*(Ker5 n A) needed the extension to 
Aext- This is unsatisfactory as it requires us add extra elements to our algebra. In the 
C*-algebraic approach it desirable to do this as little as possible as it effects the represen- 
tation theory of the algebras involved. If we want to take the minimal extension of A for 
the same construction to work in Theorem (13. 3. lip , we see from equation ()3.37p . that we 
still need extend to alg{{Q, K, Ps,A}). 

Note however that Kei5/Jian6 can be obtained algebraically in specific examples (cf. 
|60j ) without extending A, but the price paid is much more intensive calculations which 
the (isp-decomposition construction avoids (cf. [60] pl322-1326). 

(ii) Motivated by the last section, a natural direction to investigate is to see if there is an 
'operator dsp-decomposition'. 

This is the approach taken in [60 J where the authors examine the structures as defined 
in the BRST-QEM example. They define a new superderivation 6* (A) := [Q*,^!]^ and 
motivated by A define d := {6,6*}. It is straightforward to calculate from superbracket 
properties (Appendix ()7.1|) ) that d is a derivation and that d{A) = [A, A]. Unfortunately 
it turns out that Kerd + RanJ C Key:6, where the containment is proper ( [60j pl321). So 
d is used to calculate a large part of Ran 6, the remaining part being calculated directly 
using the properties of Q,Q* , A,G specific to the BRST-QEM setup. While this solves 
the problem, the last calculation involved is not straightforward, and it is not clear how 
to extend to the Hamiltonian BRST with general constraints. The calculations in [60] are 
algebraic and it is conjectured at the end of [6^ that using the dsp-decomposition of 7i, 
the calculations could be done in a more economic way. We answer this in the affirmative 
using Theorem (j3.3.1ip below (cf. Proposition (j4.2.28p (iii)). 

3.3.1 Example - Abelian Hamiltonian Constraints 

We have seen for abelian Hamiltionian BRST with a finite number of constraints that W^^f^ 
is larger than the Dirac state space, and that adding the extra condition of restriction to ghost 
number zero states does not fix the problem (cf. MCPS problem and discussion in Subsection 
I2.5.2p . We may however conjecture that the BRST physical algebra is isomorphic to the Dirac 
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physical algebra. An application of Theorem (j3.3.1ip shows that this is not the case, i.e. 'P^^^'^ 
is larger than physical algebra associated to the Dirac algorithm and adding the extra condition 
of restricting to elements with zero ghost number does not fix the problem. 

Let ^0 = BiTio) for a Hilbert space TLq. Take C = {P} where P € B{TLq) is a projection 
and so the physical subspace is Ti-^f^y^ = Ker P. If we now apply the T-procedure to (^O) {P}) 
(cf. Appendix (17. 4p ) then for the Dirac physical algebra we have the following isomorphism 
Ppf^y^ ^ (1 - P)P'(1 - P) where P' is the commutant in Aq of P' (see example (17X71) (i)). 

Following the Hamiltonian BRST method in Section 12.51 we extend by tensoring on a 
ghost algebra Ag = C*{{7],p}) with one ghost for the constraint P. The extended algebra 
is ^ = Aq Ag, and we identify with Aq <Si 1 (the norm on A is unique as A^g finite 
dimensional, hence nuclear). As all operators involved are bounded, we take D{Q) = 7iQ®7ig = 
TC where TCg is a ghost space for A^g. Note that by Definition (13.1.22P and lemma (13.1.17P 
dim('Hg) = 2 and A^g acts as an irreducible representation vrf,^ : Ag B(Ti.g), therefore TThz{A'^g) = 
B{ng). Now [99J pl85 equation (10) gives that P(Wi)^P(7^2) = P(Wi W2) for Hilbert space 
'Hi,'H2 where B(TCi)<SiB{TC2) is defined in [99] Definition 1.3 pl85. In fact as B(TC2) is finite 
dimensional we have B{'Hi)®B{TL2) = B{TLi)(^B{TL2)- So as the norm on A is unique we have 
A = B{Ti.o)^B{Ti.g) = B{7i), hence we do not need to extend A to Aext- 

The BRST charge is Q = P (g) r? e B{n), and 6{-) = [Q,-]sb with D{6) = A. As Q 
is bounded we do not have domain problems with A and we calculate as in equation (j2.34p 
that Ker A = Tip Ti-g. Therefore we have that Pg = (1 — P) 1. From this we see that 

$'=^*(A «> 1) = PsiAo l)Ps = (1 - P)A(1 - P) 1 = (1 - P)P'(1 - P) 1 ^ Vphys with 

the obvious isomorphism from above. Now Ps{Ao l)Ps C Kei 5 so by Theorem ()3.3.1ip . 

Vphys = $f *(A ® 1) C $r*(Ker 5) ^ V^^^^, (3.39) 

and so the physical algebra produced by the T-procedure is contained in the physical BRST 
algebra. 

We see this containment is proper as follows. Take P2 G B(TCo) such that PP2 = (e.g. take 
P2 a projection orthogonal to P), and let A = P2 (8> rjp. Then: 

5{A) = 5{P2 1)(1 ® rip) + (P2 1)5{1 ®ri){l®p)- (P2 ® ri)5{l ® p), 
= [P, P2] r/V + P2P O {v, V}p - P2P ® V{V, p}, 
= 0, 
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therefore A e Ker5. Now take B e ^^{Ao (g) 1). Then we have that {A - B) G Ker5 and 
as 7], p are hnearly independent, (A — B) ^ 0. Now we have Ps{A — B)Ps = ((1 — P)P2(1 — 
P) ® rjp) — B = (A — B) ^ 0, and so by Theorem (|3.3.1ip we have {A — B) ^ Ran 5. Therefore 
A ^ ^'^^^{Aq (8) l)Ps + Ran 5 and so the BRST physical algebra properly contains Vphys if we 
take the natural isomorphisms as in (j3.39p . 

An important point is that A & Qq and so restricting the BRST physical algebra to ghost 
number zero elements will still imply that the physical Dirac algebra is properly contained in 
the physical BRST algebra. 

3.3.2 Alternative Physical Algebra 

So far we used the heuristic prescription of taking Kerd/Hand as the physical algebra. We 
would like to motivate this from a more structural point of view. Recall the previous definitions: 

(i) 'Hpj^f^ := Kei Q/Hd and has indefinite inner product {i^,i)p = {PsipjPsO (cf- Definition 
(f3X2]l and Definition (fHXID ). 

(ii) if : KerQ '^ph^s^ ^^'^ • Ker(5 — > Kerd/RanS are the factor maps, 

(iii) T : (Ker^n^) ^P^^^^, 

(iv) V^R// := ^{KeiQ) is dense in H^^f/, 

(v) ip := (p{ip), W e KerQ and A := t{A), \/A e KeiS, 

Now Ker 6 preserves Ker Q and Ran Q, hence factors to T^p^f^ ■ Furthermore (Ran 5)Ker Q C 
RanQ and so factors trivially to ^^^^f^- Therefore Ker (5 has a natural action on ^^^^f"^ by, 

T^phys^ ■= Alp, WAe (KeidnA), ^p eKeiQ. 

Define, 

<^>s{A) : A ^ Aexu by $,(^) := PsAP,, 
that is $s = ^*s^*|yi. By lemma (j3.3.10p we have that is a homomorphism on Ker5n„4, and: 



Proposition 3.3.14 We have that: 

TTphys (Ker 6nA) = ^s (Ker 6nA), 
where = denotes an algebra isomorphism. 
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Proof. As Ti-pi^f^ is a Krein space and ^^^^f is dense we have that TTphys{A) = iff 7^phys{A)ip)p 
for all ^,-0 6 KerQ iff = {Ps(„PsA^p) = (P^^, P,ylP,V) = for all C,^p £ KerQ iff 

PgAPg = 0, where Pg is the projection onto TCg. From this it follows that (Ker n Ker 5 H ^) = 
(KeiTTphys n Ker 5 n A), hence $s and iTphys are homomorphisms on Kerd n A with the same 
kernel, and hence have isomorphic images. This proves the first isomorphism, the second being 
obvious. □ 

By Theorem (13.3.111) (iii) and the Proposition (j3.3.14p we get that p-^flST ^ nphys(Ker 5nA) and 
so we see that the cohomological definition of the BRST physical algebra is natural with repect 
to the constraint structure corresponding to the physical representation iTphys ■ Ker 6 D A ^ 

To prove Theorem (|3.3.1ip (iii) however, we had to extend A to Aext- In particular we had to 
include Q in the extended algebra. In examples, such as QEM below, Q is an unbounded operator 
and so constructing a proof similar to Theorem (13.3. lip (iii) in an abstract C*-algebraic setting 
is not straightforward. So we take the point of view from now on that the abstract definition of 
the BRST-physical algebra is: 

Definition 3.3.15 The alternative definition of the BRST physical algebra is: 

pBRST ._ (Ker(5n^)/(Ker5nKer$, n^). 

The heuristic cohomological definition of 'P^^^'^ = (Ker 5r\A)/ (Ran 5r\A) is of physical interest 
because of Theorem (13.3.1ip (iii). Now we have that -p^^^T ^ -pBRST Theorem (13.3. 11|) (iii), 
and so the notation 'p^^^'^ is redundant at this point. However when we move to the C*-setting, 
A will be a C*-algebra with superderivation S acting on domain D2{S) C A and can be 
constructed using the universal representation of A, hence p^^^'^ will be the natural definition 
the BRST physical algebra, and it will only be in representations were we can construct the 
extra unbounded elements in Aext (e.g. Q) in which the heuristic cohomological definition will 
become equivalent. 

Remark 3.3.16 Note the similarity of the definition of p^^^'^ to equation (j7.3p in Appendix 
(j7.4l) . This suggests we can take a more Dirac-like approach to physical algebra selection for 
BRST. This natural question is to ask is how a Dirac-like constraint procedure (T-procedure 
Appendix (j7.4p ) can be applied to using Q or Pg as a constraint, and how this relates to the 
BRST-observable algebra p^^^T ^ 
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If we were to follow a Dirac-like constraint procedure using Pg as a constraint, we would then 
take observables as self-adjoint operators in the field algebra preserving KerPg, and take the 
observable algebra as the *-algebra generated by these. $s would then be a homomorphism on 
this *-algebra and we would factor out Ker to get the constrained algebra. The T-procedure 
is the abstract C*-version of this process. 

There is an extra complication with BRST in that we take (•, •) as our physical inner product. 
Hence following a Dirac-BRST like procedure, observables will be f-algebras and the trivial 
observables will be those which map KerQ to RanQ. To incorporate this at the abstract level 
means that we would have to modify the T-procedure as well. This can be done, but we will 
not pursue this here. 

Note however that the Dirac-BRST approach to selection of observables as described in the 
preceding paragraph is taken in K&O [68] p58. The result is then that local observables, |68j p59, 
are in Ker 5, which is proven by the authors using the Reeh-Schlieder theorem |68) Proposition 
5.4 p59. This is why we are motivated to define the constrained observable algebra as ^^(Ker 6). 
4 
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Chapter 4 

KO Abelian BRST and 
Electromagnetism 



In this chapter we give a mathematically consistent interpretation of the BRST-QEM example 
in Section (j2.4p . We will smear the fields A{x) and ghost field rj{x) over appropriate test function 
spaces and give a well-defined meaning to 'replacing the gauge parameter by a ghost parameter'. 
This is open to interpretation and we take the view that the object of primary importance is the 
BRST super derivation 6 as this selects the physical algebra. We will define a super derivation 6 
which gives the smeared versions of (f2:20D . (fOTI) . (f2:22|) : 



will find a BRST charge Q which generates the the super derivation 5{-) = [Q, show that 
= 0, and that we have we have a smeared analogue of equation (j2.26p :- 



Using the results of the previous chapter, such as the dsp-decomposition, we will construct the 
physical space and algebra and compare them to other approaches. 
One could try to make sense of the formal definition, 



id^r]{x) 



6{rj{x)) = 0, 



(5(r/(x)) 



id^A'^ix) 



A = {Q,Q*} 
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but as the integrand involves a pointwise multiplication of operator valued distributions, this is 
not straightforward to define. Such a definition of Q need not generate the correct superderiva- 
tion, as was found in the example [59] Theorem 1 p2827. Given the uniqueness of the BRST 
charge associated to 5 (lemma (|3.3.6p ) and the central importance of 5, it seems that the defi- 
nition of Q is best used as a guide for the form of 5. 

Section 14.11 gives an account of the necessary structures for the BRST method in the one 
particle test function space for QEM and the associated Ghost algebra. In Section 14.21 we 
assume a general abstract test function space with the relevant structures of the QEM and give 
a description of the smeared bosonic fields in a Fock-Krein representation as in the CCRs |75j . 
We do not fix the specific test function space, so we can extend the method to other bosonic 
field theories with a similar one particle test function space to QEM. We then tensor on an 
appropriate ghost algebra, construct the BRST superderivation and show that this gives the 
correct heuristic BRST-QEM superderviation for the QEM test function space. We derive the 
physical subspace and algebra for the general abstract test function space. We refer to this 
abstract model as KG Abelian BRST as it based on the BRST constructions developed in the 
foundational work KG [68] in the abelian case. Using the QEM test function space we compare 
BRST-QEM with Gupta-Bleuler QEM as in [46] . Using the construction based on the abstract 
test function space we do the examples of KG Abelian BRST with a finite number of bosonic 
constraints and BRST for massive abelian gauge theory and compare these examples with the 
literature. Finally, we combine KG Abelian BRST with a finite number of bosonic constraints 
with finite abelian Hamiltonian BRST to avoid the MCPS problem of Hamiltonian BRST (cf. 
Subsection I2.5.2p . 

4.1 Test functions 

To make the formal BRST-QEM example in Section [2.41 well-defined, we first smear the fields 
over test function spaces to get operator valued distributions. 

4.1.1 QEM Test Functions 

Recall the formal definition of the QEM gauge potential in equation (12.100 : 

^^(x) = (2(2^)3))-! / — ^(a'^(p)e-*J'^ + a'^(p)te^P^), /x = 0,l,2,3, 
Jc+ VPo 
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where f is the Krein involution with respect to the heuristic Krein-Fock space Hq, and has OCR's 
(equation ([2T3]) '). 

[A'^{x),A''{y)] = -ig^^-'Do{x-y), 

where, 

Do{x) := (27r)-3 f fZe-'^-^sinipoXo), 
Jc+ Po 

is the PauH-Jordan distribution. 

For the following mathematical developments, the previous pointwise objects need to be 
understood in the sense of distributions. Hence we next define the appropriate 1-particle test 
function space over which to smear A{x). We use the notation for inner product spaces and 
symplectic spaces as in Appendices (|7.2p and (|7.3p . 

Let / € 5(M^,C^) and denote its Fourier transform by ffi{p) := (27r)~^/ (i^x/^(x)e~*^^. 
Note the unconventional inner product px = PqXq — p.x in the exponential term. We want to 
smear our gauge potentials of over real vector valued test functions, so we define: 

S:={f\fe 5(M^ M^)}) = {/ e 5(M^ C^) 1 7M = /("P)}) 

with IIP: (/,5):=2^/ ^j;{p)g^^{p), V/,<7G5. (4.1) 

Jc+ Po 

Smear A{x) as: 

A{f) := I d^xA^{x)nx), (4.2) 
= V^ [ ^ia^^{p)Uip) + a^ip)^jM)), PO = IpI, 

J Vpo 

= (a(/) + «(/T)/V2, 

with a{f):=V2^[ ^(a/^(p)/^(p)), 
Jc+ Vpo 

where / ^ S, i.e. f ^ 5(]R^,M^) . The commutation relations (j2.1ip mean in our present context, 

[A{f),A{g)]=7, [ ^ (U{p)¥¥)-7;Jp)9''ip)) , (4.3) 
Jc+ Po ^ ' 

= -ilm{f,g) 

The symplectic form for the smeared OCR's for QEM is then 

ai{f,g):=-lm{f,g) yf,geS, (4.4) 
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and we call this the covariant symplectic form. Note that ai is the Fourier transform of the 
Pauli-Jordan distribution, ie, 

<TiU.9) = j Jd''xd%Ux)g^'{y)Do{x-y), yf,geS. (4.5) 

We define J on 5(M^, C^) by: 

(J/)o := -/o, and (J/); = fi, I = 1, 2, 3. (4.6) 

Using this we define a second inner product and symplectic form on S by: 

(/, 9) ■■= (/, Jg) = 27r / ^T^(p)g^{p), (4.7) 
Jc+ Po 

(^2{f,g) ■■= cfi{f,Jg) = -lm{f,g), 

and we see that (•, •) is positive semidefinite. We call (T2 the auxiliary symplectic form . We 
want our inner products and symplectic forms to be non-degenerate so we define, 

X := (S/Ker o"i, 

and let be the factor map. By slight abuse of notation denote ai factored to X also by ai. 

Note that KercJi consists of all the functions in S which vanish on the forward light cone 
C+, so pjj can be thought of as restricting S to C+. Kevai is also the degenerate part of S with 
respect to both (•, •), (•, •) and (72, and so the latter forms factor to X and we still denote the 
factored forms by (•, •), (•, •) and a2 respectively. The inner product (•, •) is now positive definite 
on X. 

It is easy to check that J preserves Ker ai , hence it factors to an operator on 3C, which we 
denote still by J. Then J preserves both inner products, is symplectic in both symplectic forms 
and: 

{f,g) = {f,Jg), (^i{f,g) = (^2{f,Jg), '^f,gex. 

As it stands, 3£ is a real symplectic space with respect to ai, however in subsequent constructions 
we will need a complexified version of it. We have that (S(M^, C^) = S + iS where i is the usual 
multiplication hy i = ^/^. We extend (•, •) from S to 5(M^, C^) by 

{f,g) := 27r [ ^T^(p)gi^ip), '^f,g € S{M.\C% 
JC+ Po 

and, 

a,{f,g) =: -lia{f,g), yf,ge 5(M^C^). 
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Now Kero"! is the subspace of functions in 5(M^,C^) vanishing on C+. Let p be the factor map 
p : cS(M^,C^) ^ 5(M^,C4)/Kerc7i and define, 

2) :=p(5(M^C^)). 

Multiphcation by i in 5(M^,C'^) preserves Kerui and so factors to an operator also denoted 
by z on 2). Note that i is a complex structure on D. Now p^ : S ^ X and p\g : S ^ 
(5(R'^, C^)/Ker (Ti) are both homomorphisms on S with the same kernel and hence X = p{S). 
We will always assume this identification and not denote it explicitly. Therefore we have that, 

2) = p(cS(M^,C^)) =p{S + iS) = X + iX. 

We also factor the indefinite inner product (•,•) and the symplectic form ai to D, and denote 
the factored forms with the same symbol as their corresponding unfactored counterpart. 

Now J extends to D in the obvious way and [J, i] = 0. On D we can define the positive 
definite inner product, 

{f,9) ■ = {f,Jg), yf,9&i), 

that is, 

{p{f),p{9)) = 2^ / —{Mp)g^.{p)), yf,g e SiR\c% 
Jc+ Po 

and define the symplectic form 

Mf,9) : = -Im(/,5) =ai{f,Jg), V/,gGS. 

Let Sj = 'i) where closure is with respect to the norm given by (/, /)^^^, hence ^ is a Hilbert 
space. Now J is (•, •)-isometric on T) and = 1. Therefore J extends to a *-unitary on 
such that J* = J and J2 = 1. Therefore by lemma ([7X3]) {Sj, (•,•)) is a Krein space with 
fundamental symmetry J. 

Remark 4.1.1 Note that ai is causal on X but not its complexification D. That is ai{f,g) = 
for all / = p(/i) € X and g = p{gi) £ X such that fi and gi have spacelike separated supports 
(this follows from the fact that the Jordan-Pauli distribution has support on U {—V+) 
where is the positive light cone, cf. [88] Theorem IX. 34 and p71-72 where the Pauli-Jordan 
distribution is denoted 6*2(2;)). This is not the case for all f,g £ D. Although we will make 
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constructions using field algebras with test functions in D , when we restrict finally to the physical 
objects, the resulting physical fields will have test functions in X and so causality will not be 
violated for physical objects. ^ 

Let L^(C+,C^, A) be the Hilbert space of square integrable functions on the positive light 
cone with respect to unique £^-invariant measure, dA = 27r(d^p)/||p|| on C+ as defined in [5H] 
p70, (i.e. L'^{Hq, C^, r^o) iii iSSj notation). We identify t) with a dense subspace of L^(C+, C^, A) 
as follows. Recall that p : 5 — > !l) is the factor map and identify g = p{f ) € 3 with f\c+ £ 
L^(C+,C^, A). This identification is independent of the representative / for a given g and it is 
linear, injective, and is isometric with respect to the S) norm. Hence we can identify D with a 
dense subspace of L'^{C+, C^, A), and so by taking closures we have that ^ = L^(C+, C^, A). In 
effect, we are thinking of D as the 'Schwartz functions on C+'. We will assume this identification 
in the sequel, will not denote the isomorphism explicitly, and will identify X with a subspace of 
L2(C+,C4,A). 

Also J acts on L^{C+, C^, A) as in equation (j4.6p and by lemma (|7.2.3p acts as a fundamental 
symmetry that makes 9j into a Krein space. The Hilbert inner product on ^^((7+, C^, A) is the 
extension of equation (j4.7p on D which we also denote by (•,•). The indefinite inner product 
(•, •) = (•, J-) is the extension of equation ()4.ip from D to L'^{C+, C^, A), and (/, g) = (/, Jg) for 
f,gG L'^{C^, C^, A). The symplectic forms ai and cj2 are the extended from D to L'^{C+,C'^, A) 
via equation (j4.4p and equation (j4.7p . 

We need scalar valued test functions for the ghosts, and obtain these as follows. Let: 

Po:5^cS(M^C) be: Po(/o, /i, /2, /s) ^ /o, 

i.e. Pq is the projection onto the first component of / G 5. So Pq factors to X and we define: 

So := PqS C cS(M^ C), Xo := PqX, (4.8) 
2)o := Xq + iXq. 

The inner product on S induces one on Sq by: 

{f,g)o:={Pof,Po9), V/,<7e5, 

Similarly we have symplectic forms ctq and inner products (•, •)o induced by o"2 and (•, •) respec- 
tively on So, 5(M^, C), Xo and Sq. Then (•, •) is positive definite on hence generates a norm 
II • llo, and we define Sjo = Sq where closure is with respect to || • ||o. The map Pq : f) —>■ is 
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continuous with respect to || • ||o and so Pq extends to an orthogonal projection Pq : f)Q. 
As in the vector valued case, we identify S^q with L^(C+, C, A) and TIq with a dense subspace of 



Summarizing the discussion above: 

(i) X is a real vector space corresponding to the Fourier transforms of restricted to 
the light cone C+. Xq is a real vector space corresponding to the Fourier transforms of 
(S(]R^,M) restricted to the light cone C+. 

(ii) D = X + iX and S)o = Xq + zXq are complex vector spaces. 

(iii) X and 'S have a non-degenerate indefinite inner product (•,•)> ^ positive definite inner prod- 
uct (•, •) and non-degenerate symplectic forms ai and a2- Furthermore, Xq and So have 
a non-degenerate positive definite inner product (•,-)o and a non-degenerate symplectic 
form ctq. 

(iv) (Ti and ctq correspond to the Fourier transformed smeared Jordan-Pauli distribution. 



and are causal but a2 is not causal. 

(v) and i^o correspond to the closures of !l) and So respectively in (•, •), (•, •)o respectively. 
There exists a unitary J G B{S)) such that = 1, J preserves X, D, and (•, •) = (•, J-), 

= CT2{-,J-). 

(vi) S) and S)q can be identified with L'^{C^, C^, A) and L^(C-|-, C, A) respectively, and so T> and 
Do are identified with dense subspaces of L^(C+, C^, A) and L^(C+, C, A) respectively. 

Pointwise multiplication of the components of vectors in S and (S(R^, C^) by ip/j, preserves Ker ai, 
and so factors to X and 2). Hence we have that multiplication by ip^ is an unbounded operator 
on Sj = L^(C_|_, C^, A) which preserves the dense domain T>. Note that we need the i factor if 
we want multiplication by ip^ to preserve X. Similarly we have that pointwise multiplication by 
ipn is an unbounded operator on that preserves Dq. 

To analyze the Lorentz condition, we need the following notation: 

Definition 4.1.2 Let {X, k) be a measure space with positive measure k, 1 < q < oo and n EN. 



(C+,C,A). 




c+ Po 
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(i) Let f € L'1{X,C"',k) with components fj, j = l,...,n. When f £ L'?(C+,C^,A) we use 
the usual convention that £ L'?(C+,C, A) is the fi-th component of f for jj, = 0,1,2,3, 
and f^ is the pL-th component of J f . 

(ii) Let g : X ^ be measurable with respect to k. Define: 

D{Mg) = {feLi{X,C^,K)\ [ dK\gj{p)fj{pW<<x,}, 

Jx 

and the multiplication operator Mg G Op(L^(X, C", k)) by: 

Mgf{p):=gj{p)fj{p) a.e, 

for f G D{Mg). Note that Mg G B {Li {X , C'\ k)) when g G L°°(X,C",k). 

(Hi) Define the bounded functions bj : M" C by bj{p) := Pj/||p|| for p 7^ and 6(0) = 0, 
where \\pf = pI + ...+ pI- Define b G L°°{C+,C^, \) by: 

b{p) := (l/||p||)(po,Pi,P2,P3) a.e. 

Then b/^ip) =P/i/||p|| and b^(j)) =p'*/||p|| a.e. These are bounded since 
peC+^ \\pf =pl = p.p. 

We now decompose Sj: 

Proposition 4.1.3 Define a map P2 : Sj ^ Sj = L^(C+, C"', A) by: 

{P2f)^. := {l/2)M,,MbJ\ (4.9) 
where we are summing over v. That is, 

Then P2 is a projection on Sj, Pi := JP2J is a projection and 

(Pifip)), := (Jl^) Up). a.e forpe C+, 

for all f E S), p € C+. Furthermore P1P2 = 0, J Pi = P2J, and we have the following 
decomposition of Sj: 
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where Sji := RanPi, ^2 := RanP2; '■= (-Qi (B ^2)'^- Furthermore we have, 

= {/ G I P-f(p) = 0, foip) = 0}, (4.10) 
^i={feSj\ f^{p) = {ip^/\\p\\)h{p) for h G ^0}, 
^2 = J^i = {/ G ^ I Uip) = {ip^/M)h{p) for he Sjo}, 

^3 = ^i =^tesji = {f (^^\ Pi.f'\p) = 0}, 

where the above multiplications are understood to be a.e. 

Proof. For ^ = 0,1,2,3, we have that G L°°(C+,C,A) hence M^^ G B{^q) so the operator 
Tf : ^ 9)q defined by, 

Tf := (P2/)m = (l/2)M,M^4J^ 

is bounded and so P2 G B{S)). Now for p G C+ we get that p^^P/x = Po + P-P ~ 2||p|p from which 
it follows that P| = P2- As 6^ is real valued we have that P2 = P2- 

Now as = 1 we have that Pi is a projection and JPi = J^P2J = P2J ■ The explicit form 
of Pi follows directly by calculating {JP2J f)fi{p) for f £ S). 

Since Pfj.p'^ = for p G C+, we have for f,h £ ?) that: 

{Pif,P2h)s, = 27r [ ^{Pf,pniP.fAp))iP.h''ip))/mpf), 
Jc+ Po 

= 0, 

hence P1P2 = 0. To prove the relations (|4.10p we proceed as follows. By definition, 

^2 = RanPs = {/ G ^ I = (l/2)M,,MMfe^5^ g Sj} c {f £ f^ = iM^^h, h e S^q}. 

For the reverse inclusion let fi, = iM{,uh for some h € Sjq then we calculate: 

(P2/)m = i{l/2)Mb.Mh,Mi,,h = iMb^h = f^, 

using again that p^p^ = 2||p|p for p G C+, hence / G RanP2 = ^2- 

The equality for Sji follows from S)i = JSJ2 and the action of J on ^2- 
For the i^s equality we take / G and let /i = / — P2/ then, 

p^h'^{p)=p^.r(j})-p^.Pf./mpf)ipur(j^)) =p^.r{p)-Pur(j^) = o, 
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and hence S)^ = S^2 {f ^ ^ '■ Pfif^ip) = 0}- For the reverse inclusion let / G and 
Pfif^ip) = 0- Then for all /i G ^ we have, 

{f,P2h) = 27: f ^(7^(p)(p^p,/||pf 
JC+ Po 

= 2vr/ '^{{v,/M\)f^{pmPu/M\W{p)\ 
JC+ Po 

= 

hence f ± S)2 and hence {/ G ^ : Pi_if^{p) = 0} C — ^3- 

For the fst equality we adapt the argument in [46j (pll93-1194). Let / G i^a then p^f^ip) = 
implies Pofo{p) = P-f(p)i hence 

= p^(p,/,(p))/(2||pf) =p^(po/o(p) +P.f(p))/(2||pf ), 

= p^(p.f(p))/||pf, 

Therefore if we let h = {f — Pif)G$Jt we get that 

p.h(p) = p.(f(p) - p(p.f(p)/||pf )) = 0. 

Also as h e Sjs this implies that ho{p) = 0, and so i5t C {/ G i5 : P-f (p) = 0, fo{p) = 0}. The 
reverse inclusion follows by direct verification of the orthogonality relations, using the equalities 
in (j4.10p already obtained. □ 

We would now like to obtain an analogous decomposition of the original test function space 
D. However we have the complication that for / = p{g) G 2) with /(O) = p{g{0)) ^ 0, the 
(l/2||p|p) factor in (^2/)/^ poses the problem of whether there exists h G 5(M^,C^) such that 
P2/ = p{h) due to differentiability problems at 0. So it is not evident that P2 preserves 2). To 
deal with this, we extend 2) to a more mathematically convenient test function space dense in 
L^(C+, C^, A). Criteria that need to be taken into account when extending are: 

(i) Poincare invariance: The Poincare transformations on 5(M'^,C^) are given by: 

{Vgf){p):=e'P-Af{A-'p) V/G5(M^C4), g = {A,a)eVl (4.11) 

which obvioulsy preserve 5(M^,C^). As AC+ = C+ for all A G C\_ we have that f\c+ = 
iff Vgf\c+ = for all g = (A, a) G V\_ and hence Vg factors to and preserves D. 
We denote the factored transformations with the same symbol, hence we have that the 
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Poincare transformations preserve D . Now we can use formula (j4.11|) to define the Poincare 
transformations on any function in L^(C+, C^, A) (and adding the appropriate 'a.e.'). This 
is because Vg maps L2(C+,C^A) to L2(C+,C^,A) functions for all g = (A, a) G p| as A 
is A invariant for all A G We require that any extension of D will be preserved by all 
the Poincare transformations so defined. 

(ii) Causality: Causality of ai on X means that for any f,g € 5(M^,R^) with spacelike sep- 
arated support, we have that (Ti{f,g) = 0. That is, spacelike separated support refers to 
the support of f,g £ S in x-space rather that support of /|c+ in p-space. So to be able 
to give meaning to causality of cJi on an extension of X we will define the extension by 
first extending 5(M'^,C^) to an appropriate space for which the inverse Fourier transform 
exists, and then restrict this space to the light cone. 

The following extension incorporates both these criteria and produces a physically reasonable 
model for QEM after applying the BRST procedure in Section 14.31 Let 



sgn{jp) : M ^ M, be, sgn{p) := < 



1, p>0, 
0, p = 0, 
-1, p<0 



and define the bounded functions: 

Ck{p) : ^ M, by Ck{p) := { 



IIpII 



A: = 1,2,3, 



0, 



P = ^, 



by Ck,g{p):={VgCk){p)=e'P''ck{K-^v) for 5 = (A, a) G p| 



k = 1,2,3. 



and, 

Ck,g{p) : ^ I 
Note that: 

(i) Cfc(-p) = Ck{p). 

(ii) Cfc = Cfc,! where 1 is the identity in v]^. 

(iii) Mcj^^ G B{L^{W^,C)) for all 5 G T'l as Ck^g is bounded. 

Remark 4.1.4 The space of Schwartz functions 5(IR^,C) is an algebra with product defined 
by pointwise multiplication, as follows from [88] Theorem IX. 3 (a) and (b) p6 and the fact that 
5(M^,C) is preserved by the Fourier transform ([88] Theorem X.l p3) 4|k 
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Proposition 4.1.5 Let M™^ := M^^^ . . . Me^.^_^^ for men, i = Uu---,jm) G {1,2,3}™ 
andg={gi,...,g^) G Let: 

Qo := alg{{f,M^J\f,hG 5(M^C), m G N, j G {1,2,3}-, g G (P|r,}), 
Q := {/ G C^) I g Qo, = 0, 1, 2, 3} 

which is well defined as an algebra by Remark ()4.1.4p . Furthermore, let 

S) := {f\c^ I / G Q} D t), hence D is dense in S) = L^{C+X''A) 

^ '■= {f\c+ I / £ Q, f{p) = f{—p) I.e. with respect to the Lebesgue measure on R^} D X 
Let p2 — jpSj yjhere G S(L2(m4,C^)) is given by: 

{P,^f)o := (l/2)(/o + M,J,), {Pif)k := (l/2)Me,(/o + M,J,) 

where k = 1,2,3 and there is a summation over the repeated index j = 1,2,3. Note that P^ is 
bounded as \cj{p)\ < 1 for all p G M^. 
Then: 

(i) Q C (Ll(M^C^) n L2(]R4^C^)), hence f G (C7o(R^C^) n ^2(^4^ ,^4)) all f e Q where 
f^ := (27r)~2 J d^xf^{x)e''P^ is the inverse Fourier transform of f £ Q. 

(^^) f\c+&L\C+,C\X)forfGQ. 

(Hi) VgTl C D and VgX C X for all 5 G 

(iv) P^ and P^ are self-adjoint projections such that P^Q C Q and P^Q C Q. 

(v) {P^f)\c+ = Pi{f\c+) for i = 1,2 and all f ^ Q where Pi and P2 are the projection from 
Proposition ()4.1.3p . Hence Pi and P2 preserve D and X. 

Proof, (i) and (ii): As |cj(p)| < 1 we get that \M^^^h{p)\ < \h{p)\ for all h G 5(M'^,C), m G N, 
j G {1,2,3}™, p G M^ 3 = 1,2,3, and all g G As 5(M^,C) C (^^(M^, C)) n L2(R4, C) we get 
that the components of elements in Q are in L"'^(M^,C)) H L2(M^,C) hence (i) follows. 

Similarly f\c+ G L2(C7+,C^,A) for all / G 5(M^C^) and \cj^g{p)\ < 1 for ah p G C+, 
j = 1, 2, 3, and all g G which implies (ii). 

By [90j Theorem 9.6 pl82 and that the Fourier transform is a unitary in B (L'^ (MJ^ , C^)) , we 
have / G (Co(M^C^) n ^^(M^^C^)). 
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(iii) : Suppose gi,g2 £ 'P].- Then Vgj^Ck^g2 = Ck,gig2 and as 5(M^,C'^) is preserved by the Poincare 
transformations, we get that Q is preserved by the Poincare transformations hence V^S? C 2) 
for all g £Vl. 

Let f £ Q and f{p) = f{—p) a.e. with respect to the Lebesgue measure on R^. Then 
{Vgf){p) = e~*P"A/(A~ip) = {Vgf){—p) a.e. with respect to the Lebesgue measure on for all 
g = (A, a) G Hence VgX C X for all g = (A, a) G 

(iv) : That P^Q C Q is obvious from the definitions. As cj^g is a real valued function, 



= (1/2) / dp"^ [fo{p)go{p) + fjip)cjip)goip) + k{p)ck{p)gk{p) + Cj{p)fj{p)ck{p)gk{p)], 



for all f,g £ L^(M^,C^), and so is self-adjoint. We get that P2 = P2 by using Cj{p)cj{p) = 



The calculations for the other components are similar. 

It follows from P^ = JP^J, J* = J and = 1 that P^ is a self-adjoint projection. As 
JQ C Q we get P^Q C Q. 

(v): Now 60 (p) := Po/||p|| = 1 for p G C+ and so M^^ = 1. Substituting this into the defining 
formula for P2 (equation (j4.9p ) and substitution Cj{p) = Pj/\\p\\ = bj{p) for p G C-f in the 
formula for P^ we get that {P^f)\c+ = P2{f\c'+), e.g. for the k-th component. 



{Prf)k\c^ = (l/2)M,,(/o + M,^./,)lc+ = (l/2)M,,M,,r|c+ =P2(/|cJ 
Similarly {P^f)\c+ = Pi{f\c+)- By (iv) P^Q cQd P^Q, hence PiS) C D D P2^. 




IIpII^/IIpII^ — 1 ^ ^Icj^Cj = 1 and direct substitution in the defining formulas. We give the 
calculation for the 0-th component: 



f)o := (l/2)((P2^/)o + M,^.(P2"/),), 

= (1/4) (/o + M,J, + Me^.M,^.(/o + M,Jk)), 

= (2/4)((pe/)„ + M,^.(pSA), 

= (^2^/)o. 
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Let f & Q and f{p) = f{—p) a.e. with respect to the Lebesgue measure on M^. Then, 

{P2^f)kip) ■■= {mck{p){M^+c,{p)j~{p)\ 

= (l/2)cfe(-p)(/o(-p) + Cj{-p)fj{-p)), a.e. 
= {Pif)k{-p), a.e. 

where a.e. above is with respect to Lesbegue measure, where we used that Cj{p) = Cj{—p) a.e. 
with respect to the Lesbegue measure on R^. Therefore P2X C X. As JX C 3l we also get 
PiX C X. □ 

Given Proposition ()4.1.5p (v) we get a decomposition of X and D analogous to f) in Propo- 
sition (HX3]) . 

Theorem 4.1.6 Let 

• — ' j ' — ' *^ — ^ ' ' ^ ' 

X3:=XniD3 D3:=S)n%, 
Xo:={/oG%|/GX}, So:={/oG^o|/eS)} 

where Pt G B{S^) is the projection on S^f Then: 
(i) We have the decompositions: 

X3 = Xt©Xi, S)3 = S)t©S)i, 

where © denotes orthogonality with respect to the {■,■) inner product on 
Sj = L2(C+,C^A) D S). 

(a) We have that S)i = JS)2 and Xi, X2, 2)2 fi?"e aZZ ai-null subspaces. 

(Hi) Xo C Xo and Dq C Sq- ^feo Mc^Xq C Xq, and Mc^Sq C Dq where k = 1,2,3. 

Proof, (i): As Pt,Pi,P2 are projections on i^, we get for / G 2) that / = Pff + Pif + i-2/; so 
by Proposition (j4.1.5p (v) we get the decompositions of X and D. As ^3 = i3i ©^2 we similarly 
get the decomposition of X3 and D3. 
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(ii) : We have that Di = JT12 fohows from P2 = JPiJ. From (i) we get = — Im(Xi,X2) = 
cr2(3Ci,3C2) = (Ti(Xi, JX2) = (Ti(Xi,Xi) hence Xi is a cji-null subspace. Similarly Xi, X2, Si, 2)2 
are all (Ti-degenerate subspaces. 

(iii) : Xo C Xq and Do C 2)o follow as X C X and D C 2). 

Let / G 2)o- Then / = g\c+ for some 5 G Qo- By the definition of Qo in Proposition ()4.1.5p 
that Mc^Qo C Qo and hence Mc^/ = (Mcj^5()|c+ € Do for k = 1,2,3. Hence Mc^Do C Do and 
Mcj.Xo C Xo follows similarly. □ 

Lastly, we verify that extending D by D preserves causality. 

Lemma 4.1.7 Let Q := {/|/ G Q} where := (27r)^^ J d'^xf^{x)e'^^^ is the inverse Fourier 
transform of f £ Q, and define f := f\c+ for all f £ Q. Let f,g£ Q be such that f,g £ X and 
f,g have spacelike seperated supports, then ai{f,g) = 0. That is ai is causal on X. 

Proof. Proposition ()4.1.5p (i) gives that Q is well defined. Let /, 5 G Q be such that f,g £ X and 
f,g have spacelike seperated supports. Now / G X implies that f £ Q and f{p) = f{—p) a.e. 
with respect to the Lesbegue measure on R^, which in turn implies that / = / is real valued. 
That is / G (C7o(R^M^) n L^{R^,R'^)). 

Using notation x'^ = x^x^, we have by |88j Theorem IX. 48 pl07 that 



where Do{x),Dq{x) are symbolic notations for the Jordan-Pauli distribution and advance Jordan- 
Pauli distributions (A(x,0) and A^{x,0) in [88j notation), and the fourth equality follows as 
f{x) and g{y) have spacelike seperated supports hence Dq{x — y) is given as integration against 




// 
// 



d^xdSf^W{D+{x -y)- D+{y - x)) 



d'xdSf^{x)g''[h{{x - yf) - h{{y - xf)] 



= 



the function h : (0, 00) M given in [88j Theorem IX. 48 (c). 



□ 
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4.1.2 Lorentz condition 

The Lorentz condition of classical electromagnetism is d^A^^{x) = 0, which is well known to be 
problematic in the quantum context ([98]). Smearing against h G iS(M,M) gives: 

A{f) = j dx%A^'{x)h{x) 

= - j dx^A^{x)d^h{x), 

where f^{p) = {d^h){p) = ipji{p). Let 

Xl = {/ G X I f^{p) = ipf,h{p) for h G Xq}, 

and so {A{f) \ f £ Xl} corresponds to the smeared d^A^^{x). 

Now by Theorem ()4.1.6p and the expression for in equation (|4.10p we have 

Xi = X n ^1 = {/ G X I f^{p) = ip^h{p) for h G 

As we extend the test function space to X D X in the following QEM examples and so from the 
above expressions we associate {A{f) \ f G Xi} with the smeared dfj,A^^(x). Similarly we will 
associate {A{f) \ f £ Di} with extended Lorentz condition when we are considering 2) = X + iX, 
the complexified version of X. 

Remark 4.1.8 Note that, 

{A{f)\fe±J^{p)=p^p''g,{p), peC+, gei)} 

is properly contained in X^, as shown in [l6] pll93 remark 5.4 (ii). As the above set corresponds 
to the smeared Maxwell equations, we see that the Maxwell conditions are a proper subset of 
the Lorentz conditions. ^ 

4.1.3 Ghost Test Functions 

To construct the BRST superderivation we first need to choose the test function space to use 
in the ghost algebra in Section I3.1.1[ Recall the formal superderivation 5 defined by equations 
(ICTIl . (1^^ : 

= -id^vix), 
6{r]{x)) = 0, 
6{fj{x)) = -id,A^{x), 
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Smearing equation (12:20]) against f gS{R^,W^): 

5{A{f)) = [ d^x6{A''{x))Ux) = i I d''xrj{x)d''Ux) = rj{g), (4.12) 



where g{p) := ip" U{p) G cS(]R^,C). 
Smearing equation (j2.2ip is trivial. 
Smearing equation (j2.22p with h £ 5(M^,]R) gives: 

5{fj{h)) = j d^x5{fi{x))h{x) =i J d'^xA''{x)dr.h{x) =iACk), (4.13) 

where k G 5(M^,C^) is defined by k^{p) := ip^h{p). 

These relations suggest using a scalar valued test function space contained in 5(M^,C) to 
smear the heuristic fields rj and ij against. While this is a plausible direction to take, if we 
consider the expression for P2 in lemma (I4.1.3p . then for f G D: 



{P2f{p)), ■■= ( ^ j (ip^fuip)) = ] g{p), a.e for p G C+, 



where g{p) := ip^ fu{p) is the same as in the RHS of equation ()4.12p . So we see that there is a 
connection between 2)2 and the test functions on the RHS of 6{A{f)) = rj(g). We will make this 
connection explicit below in lemma (I4.1.12P where we show that there exists unitary T : Dq — >■ 

Y Y 

5)2 where the closure in D2 is with respect to the norm defined below in Proposition (j4.1.1ip . 
As T is unitary, the Ghost Algebra ^£,(^2^) = CAR{'^^ ©^2''^) wih have the same CAE's 
as if we constructed a Ghost Algebra using the scalar test function space So for the ghosts. 
We will use the Ghost Algebra Ag{D2^) in the BRST extension below and show, after defining 
the BRST super derivation as a map, that it gives the correct smeared relations above, cf. the 
discussion after Definition ()4.2.1ip . 

Two reasons for prefering to smear the ghosts over the vector valued function space 5)2^ 
rather than a scalar test function space as the heuristics suggest are: 

Y 

(i) As 2)i corresponds to the smeared d^A^{x) (Subsection (j4.1.2p ). we get that using Ag{D2 ) 
CAR{Di^ © 5)2^) as the ghost algebra follows the philosophy of associating a ghost- 
conjugate ghost pair to each constraint. 

(ii) Generalisation will be easier and we will use the constructions below for other examples 
where there is no corresponding scalar test funcion space Dq, e.g. finite KO Abelian 
BRST in Subsection [OS 
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We now analyze the relation between 2)i ©2)2 and the scalar valued function space Dq as defined 
in Theorem (j4.1.6p and give explicit formulas that connect them. 

Definition 4.1.9 (i) Let y{p) := IIpH^"*^ and define 



Remark 4.1.10 (i) Note that the containment 55 C is proper since for any / E Dq with 
/(O) / we have / ^ !B. Moreover, *B is dense in in the || • H^^q -topology by a simple 
approximation argument smooth bump functions with support outside outside an open set 
containing the origin. 

(ii) We have that T : 53 ^ 2) is well defined by the definition of 53 and Theorem (j4.1.6p (iii). 
That T(*B) C TI2 follows as P2Th = h for all /i G 53 which verified using the defining 
formula for T above, Pq = \\p\\ for p G C+ and the formula for the components of P2 in 
Proposition (j4.1.3p . 

4k 

Let / G 5(M'',M^) and g G cS(M^,C) be defined by g{p) := ip^Uip). Then using equation K9\i 
it is immediate that P2/ = Tg, that is T maps the smearing function for 6{A'^(x)) (cf. equation 
(|4.12p ) to a function in 2)2. To use D2 as the test function space with which to smear the ghosts 
we would like T to have dense range and to be isometric so that ghost algebras generated using 
test functions from *B or D2 have equivalent CAR's. However it is straightforward to see that T 
is not isometric with respect to the = L^(C+, C^, A) norm on 2) and ^0 = C, A) norm 

on 2)o. Hence we will define a new inner product on D2 with respect to which T is isometric 
and has dense range in the closure of 2)2 with respect to this inner product. 

Proposition 4.1.11 Let z{p) := 2||p||^ and define, 



*B := {/i G 2)o I Myh G 2)o} C Dq 



(4.14) 



(ii) Let r : *B — > 2)2 be defined by: 



{Th){p) : 



Hp) 

2||p||' 



2{-P0^Pl^P2,P3)- 



Y := M, 




c+ Po 



Then: 



104 



(i) Y is a positive (*) and a Krein(\) self-adjoint operator with KerY = {0}. Furthermore 
we have 2) C D{Y) and [Y, J] = [Y, Pt] = [Y, Pi] = [Y, P2] = on 2). Hence YDj C D for 
j = t, 1,2. 

(a) Define a new inner product on D by: 

{■,-)y :={;¥•). 
We have that (•, •)y is positive definite and 

2) = S)t ey s)i ey 2)2 = 2)3 ey 2)2, 

where ©y denotes (•, •)y orthogonality. Let Sy^ be the closure of 2) with respect to this 
inner product, then: 

= S^J ©y (By f)\ = ©y , 
where T)j := Sjj , j = t,l,2 and the closure is with respect to the (•, •)y topology. 

(Hi) We have that J is {■, ■)y -isometric on 2) and J extends to an {■, ■)y -unitary operator on 
S)^ such that = 1. Define an indefinite inner product on by: 

which makes {Sj^ , (•, •)y) into a Krein space. Furthermore SjJ , ^2 '^'^^ neutral subspaces. 
We denote Pp^ for i = t, 1, 2, 3 for orthogonal projections on Sj^ and note that f & D we 
have Pif = Ppf = Pp^'f, i = t,l, 2, 3. 

Proof. (i):That [Y, J] = on 2) is obvious. We have that *-self-adjointness follows from Propo- 
sition 1 [87] p259. Hence Y^ = JY*J = YJ^ = Y. KerY = {0} as ||pf = iff p = for 
p G M^, i.e. the multiplier function z{p) =0 only for a set of measure zero. 

As y is a multiplication operator of a polynomial in pi,p2,P3 it follows that 2) C D{Y) and 
[Y,Pi] = [Y,P2] = [Y,Pt] = 0onS. 

(ii) : As Y is positive, KerY = {0} and 2) C D{Y), we get that (•, •)y is a positive definite inner 
product on 2). 

As [Y, Pt] = [Y, Pi] = [Y, P2] = 0, we get a (•, •)y-decomposition from 2) = 2)( © 2)i © 2)2- 

(iii) : As J is (•,•) -isometric on 2) and [J,Y] = 0, it follows that J is (•, •)y-isometric on 2). 
Therefore J extends isometrically to Sj^ and it follows that this extension is (•, •)y-unitary as 
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J2 = 1. Hence (S)^ , (•, ■)y) is a Krein space by lemma (fTXSll . Using [F, J] = [Y,Pt] = [Y,Pi] = 
[Y,P2] = on D, that Di = JD2 and that Di _L TI2 we get that Di _Ly TI2 and hence and 
Sj2 are (•, •)y-neutral spaces. □ 

The reason why we give a special symbol Y is that we want to use the same notation for 
more general test function spaces below. We show that is the appropriate ghost test function 
space: 

Lemma 4.1.12 Let T be defined as in Definition (|4.1.9p . Then T is an -isometric iso- 
morphism (hut is not ^-isometric) with RanT dense in . Hence it extends to a unitary 
T : fjQ ^ S)2- Furthermore, 

iT-'f)ip)=Pf.rip), (4.15) 

for all f S D2 and, 

i{T-^P2f){p)=iPf.r{p), V/G2), (4.16) 
i{YPiJTh)^{p) =ip^h{p) yhe^o, ;u = 0,l,2,3. 

Proof. Let /ii, /12 G 53, then using Pi_iP^ = 2||p||^ on C+: 

{Th,,Th2)Y= I ^TMp)(yr/i2)(p), 

Jc+ Po 

= [ —hi(p)h2{p), 
Jc+ Po 

= {hi,h2)o, 

and so T is a ^^-isometric (but not isometric). 

We want to show that RanT is dense in 2)2. By the definition of T we know that T(*B) C D2 
and we now show that T(5S) = T)2- Let / G TI2 and g{p) := Pf^f^ip)- Then as multplication by 
polynomials preserves Scwhartz space and commutes with the operators Mc^. G B{Sjo) it follows 
that g G Dq. Now as y{p) = ||p||^^, Ck{p) = PA;/||p|| and po = ||p|| for p G C+, we get that 
Myg = /o + Mcf.fk G Dq where we have summed over A; = 1, 2, 3 and we use Theorem (|4.1.6p 
(iii). Therefore by the definition of *B we get that g( G 53. Using equation (j4.9p it is immediate 
that Tg = P2/ = / and so ©2 C RanT, hence T{^) = D2- 
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As T is ^^-isometric and r(*B) = 2)2 we get that it extends to a unitary T : S^q ^ and 
so RanT = in the || • ||^y -topology. 

The equation for the T^^ can be checked by direct calculation of T^^Th = h for /i G ?B 
using the definitions of T and and that = IIpII^ ^^"^ P ^ 

Equations (j4.16p follow as p^Pfj, = 2||p||^ for p G C+ and for all / E 2) Proposition (j4.1.3p 
gives 

{T-'P2f){p)=p^iP2fnp) = ^jj^ip.np)) = p.rip) 

2||p|| 

and for all h S Dq, ^ = 0, 1, 2, 3, 

Oll„l|2 

i{YPiJTh)^{p) = i ,,2 PimHp) = wMp)- 
2||p|| 

where we used JTh G (JD2 = Si). □ 

We will now show how T connects the heuristic scalar ghosts in Subsection 12.4.31 with the 
Ghost Algebra Ag{S^\). Recall that the heuristic ghost field was given by equation ()2.16p : 

r?(x) = (2(2^)3))-! I f^(c2ip)e-'P^ + ci(p)*e^^-), , 
Jc+ Vpo 

where C2(p),C2(p)* and ci(p),ci(p)* correspond to the creators and annihilators of distinct 
scalar fermionic fields in p-space (cf. equations ()2.6p ). Accordingly, we would usually smear 
each of these scalar fields over a separate copy of ^0 = i^(C+,C,A). However, by lemma 
()4.1.12p and = SjJ , we have the following unitary equivalences 

using the unitaries JT : ^0 and T : f)Q ^ 9)\ . So instead of using separate copies of .^0 to 

smear the fields over, we use 9)\ and and identify the heuristic fermionic fields ci(p), ci{p)* 
with the CAR algebra CAR{Sj() and C2{p),C2{p)* with CAR{^\). We combine these into the 
single fermionic field CAR{?)\ ® Sj\) = Ag{S^\). Explicitly, using equation ()2.16p the smeared 
the heuristic ghost field r/(x) is: 

d?p 



dx^n{x)h{x) = {2{2nf))-i I :i^(c2(p)%) + ci(pr%)), 

c+ Vpo 



^(c(/)+c*(J/)), 

C(/), (4.17) 
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where h G 5(M'^, M) and / = T{h\c^) € D2 and we use equation ()3.3p in the last equahty. Hence 
we define the smeared scalar ghost field by: 

r]s:Sjo^Ag, by 7?,(/i) := r?(T/i) = C(r/i), (4.18) 

(note that Th £ S^\) 

Also recall in formal BRST-QEM the second ghost field t/(x) (equation (I2.17P ) which is not 
the conjugate ghost and does not anticommute with t/(x), given by the formula: 

c+ Vpo' 



fj{x) = (2(2vr)3))-| / l^(_ci(p)e-f- + C2(p)*e*^'^), 
Smearing we obtain: 



dx^fl{x)hix) = i2i27rf))--2 [ ^(-ci(p)%)+c2(prMp)), 

Jc+ Vpo 

(2(2^)3))-! [ ^(a2{p)h{p) - cipTHp)) 
Jc+ Vpo 

i=(c(/)-c*(J/)) 
= -i(^l={c{if)+c*{iJf))^ , 

= -iC{ifr, (4.19) 

where h S 5(M^,M), / = T{h\c_f_) € 2)2 and we used that / — > c(/) is antilinear and / c{f)* 
is linear in the fourth equality. 

Hence we define the smeared second ghost field as: 

r],:Sjo^Ag, by 77,(/i) := -iC(fT/i)* = -ir/,(i/i)*, (4.20) 



Remark 4.1.13 Note that JTh £ S)Y for h G S)o, hence rfs{h) = -iC{iThf = -iC{iJTh) = 
—ip{iJTh) where p{iJh) is the conjugate ghost as defined in equation (j3.7p . Hence we see that 
we can recover the second ghost field from the conjugate ghost field as stated in Remark (j2.4.ip 
(iii). ♦ 

With the above definitions we get 



Proposition 4.1.14 The definitions of the ghost fields in equation (j4.18p and equation (j4.20p 
give that for all g,h £ Sjq: 
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(i) ris{h)'^ = rjs{h) and rfsih)^ = -rjsih) ■ 
(ii) C*({r?,(/i), Uh) I h G ^o}) = Agi^l). 
(Hi) The car's: 

{r]s{h),rjs{g)} = {fjs{h),r]s{g)] = 0, {ris{h),r]s* {g)] = iao{h,g)l, 

where o"o(-, •) = — Im(-, •)o, where we recall (•, •) is the inner product on 

Proof, (i): These follow from C{f)'^ = C{f) (cf. equation (13. 3p ) and the defining equation 
(|4T8]1 and equation (|42Q]). 

(ii) : This follows by: 

C*(te(/i), Uh) I h G i5o}) = C*{{C{f), cur I / G ^l}), 

= C*i{Cif),C{Jf)\f€f)^}), 

where the first equality used that T : S^q ^ is unitary, the second that C{f)* = C{Jf) for 
aU f e S)^ and the last that J^j^ = i^f and Sj^ = ijf ®y S)2- 

(iii) : Using the CAR's given by equation ()3.4p . equation (I4.18P and the T is isometric gives for 
9, he ^o: 

{r]s{h),7]s{g)} = {CiTh),C{Tg)} = Re{Th,Tg)Yl = Re{Th,JTh)Yl = 0, 

where we used Th G ^2'; JTh G SjJ and S)Y _Ly in the last equality. Similarly using = 1 
we get 

{Vs{h),Vs{g)} = -Re{JTh,Tg)Yl = 

Lastly we have 

{r]sih),7fs*ig)} = -i{C{Th),C{iJTg)] = -iRe{Th,iTg)Yl = -ilm{h, g)ol = iaoih, g)l, 

where we used that T is isometric in the second equality. □ 

Note that o"o(-,-) is the Fourier transform of the Pauli-Jordan distribution. That is, let g,h £ 
5(M^,M) and by a slight abuse of notation denote g\c+,h\c+ by g,h. Then 

(7oCh,g) = TT [ — (h{p)g{p) - h{p)g{p)) 
Jc+ Po ^ ' 

dx^ dy'^ h{x)g{y)Do{x - y). 
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where Dq{x — y) is given by equation (j2.12p . 

Hence, comparing Proposition (j4.1.14p with the formal equation (j2.15p and Remark (j2.4.ip 
(iii) shows that the Ghost Algebra ^(^2') the correct anticommutation relations and ghost 
hermicity assignments when using the identifications given by equation (|4.18p and equation 
(j4.20p . Therefore we are justified using A{f)\) as the Ghost Algebra for QEM. 

The formal smeared formula for 6 in equation (j4.12p and equation (j4.13p will be connected 
below to the well-defined construction of QEM-BRST in Subsection 14.2.41 

4.2 Fock-Krein BRST 
4.2.1 Fock-Krein CCR's 

We now give an account of the smeared Fock-Krein CCR's, which follows the treatment as given 
in [751116]. 

Assume ^ is a Krein space with Hilbert inner product (•, •) indefinite inner product (•, •) and 
fundamental symmetry J. The Bose-Fock space (•, •)) of the Hilbert space (ij, (•, •)) is a 

Krein space with respect to the indefinite inner product (•, •) := (•,r+(J)-), cf. lemma (j7.2.3p . 

We define the creators and annihilators on the finite particle space C t?^(^) with 

respect to the Krein inner product, as in [75] . That is we define the creation and annihilation 
operators as usual, except for the replacement of the Hilbert inner product (•, •) on the 1-particle 
space 9) with the Krein inner product (•,•). On the symmetric n-particle space 9)^ they are, for 
f,hi,...,hn£ ^: 

a\f)S+hi (g)...(g)hn = Vn-MS'+^J /ii (g) • • • O /i„, (4.21) 

1 " 

^'^ i=i 

where is the symmetrization projection on i^". Note that on ^q{Sj), a^(/) is the Krein 
adjoint of a{f) (analogous to the usual *-adjoint case). 

Lemma 4.2.1 Let a{f),a){f) e Op(?([(^)) for f,g£Sj as above. Then for all G doi^)-' 
(i) We have, 

a\f)^ = a{Jfr^, (4.22) 
where a{f)* is the adjoint of a{f) with respect to the Hilbert inner product (•, •) on doi^)- 
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(a) We have, 

[a{f),a\g)]i, = [a(/), a( Js)*]^' = (/, J^)^ = (4.23) 
[«(/), a(5)]V' = 0. 

Proof, (i): Let h{f) = a{J f) on ^ti^)- Then by equations dOT]) and (•, •) = (•, J-), b{f) is the 
usual annihilator with respect to the Hilbert inner product on ^. Hence a^(/) = = a(J/)* 
oni?+(^). 

(ii): These follow from (i) and the standard commutation relations for smeared Fock space 
creators and annihilators as in [16] p8-pl0. □ 

We now define the Krein f-symmetric field operators as 

Definition 4.2.2 Let 

A{f) : = i=(a(/) + at(/)), D{A{f)) = ^ (^)o 

= i=(a(/) + a*(J/)), D{A{f)) = 5+ (^)o. 

The field algebra is then the non-normed \-algehra Aq^^ := alg{{A(f) : / G Sj}) which preserves 
the common dense domain 5^'''(^)o- 

With these definition we get all the properties in [75] section 4, Theorem 1. 

Theorem 4.2.3 We have for f,g e S), i/j e 5^+(^)o- 

1. The operator A{f) is closable , 

2. D{A{f)) is a set of analytic vectors for A{f), 

3. If (fj) C Sj and lim^^oo fj = f then, 

hm A{f,)i; = A{f)^, 

4- The vacuum, vector $7 G d^i^)o is cyclic with respect to Ao^f,. 

5. AifY^ = A{Jf)i, 

6. We have, 

[A{f),A[g)]i^=ia,U.9)i^, 
where cJi (/,£/) := -Im(/,5r) for all f,g e Sj. 
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Proof. The first four statements are proved in [75] Theorem 1. The fifth is immediate from the 
definition. The commutation relations (j4.23p give, 

[Aif), A{g)]i; = ilm{f\ g)i; = iaiif, g)^l;. 

□ 

Remark 4.2.4 (i) From Theorem (|4.2.3p . ([5]) A{f) is *-symmetric if and only if Jf = f. 

(ii) If we let S) = L'^{C-^.,C^, A) with inner products and symplectic form ai as in Section [4.H 
then {A{f) | / G X} corresponds to the smeared gauge potentials for QEM. 

4.2.2 KO Abelian BRSTtest function space 

The BRST model we develop below will be able to be used for other abelian bosonic theories 
e.g.: the case of a finite number of Krein-symmetric bosonic constraints as in Subsection 14.2.81 
and H&;T[55j p313-316, and also for the case of Massive Abelian Gauge Theory as in Subsection 
14.3.21 and [92j p28. We will prefer to use a general test function space in the C*-algebraic theory 
(Chapter [5|). Hence we will not assume the specific QEM test function space as above, but 
instead use a general test function space with useful structures (already present on the QEM 
test function space). We refer to this as the KO test funtion space. 

1. Let (X, cJi) be a non-degenerate real symplectic space with symplectic form ai, and suppose 
there exists two idempotents, P+,P^ on X such that 

P+ + P- = 1, [P+,P-] = 0, ai(P+X, = 0. 

We let J = P+-P-. Note that = 1, and that ai{P+X, P_X) = ^ J G Sp(X, ai). 

2. Let X have the decomposition: 

X = Xt e Xi e X2 = Xs © X2 

where JXt = Xj, X2 = JXi and Xi is the degenerate part of X3 = X^ © Xi. As J is 
symplectic we get that, X2 is the degenerate part of JX3 = Xf © X2. Denote the algebraic 
projections onto Xj as Pi where i = t, 1,2,3. Note that © denotes the algebraic direct 
sum, and that Pi = JP2J. We will call {X,ai) with the above structure the covariant 
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symplectic space and ai the covariant symplectic form. This terminology is motivated by 
the fact that the Poincare transformations in subsection (|4.3.ip are symplectic with respect 
to the corresponding QEM test function space. 

3. Define a second symplectic form: 

a2{;-)-=M;J-) (4.24) 

on X, and note that J is also cr2-symplectic. We call a symplectic space with structure 
such as (X, C72), where (T2 is related to the covariant form via J, the auxiliary symplectic 
space and the form the auxiliary symplectic form . 

4. Let K he a complex structure of type J (cf. [63] p327 but where the roles of J and K are 
reversed), i.e. X is a symplectic operator on X such that: 

(a) = _i 

(b) [J,K] = and for any f £ X, ai{f,KJf) > 0, where equality holds if and only if 
f = 

Suppose further that KXi = Xi for i = t, 1,2. We define scalar multiplication and a 
complex IIP on X by, 

(Ai+iA2)/:=Ai/ + A2i^/, AiGM, /GX 
{f,g)-=o-i{f,Kg) + iai{f,g), f,geX 

We denote the complexified X as D. As [J, K] = and J G Sp(X, ai) and = 1 on X we 
have that J is isometric and = 1 on T>. Due to property ()4bp we see that, 

{.,.):={., J.), (4.25) 

is a positive definite inner product on 2), and so 2) is a pre-Hilbert space. Denote the 
closure of 2) with respect to (•, •) as ^. As J is isometric and = 1 on 2), it follows that 
J extends to a unitary on such that = 1. Hence by lemma (j7.2.3p . (•, •) extends to 
and (f), (•, •)) is a Krein space. Note that the covariant and auxiliary symplectic forms 
extend to S) via cr2(-, •) = Im(-, •) on ^ and equation (I4.24p . 

Remark 4.2.5 Note that for the QEM test function space we have a different sign con- 
vention in the correspondence between the symplectic form and inner product, i.e. we have 
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■) = ■)• We have done this to satisfy the correspondence with the Jordan-PauU 

distribution and to mantain the convention of the second argument in the inner prod- 
uct (•,•) being Unear. In the abstract case we have used the usual convention to avoid 
confusion in the many calculations in the following Chapters below. To get the explicit 
correspondence of the QEM test function space with the KO Abelian BRST test function 
space, let ajp^i = —(Jko,i where the JP subscript correspondends to the Jordan-Pauli 
symplectic form and KO to the abstract K OAbelianB RST symplectic form. l|k 

Let Tli := {Xi + KXi) for i = t,l, 2. 

Lemma 4.2.6 We have: 
(i) The decomposition: 

2) = St e Die 2)2 (4.26) 

where © denotes {■, ■)-orthogonal sum, and JDt = St, JDi = D2- 
(a) Let S) := D in the norm coming from (•,•). Then 

where Sji = Di where i = t, 1,2. Furthermore Pi,P2 extend to {■,■)- orthogonal pro- 
jections and Pi = JP2J ■ 

Proof, (i): For i = t, 1, 2, KXi C Xi implies KDi C 2)j, and we get the decomposition in 
equation (14.260 as an algebraic direct sum, and that Di is the cJi-isotropic part of 2)^ ©2)i. 
To prove orthogonality, note [X, J] = implies J2)f = 2)t and J2)i =2)2, hence, 

cT2(Si,D2) = cTi(2)i,2)i) = = a2(2)i,2)t) = ai(2)i,2)t), 

and CT2(2)2, 2)t) = cji(2)2, 2)t) = 0. As K preserves 2)(, 2)i, 2)2 we have by the definitions of 
the inner products that 2)t _L 2)i _L 2)2 with respect to (•, •). Hence © in equation ()4.26p 
is an (•, •)-orthogonal sum. 

(ii): The decomposition of ^ is obvious. As 2)1 _L 2)2 we get that 9)i _L S)2 hence Pi,P2 
extend to the orthogonal projections on ^1 and Sj2- As J is bounded we get J^i = S)2 by 
(i) and so JPiJ = P2 on Sj. □ 
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Hence we we see that have the same decompositions as in QEM test function 

case (cf. Theorem ()4.1.6p ) with respect to the definite and indefinite inner products, and 
symplectic forms. 

5. We define the ghost test function space as follows. 

Definition 4.2.7 Let Y £ Op(^) be a possibly unbounded positive (w.r.t. {■, ■) ) and Krein 
(w.r.t. (•,•) ) self-adjoint operator with domain D{Y) C ij, 2) C D{Y), Kerl" = {0}, 
= 9). Suppose further that [Y, J] = \Y, Pt] = \Y, Pi] = \Y, P2] = on 2). Define a new 
inner product on T): 

(v)y ■.= {;Y-). 

As Y is strictly positive, KerY = {0}, and D C D{Y), we get that (•,-)y is a positive 
definite inner product on D. As \Y,Pt\ = [5:^, -Pi] = -P2] = 0, we get that 

S) = St ey S)i ©y ©2 = S3 ©y 2)2 

where ©y signifies (•, •)y-orthogonality. 

Lemma 4.2.8 Let be the closure of D with respect to (•, •)y. Then: 

(i) 9)^ is a Hilbert space and we have: 

= ©y SjY ©y = ©y Sil, 

where S)j := SjJ for i = t,l,2 and the closure is with respect to the (•, ■)y -topology, 
(a) J extends to a unitary on S)^ such that , (•, •)y) is a Krein space where 

(•,-)y := {■,J-)y- 

(Hi) We have that S)i,S)2 o,re neutral subspaces of Sj^ with respect to {■,-)y- 
Proof. (i):Obvious as (•, •)y is positive definite on D. 

(ii): Now J is (•, •)-isometric and = 1 and [J,Y] = on 5), hence J is (•, •)y-isometric 
and invertible on D, hence extends to a unitary on Sj"^ . That (ij^, (•, •)y) is a Krein space, 
follows from lemma (]7.2.3p . 

□ 

115 



We will use the same notation A* for the adjoint of an operator A £ Op(D) with respect 
to the inner products (•, •) and (•, •)y, explicitly making note of the inner product where 
confusion may arise. Similarly for where A G Op(S!)). 

We denote Pp"^ for i = t, 1,2,3 for orthogonal projections on Sj^ . Note that for / G 2) 
we have Pif = Ppf = P^^ f , i = t,l, 2, 3. Also as [Y, Pt] = [Y, Pi] = [Y, P2] = on 2) we 
have that the *-adjoints of Pi with respect to (•, •) and (•, •)y coincide on T) for i = t,l, 2, 3. 
Similarly for the f-adjoints with respect to (•, •) and (•, ■)y- 

A useful lemma for the future. 
Lemma 4.2.9 Given T G Op(2)) we have, 



4.2.3 BRST Extension 

We next define the BRST-extension of this system (as in Chapter [3|). Assume that we have a one- 
particle test function space 2) with the structures in Subsection l4.2.2i Recall that = D and take 
the Fock-Krein CCR algebra Ao^sj as in Subsection 14.2.11 with one particle Krein space (S), {■,■)). 
Take the Fock representation of the ghost algebra with one-particle space [SjJ ©y (•, •)y) 
(cf. Definiton (|3.1.22p ). We are assuming the full ghost algebra here and so will have integer 
valued ghost spaces. 



T + JTJ = 2(P+rP+ + P^TP^) 



T - JTJ = 2(P+rP_ + P^TP+). 



Proof. Expand 1 and J in terms of P+ and P_ and collect the terms. 



□ 



Let 



A := alg({A(/) I / G 2)}) 



where 2) C and 



Ago := alg({C(/) I / G (2)i ©y 2)2)}) 



D{G) :=do{^i®Y^2) 



where 2)i (By '^2 C Sji ©y ^2 and we have used notation of Section [331 Then: 



D(Q) = Po ® 15(G) = 5+(2)) © ^0 (2)i ©y 2)2) 



and 



n = D{Q) = d^{sj)(^:s-m (Bvm) 
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where Vq D{G) is the algebraic tensor product of Vq and D{G), i.e. the linear span in of the 
elementary tensors in 7i. 

Let Vt := fto^Qg where and ^Ig are the cyclic vacuum vectors for and ^" {S^J (By^2 ) 

respectively. Denote the Hilbert inner product on TC by (•, •)'jr' and Krein inner product by 
= {•,Jt-)t, where Jt = ^+{J) 53 r_(J), where we have used the ± subscripts on the 
r's to denote if they are the second quantization of S^^(^). We use the subscript T to avoid 
confusion with the one particle inner products. 

Then the BRST field algebra is the algebraic tensor product, 

A = Ao0Ago = alg({^(/) 1, 1 C{g) | / G D, (7 G (Si ^2)}) C A ® Ag, 
where which acts on D{Q). Then A has the gradings described in Section [3.31 

Remark 4.2.10 Important points to keep track of for the remainder of Chapter [5] are: 

(i) The 1-particle indefinite inner product for the bosonic fields is (•,•) while the 1-particle 
indefinite inner product on the ghost fields is (•, •)y = (•, Y-). 

(ii) For subalgebras B C Aq and C C Ago, B ® C denotes the algebraic tensor product and 
does not assume any topology. C*-algebraic tensor products will be used in Chapter [5l 

4.2.4 Superderivation 

We now want to make a well-defined version of the BRST superderivation that models the formal 
example BRST-QEM as in Section [2.41 To define the superderivation we proceed with a method 
similar to [T7] Section 4. First define a map 5 on the generating elements of A by: 

Definition 4.2.11 We define a map on the generating elementary tensors of A by: 

5iAig)<g)l) = -il<g)CiP2ig), 5 e D, 
6(l(^C{g))=A{YPig)(g)l ^^(S^ieDa), 

This map extends to a superderivation on A as proved below in Theorem ()4.2.15p . Before we 
proceed we have to show that 6 defined above is a smeared version of the formal superderivation 
in the case of QEM. That is, where we identify the data X,ai, K, J,Tl ,Y , i = 1,2 with the 
objects with the same labels as in Subsection 14.1.11 
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Recall that by Proposition (j4.1.14p . we identified the Ghost Algebra Ag{S)2) with the formal 
scalar ghosts via: 

ri,{h) = 7]{Th) = C{Th), fjs{h) = -irjsiih)* = -iC{iJTh), 

for all h G S)o = L^(C+,C,A), where T := ~^ ^2 unitary given in lemma (j4.1.12p . 

Also recall for f £ D, lemma (|4.1.12|) gives 

{iT-^P2f){p) = ipur{p) a.e, i{Y PiJTh)^{p) = ip^h{p) a.e, 

for all / G 3, h £ S)o and ;U = 0, 1, 2, 3. Therefore, using the definition of 5 (Definition (j4.2.1ip ) 
we calculate, 

5{A{f) 1) = -il ® C{P2i{f)) = -iVs{iT-^P2(.f)) = -iVsiiPt^rip)) 

and for the ghost algebra 

6(1 ® r]sih)) = 5(1 C{P2Th)) = A{YPi{P2Th)) ® 1 = 
5{ris{h)) = -i5{l r//(i/i)) = -i5{l C(iJTh)), 

= -iA{iYPi{JP2Th)) 1 = -iA{iYPl{JTh)) 1 = -iA{iYJ{Th)) 1 
= -iA {ipoh{p),ipih{p),ip2h{p),ip3h{p))) 1 

Restricting to X and Xq C ^0 and by a slight abuse of notation, denoting and p{h) by / 
and h, for / G 5(M^M''), h G cS(M^M): 

6{A{f)0l) = -il(S)7]s0^-) 
6{1 ^ ris{h)) = 

5(1 rfsih)) = -iA0^, d^, d^, d^) ® 1 
If we compare the above with the formal superderivation 5 defined by equations (j2.20p . (j2.2ip . 

5{A^ix)) = -id^qix), 
6{rj{x)) = 0, 
6{fi{x)) = -id.A^ix), 

and consider the ghost smearing formulas given in equation ()4.19p and equation (j4.17p . then we 
see that these are the correct smeared relations for 5. Hence we see that Definition (|4.2.1ip gives 
the correct mathematically well-defined relations. 
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Remark 4.2.12 Note that we could have used a scalar test function space in Definition (j4.2.1ip . 
but this will make calculations below much more cumbersome and obscure the fact the KO 
Abelian BRSTis really a constraint theory that uses test function spaces with structures such 
as D with neutral subspace Di which corresponds to the smearing functions for the constraint 
set. 4 



Now that we have checked that the map 6 : A ^ A agrees with the formal superderivation for 
QEM on the generating tensors, we want to show that 5 extends to a superderivation on all of 
A. So we return to the general context of the data X, ai, K, J,D,Y , i = 1,2 as in Subsection 
0:21 

Lemma 4.2.13 Let A = {fj)'j^i be a finite Sj-orthonormal basis of a subspace Xg C Define 

n 

Qs := {A{f,) C(J/,) + A{if,) C{iJfj)) , D{Qs) = D{Q), 
i=i 

Then: 

(i) Qs is Krein symmetric, and 2-nilpotent. 

(ii) We have 

n 

Qs = J2^a*{Jf,) ® c{Jfj) + a{fj) ® c*{fj)]. 
3=1 

Furthermore Qs is independent of the choice of basis (fj) of Xs- 



Proof, (i): Krein symmetry is obvious. Now 2)i C Xs is a neutral space in both the respective 
indefinite inner product's on ^ and ii^, so it follows that, 

[A{f,),A{fk)] = [A{f,),A{ifu)] = {C{Jf,),C{Jfu)} = {C{Jfj),C{iJfk)} = 
for j,k = 1, . . . ,n. Note that this also implies that C{Jfj)'^ = C{iJfj)'^ = 0. Using these we 
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Q2 = ^ [A{fj)A{fk) ® C{Jfj)C{Jfk) + A{ifj)A{ifk) ® C{Ufj)C{iJh) 

j,k=i 

+ A{fj)A{ifk) ® CiJfj)C{iJfk) + A{ifj)A{fk) C{iJfj)C{Jfk)] , 

n 

= {A{f,)A{h)®{C{Jf,),C{Jh)] + A{if,)A{ifk)®{C{iJf,),C{iJh)}) 

l<k<j 

n 

+ ^ {A{f,)A{fj) ® C(J/,)2 + A{ifj)A{ifk) C(iJ/,)2) 

+ ^ (^(/,)^(i/fc)®{C(J/,),C(iJ/fe)}), 
= 

(ii): Using a{if) = -ia{f), a*{if) = ia*{f), c{if) = -ic{f), c*{if) = ic*{f) and [J,i] = for 
all / G (!0i 2)2), then in terms of creators and annihilators we have, 

n 

Qs = Y.[A{f^) ® C{Jfj) + Aiifj) ® C{iJfj)], 

i=i 

= I t^Mfj) + «*(^/.)) ® ic{Jfj) + c%fj)) + iaiifj) + a*(iJ/,)) ® (c(zJ/,) + c*(i/,))], 

n 

As orthonormal bases of Xg are related by unitary matrices, it follows directly from the above 
formula that Qs is independent of the choice of basis □ 

Now we have the following superderviations on A: 

Lemma 4.2.14 Let A = be a finite S}- orthonormal basis of Xg C iDi. Define the 

superderivaton Ss by: 

5s{A) :=[Qs,A]sb, AeA 

Then we have: 
(i) For g eT), he (Di ®y ^2) and ijj G D{Q) we get, 

n 

5s{A{g) ® 1)^ = [Qs,A{g) 1]^ = -il ® C{Yi{Jfj,g)Jfj)^, 

n 

6s{l ® C{h))^ = {Qs, 1 ® C{h)}^ = A{J2{fj,Yh)fj) ® IV 

3=1 
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(a) For g e {Dt® Xs e JXs), h £ (Xs ey JXs) we get, 

S,iA{g) 1) = -a C{P2ig), (5,(1 C{h)) = A{YPih) ® 1, 

i.e. in this case 6s coincides with the map in Definition (I4.2.1ip . 

Proof, (i): These follow easily by writing everything in terms of creators and annihilators via 
lemma ()4.2.13p and direct calculation. We give the calculation for 6s{A{g) l)ip. Let ^jJ G D{Q) 
and g & Tl, then 



[Qs,A{gM=Y^ 



a*(J/,) ciJfj) + a{f,)c*ifj), + a*{Jg)) 



n 

-= J]([a*(J/,),a(g)] c(J/,) + K/,),a*(J9)] ®c*(/,)) 

^ n 

-= (-(5, J/,)l c(J/,) + (/,-, J5)l c*{fj)) , 

.7 = 1 



il0 c{^i{Jfj,g)Jfj) + c*i^i{Jfj,g)fj) I 

n 

i=i 



where the fourth used c(A/) = Ac(/) and c*(A/) = Ac*(/), and the last used C(/) = ■^(c(/) + 
= 7i(c(/) + c*(J/)) for all / G Da)- 
The identity for 5s(l(g)C(/i))^/^ follows similarly but with the Y factor appearing as {c{f),c*{g)} 
{f,g)Y = {f,Yg) for /,5G2). 

(ii): Let g £ © © JXs). Then as is an orthonormal basis for we get 

n n 

and for /i G (X, © JX,) we get Ej=i(/j> ^^>/j = -^i^^ = ^^/i as [Y,Pi] = 0. The result 
follows from (i). □ 

Using this we have that 

Theorem 4.2.15 There is a superderivation 5 : A ^ A with respect to the 'L2-grading on 
A as described in Section \3.kA which coincides with 5 in Definition (j4.2.1ip on the generating 
G := {A{f) © 1,1 © C{g) | / G 2),^ G Di ©y 2)2}. Furthermore 5^ = 0. 
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Proof. Let C Si be any finite dimensional subspace and consider the subalgebra, 

AiX,) := *-alg{^(9), Cih) | 9 G © X, JX^, heX,® JX,}. 

Every elementary tensor A is in A{Xs) for some Xs- Hence lemma ()4.2.14p (ii) gives that 
Ss{A) = 5{A) for all A G G and this Xg. As elements A are finite polynomials in the elementary 
tensors, we see that 6 given by definition (j4.2.1ip extends to a super derivation on A. 

Also Ql = (cf. lemma (14.2. 1411 (i)) implies (5^ = 0. □ 

Remark 4.2.16 Note that the appearance of the Y appears in 5^(1 C{g))ip, is due to the 
fact that on the ghost space we are using the inner product (•, 

4.2.5 BRST charge 

We want to construct Q such that Q generates 6. Once this is done we can connect to results in 
Section 13.21 such as the dsp-decomposition, and Section 13.31 such as the extended algebra Aext 
and Theorem (j3.3.1ip . First a useful lemma, 

Lemma 4.2.17 LetXg be a finite dimensional subspace ofDi. Then there exists an Sj-orthonormal 
basis {fj)JLi of Xs where m = dim(Xs) such that {hj := fj/\\fj\\?,Y \j = l,...,m} is a Sj^ - 
orthonormal basis of Xg, 

Proof. As Y is positive, we have that (•, •)y defines a positive quadratic form (cf. [16j p27) on 
Xg. Therefore we have that there exists a positive self adjoint operator T G B{Xg) such that 

{g,f)Y = {g,Yf) = {f,Tg), (4.27) 

for f,g £ Xg. As Kery = {0}, we get that KerT = 0. Now T is a self adjoint operator on 
a finite dimensional space Xg and so has a complete set of orthonormal eigenvectors (fj) that 
span Xg. By (I4.27P we see that (fj) is the basis we are looking for. □ 

Remark 4.2.18 Note that as Y does not in general preserve the finite dimensional subspace 
Xg, T in the above proof need not be equal to Y. 4k 

Now define: 
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Lemma 4.2.19 Let Xg be a finite dimensional subspace of let A = {fj)^^i be an Sj- 
orthonormal basis of Xg, and let, 

= alg{{a*{g) ® 1, a*(/,) ® 1, a*(J/,) ® 1, 1 ® c*(/,), 1 ® c*{Jfj)\g G S*}), 

by the algebra generated by the above creation operators. Furthermore let, 

where ft is the cyclic vacuum vector for D{Q). Then 

(i) V^" and S^" do not depend on the choice of A, and so we will only use the A subscript 
when we want to emphasize the basis we are using in a proof. 

(a) For all ip G D{Q) there exists a finite dimensional subspace Xgi C Si such that ip G 5^"' . 
Moreover 

D{Q) = span{yjS^''' \ finite dimensional subspaces C 



(Hi) JtS = S " where Jt is the fundamental symmetry onH = D(Q). 

Proof, (i): Follows as Xg is finite dimensional and / o,*{f) and g c*{g) are linear. 

(ii) : Let V' € D{Q) = g^o (2)) (8)g^o (S)i ©y 2)2). Then = AO. where A is a polynomial of a finite 
number of creators a*{fj) ® 1 and 1 ® c*{gk) where fj e D, gk & ©y 2)2), j, k G Z+. As 
23 = 2)t©2)i©2)2 we can choose a finite dimensional subspace Xg' C S)i such that Dt^BXg/^BJXg' 
contains all the arguments of the creators and annihilator in the polynomial A. Hence A G V'^^ 
and 21; = Ane 5^-' . 

(iii) : We have r_(J)c*(/)r_(J) = c(J/) for / G (S)i©y2)2), r+( J)a*(/)r+( JjV' = a(J/)V' for 
/ G 2) and V e S^iD) and Jt = r+(J) r_(J). As J{Dt Q Xg e JXg) = 2)* © © JXg it 
follows that JtV^'Jt = V^', hence as Jt^ = ft we get that Jt<S^» = S^'. □ 

We want to define Q so that it is independent of a basis of Xg. 

Lemma 4.2.20 Let Xg C Xgi be finite dimensional subspaces ofDi then: 

(i) For all ip G 

Qgtp = Qgitp 

(ii) QgS^^ C and Q*gS^^ C S^^ . 
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Proof, (i): Take ip S and suppose that dim(Xs) = m < dim(Xs') = n. Now by 

lemma (j4.2.17p . take an ^-orthonormal basis A = {fj)J!^i of Xg such that it is also a S)^- 
orthogonal basis for Xs, and take an ij-orthonormal basis A" = OXg such that 

it is also a ^^-orthogonal basis for Xg' Xg- Therefore A' = {fj)J^i is an ^-orthonormal basis 
and i^^-orthogonal basis for Xg'- Now, 

n 

{Qs-Qs')= Yl K ) ® c( J/, ) + a(/,-)®c* (/,)]. (4.28) 

j=m+l 

By the way we chose A' we have that fi _Lf, fj and /« -L^y fj for i < n, j > n + 1. So as -0 = AO, 
where A G V'^" , we see that we can (anti-)commute all the terms in the RHS of (I4.28[) through 
the terms in A to Jl, which they annihilate. Therefore 

{Qs - Qs')i^ = 

(ii): Let V £ S-^" . Then -0 = AVl where A G V'^" , and so using the (anti)commutation 
relations for a(/) and c{g) (cf. (j4.23p and (j3.ip ) and that the annihilators annihilate fi, we have 
Qs'ilJ G S^^ . Also we have 

where we have used lemma (14.2. 19|) (iii) and qI = Qs on S^" (cf. lemma(142T3J) (i)). □ 
Using this lemma we construct the BRST charge Q. 

Theorem 4.2.21 Let %[) G D{Q), let Xs he a finite dimensional subspace ofDi such that ip G 
S^" , and define 

Qip := Qstp. 

Then Q extends to well defined operator with domain D{Q) and: 

(i) Q preserves D{Q), is Krein symmetric (hence closable by Proposition (j7.2.4p ) and Q'^ip = 
for all ijj G D[Q). 

(ii) Q is Krein symmetric (hence closable) and preserves D{Q) and Q = for all ip G D{Q) . 
Hence Q has ds^- decomposition (cf. Theorem (13.2. ) 

n = nd®ns® Hp, 

where 7id = Ran Q, TLs = Ker Q n Ker Q* , Tip = Ran Q* . 
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(Hi) = for all V G D{Q*). 



Proof. Let ip £ D{Q), then by lemma (j4.2.19p (ii) we have there exists a finite dimensional 
subspace Xg C T)i such that ip € and so Qtp = Qgip- We check that Qt/j = Qsip is 

independent of the choice of this Xg. Suppose that Xg/ C is another finite dimensional 
subspace such that ip G S'^^' and suppose that Xs,Xgi C Xgn where Xgii is a finite dimensional 
subspace of Then by lemma (j4.2.20p 

Qgip = Qgiiip = Qg'ip, 

and so Qip = Qgip is independent of the choice of this Xg. That Q extends to a well defined 
linear operator on D{Q) is now obvious. 

(i) : Let V G D{Q). Then ip G S^- for some finite dimensional subspace of Xg C 2) i . So we have 
that = QsV' G 5^% hence QD{Q) C Furthermore by lemma ()4.2.20p (ii) we have 
that Q'^tp = Qlip = hence Q'^ip = 0, and Q is f-symmetric as Qgi is for all finite dimensional 
subspace Xgi C Di. Also, Q is closable by Proposition (j7.2.4p . 

(ii) and (iii) now follow from lemma ()3.3.ip and Theorem (j3.2.ip . □ 
4.2.6 State space 

By Theorem (I4.2.2ip (ii) Q and 7i satisfy the conditions of the dsp-decomposition (Theorem 
(j3.2.ip ). We want to be able to calculate Tig explictly since Tig = Ti-p/^f^ via the natural 
isomporphism if in lemma ()3.2.7p (ii). Also to use Theorem (|3.3.1ip . we need to extend A to 
Aext to include the above projections, etc, as in lemma (|3.3.3p . For this, we need the following 
decomposition of D{Q): 

Lemma 4.2.22 (i) D{Q) has the decomposition 

D{Q) = (;?o(St)®{CO})eRanQeRanQ*. 

(ii) We have 

PsD{Q) = (?o(2)t) ® {CJ^}) C D{Q), PdD{Q) = RanQ C D{Q), 
PpD{Q) = Ran Q* C D{Q), 

where Pi is the projection onto 7ii for i = s,p, d. 
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Proof, (i): Let (p G D{Q), then by lemma (j4.2.19p (ii) there exists a finite dimensional subspace 
Xg C S)i such that ip = AQ where A G V'^". Hence it suffices to show that for all monomials of 
generating tensors A2 G V^'' we have 

^P = £ (doi^t) ® {Cn}) © RanQ © RanQ* 

We drop the tensor product © notation for the remainder of the proof. 
Case 1: 

Now by lemma (|4.2.17p . we can choose an ^-orthonormal basis A = {fj)'jLi of Xg such that 
ifj)]Li is also a ij^-orthogonal basis of Xs- Suppose that 

A2 = 

a\g,,)...a%g,^)a%h,)...a*{h^)a\Jfp,)...a%Jf,^)c\fr,)...c^ 
where 

• fki,---,fknfpi,---,fpgJri,---,frs,fh,---,ftn e {fj)]Li • Note that the arguments of the 
a*(-)'s may be repeated, but that the arguments of the c*(-)'s may not as the CAR's imply 
(c*(/i))2 = for all h G ©y Sa). 

• {l + q + s + u)=n£N and n ^ 0, 

• We use the convention that l,q,s,u = means that there are no corresponding creator 
terms in the monomial A2- 

That is A2 is a monomial of 'n-unphysical creators'. 

Now motivated by the formal calculation of A in equation (j2.40p we calculate as follows, 
where we rely heavily on the (anti)commutation relations for a(/) and c{g) (cf. (j4.23p and 
(j3.ip ) and that the a(/)'s and c{g)'s commute: 

m 

QsiQsT + {QsTQs = Y.{a%Jh)c{Jh) + a{ny{n),a{Jf,y{Jf,) + a*{fMfj)} (4.29) 
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Now {a*{Jf,)c{Jfi),a*{f,)c{fj)} = a*{Jfi)a*{fj){c{Jfi),c{fj)} = and hence, 

m 

Qs{Qsr+{QsrQs= 5](K(J/^)c(J/0,a(J/,)c*(J/j)} + {a(/0c*(/0,a*(/,)c(/,^ 

m 

= ^ {a*{Jfi)a{Jf,){ciJf,),c*iJfj)} + [aiJfj),a*iJfi)]c*{Jfj)ciJfi)) 
+ {a*{fMmc{fj),c*{m + [a{n),a*{f,)]c*{mJfj)) 

m 

= Y.^m%Ao*{jfMJfj) + ^*ifMm + [c*iJfMJfj) + c*{fMm) (4-30) 

i=i 

where the second equahty can be checked by expanding the respective brackets and the third 
follows from the (anti) commutation relations for a{f) and c(/) (cf. (|4.23p and (j3.ip ). the S)- 
orthonormality and ^^-orthogonality of {fj)^i, and the unitarity of J. 

Now by the definition of Q (Theorem (|4.2.2ip ) and lemma (j4.2.20p we have that ip,Qip = 
Qstp G 5-^". By lemma (|4.2.19p (ii) and (iii) it follows that JtD{Q) = D{Q). Hence, by 
Theorem (14.2. 2ip (ii) and lemma ¥LTVi) it follows that Q* = JtQ^'Jt = JtQJt on D{Q) D S^" . 
Furthermore, JtS^" C S-^" (cf. lemma (j4.2.19p (iii)), hence we have that Q*^p = JtQJt^P £ 
S^". We calculate, 

{QiQT + {QTQ)^ = {QsiQsT + [QsTQs)^ 

m \ I m \ 

jy\\f^\lrW*{Jf3Wh) + a*{f,)a{fmi^+ \Yyc\Jf,)c{Jf,) + c\f,)c{f,)]\ ^ 

m \ 1 m \ 

(4.31) 

where [hj)™^-^ = (/j/||/j ||f,y)j=i is a ^^-orthonormal basis of X. 

Note that the above formula looks similar to a number operator but with the H/jH^y factors. 
This motivates the following calculation. Let G {fj)Y=i ™^ suppose that A2 has w creators 
a*{fv) where w £ Z"*". Then 

\\fv\\lYa*{f,)a{f,)i; = ||/.|||ya*(/,)a(A)A25^ = = wWfkWlvi^, (4.32) 

where we calculated similar as for number operators in the last equality using the OCR's (cf. 
equation (|4.23p ). We also have 

\\fk\\lYC*{hk)c{hk)^l^ = \\fk\\lYC*{hk)c{hk)A2n = \\fk\\lYA2n = IIMllrV, (4.33) 
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where we used the CAR's (cf. equation (|3.ip ) c*(/fc) = ||/fc||^yC*(/iA:), that (hj) = {fj/\\fj\\?,Y) 
is an orthonormal basis of and that A2 can have at most one c*{fk) term with the identity 
being trivial when there is no c*{fk)- 

Using equation ()4.32p and equation (j4.33p . the similar equations for the orthonormal basis 
[J fj)^=i of J^s, and that n > and > we can calculate using equation (I4.3ip . 

{Q{QT + {QYQ)i' = c^^- 

where > is some positive constant. Therefore we have, 

= {l/C^){Q{QT + (Q)*Q)V' C RanQeRanQ* (4.34) 

Case 2: 

Suppose A2 G V-^" is a monomial of a*((7)'s with arguments in g G T)t, then if) = G 
(5o(St) ® {C^g}). By (OOD we also see that (5o(St) ® {CI}) C Ker {QQ* + Q*Q) ± (Ran Q 
RanQ*). 

Combining Case 1 and Case 2 gives that for any monomial A2 G V-^^ we have that 

A2^ G (i?o(St) 0{ra}) e Ran Qe Rang*, 

hence, as dicsussed at the beginning of the proof, D{Q) has the decomposition we require, 
(ii): Immediate from (i). □ 

Remark 4.2.23 (i) The calculation in equation (|4.3ip is the rigorous version of the formal 
equation (j2.40p . This is the equation that shows that the ghosts are removed in the final 
physical space n^^yl^ in BRST-QEM case, and is the crucial calculation in showing that 
BRST gives the correct physical results for QEM below, e.g. Theorem ()4.2.27p . 

(ii) Also D{Q) = Ran Q®7is®^&n Q* is assumed to follow in a slightly different context in [61] 
Proposition 6 p203 in a very similar manner to lemma (j4.2.22p . The difference with the ap- 
proach taken in [61j is that only representations of the algebra Z(l, 1) := alg({Q, Q* , G, A}) 
is considered rather than the whole algebra A which will correspond to the smeared gauge 
potentials in the BRST-QEM example. 

Using this we can calculate TCs- 
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Corollary 4.2.24 (i) We have, 

(a) If if : (Ker Q = {Hs © Hd)) {^-iphyi^ = KevQ/Hd) is the factor map then, 

where the above isometric isomorphism is given by ip\-Hs '■ '^s '^ph^V ■ Moreover, 

where the above isometric isomorphism is also given by ^p\ns- 

(Hi) If J\zit = 1 then JtPs = Ps where Jt = Tj^{J) ® r_(J) is the fundamental symmetry on 
D{Q). That is the physicality condition given by equation (j3.29p holds. 

Proof, (i): From lemma (|4.2.22p we have, 

nsnDiQ) = do{^t)^cng, 

and, 

{-Hd © Hp) n D{Q) = D{Q) e idoi^t) © CQg). 
As Tis and (Tid © TCp) are closed we have 



Hs D doi^t) © cftg = di^jt) © cng 

{Hd © Hp) D DiQ) Q (doi^t) (S) Cnp) =nQ {diSip) © CQg), 
and so, as Hs -L {Hd © Hp), 

Hs = di^t) © CQg, {Hd ®Ht)=He {d{sjt) © cng). 

(ii) : Obvious. 

(iii) : If J\sj, = 1 we have that Jt = (r+(J) © r_(J)) = 1 on = {^{Sjt) © ^g)- Therefore 
JtPs = Ps- □ 
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4.2.7 Physical algebra 

By lemma ()4.2.22p and lemma ()3.3.3p we can extend the Z2-grading from A to Aext '■= *-alg{^U 
{Q , K, Pp, Pd, Ps}} and extend the domain 5 to D{6) = Aext as done in Section [3^ To inves- 
tigate the BRST operator cohomology, recall that from Theorem (j3.3.1ip we have an algebra 
isomorphism: 

■pBRST ■- ^KeTdnA)/iRan5nA) = ^f* (Ker 5 n ^) . 
To calculate this we need make some definitions. Let, 

Am = alg{{l,a{f),a*{g) : f,g em}), 

and 9Jt is a subspace of Sj. Note that ^({0}) = {CI}. Now recall that = A{D), Ago = 
*-alg{C(/) I, / G S)i ey TI2} and A = Aq Ago (cf. Subsection SXS])- Define 

A:=^(S)i©D2), Aph:=A{St), An ■■= Ab (S) Ago, 

and note that AbAph = Aq, and A = {Aph l)Au, since 2) = 2)j © 2)i © D2 = St ©y S)i ©y 2)2- 
Now let, 

B := alg({a(/) © 1, 1 © c{g) : /, 5 G © ©2}), 
Note that B is not a *-algebra and 1 ^ B. Furthermore, it is not hard to see that 

An = span{l + B + B* + B*B} 



Remark 4.2.25 We need to include 1 in RHS above, otherwise we can't (anti)commute ele- 
ments and we don't get a *-algebra. This is not done in [60J pl321 for the 1-cell case, and is 
why the authors have the result that Ker 6 = Ran 6 which is Theorem 1 of that paper. This is 
not to say that the result in [6^ is wrong, just that the domain of 5 is in that paper is not the 
whole field algebra A. 4|k 

Lemma 4.2.26 We have: 

(i) Let Ai € Aph © 1 and A2 € Au, and = © S ^"""(i^) © ^g- Then 

{Vt,AiA2^) = (f), A2JI) 
130 



(a) For allT G A there exists S E Aph (X" 1 such that, 

{n,Ri{T - S)R2n)) = 0, yRi,R2 e Aph<S)l 

Proof, (i): First note that by normal ordering, we can write A2 = cl + C where c G C, 
C g{B + B* + B*B). Now B^ = 0, so we get that ^2!^ = cQ. + where C2 G B*, and 

{n, A2n) =c + {n, C2^) = c + {02^, n) = c. 

Now we calculate, 

{n,AiA2n) = {n,Ai{c + C2)n), 

= {n,Ain)c+{n,AiC2n), 

= {n,Ain){n,A2n) + {C2n,Ain), 

= {n,Ain){n,A2n) 

where we used that C2 G Au and [Au,Aph 03 1] = on D{Q). 

(ii): Let T = Yll=i o-i-^iBi ^ A = AphAu, where G C. vlj G Aph 1 and -Bj G Au- Then we 
have that for all Ri, R2 G .4p/i (8) 1 , 

n 

{n,RiTR2n)= Y,{^^RiaiAiR2B,)n), 

i=l 
n 

= '^{n,RiaiAiR2n){n,Bin). 

i=l 

where we have used that [Au,Aph <S> 1] = on D(Q) for the first line and (i) for the second. 
Now if we let bi = {Q,BiQ) and S = Y27=i'^i^i^i ^ •^ph ® 1; then it is clear from the above 
calculation that 

n 

{n,Ri{T - s)R2n) = J2i^^Rl(^i^iR2^)i^ABi-b^)n) = o. 

i=l 

As all elements in A are of the form of T we are done. □ 
From the above lemma 
Theorem 4.2.27 We have, 

■pBRST ^ ^ext(j^^^ 5nA)=Aph(S)l. 

where the above algebra isomorphism is as given in Theorem (13.3. llh . 
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Proof. Take T = YJI=i aiAiBi G (Ker 5 n A), Ai ^ Apt Bi e Au- Then by lemma (I4.2.26P (ii) 
we have that there exists S G Aph such that, 

{n,Ri{T - s)R2n) = {), yRi,R2eAph. 

By Corohary ()4.2.24p S^s = Aph^, hence by the above identity PsTPg = PgSPs- As 5 is a 
polynomial in creators and annihilators over Dt, we get that S{S) = by the definition of 6 (cf. 
Definition (14.2.111) ) and PiDt = P2'3t = {0}. 
Hence 

$f *(Ker 5nA) = P.(Ker 5 D A)Ps = Ps{Aph <S) l)Ps = Apt 1, 

where the last equality follows from PsD{Q) = ^o{T)t) {CI} and Aph ■= A{'Dt)- By Theorem 
(|3.3.1ip the result follows. □ 

4.2.8 Example: Finite KO Abelian BRST 

The following example is KO Abelian BRST for a finite number of bosonic constraints. The 
corresponding test function spaces for the fields and the ghosts for this situation are as follows: 

• Let 

2) = © 2)i e ©2 

be an abstract test function space with all the structures as in Subsection (|4.2.2p . and 
with dim(2)i) = m where m < oo. It is easy to see that such test function spaces exist 
if we recall the construction in lemma (|3.1.ip . In particular, has positive definite inner 
product (•, •) giving S^j = T>j for j = t, 1,2 and 

Also there exists a fundamental symmetry J G B{7i) such that {7i, (•, •)) is a Krein space, 
where (•, •) := (•, J-). Furthermore J2)i = 2)2 and JDt = 2)^. 

• For the ghost test function space let y = 1 and so as dimSi = dim 2)2 = m < oo we have 

= 2)i ©2)2 = 2)i © 2)2 where is defined as in Subsection (14.2. 2p . 

Using the constructions and results of previous sections we construct the BRST extension, 
super derivation and charge and calculate W^^f"^ and easily 'p^^^'^ for this 2). 

Proposition 4.2.28 Let 2) and ij^ = 2)i © 2)2 be as above. Then: 
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(i) Let be an orthonormal basis for Di. Then 



m 



Q :=Y^ {A{fj) C{Jfj) + A{ifj) C{iJf,)) , D{Qs) = D{Q) 



m 



= Y.[a*{Jfj) c{Jfj) + aifj) c*(/,)] 



(ii) We have Ti^^y 
and V^^ST ^ 




— {^{^t)®'C^g) where the isomorphism is given as in Corollary ()4.2.24p 



{Aph ® 1) where the isomorphism is as in Theorem (j4.2.27p . 



(Hi) If Tit = {0} then H^^yf^ = CO. and V^rst ^ (^^^ ^ j^^^^ ^ trivial theory. 

Proof, (i): As 5)i is finite dimensional we let Xg = 5)i and it follows from Theorem ()4.2.2ip 
that Q = Qs- The first formula for Q is then the defining formula for Qg, the second comes 
from lemma ()4.2.13p (ii). 

(ii): Follows by Corrollary (|4.2.24p and Theorem ()4.2.27p . 

(ifi): Let Tit = {0}. Then S)t = {0} and so by (fi) W^^f^ = d{S)t) CQg = CQ. Futhermore, 
Aph = AiTt) = Ai{0}) = CI and so (fi) gives V^^'^^ ^Aph<^l = CI. □ 

Remark 4.2.29 (i) Proposition (|4.2.28p (iii) (i.e. Tt = {0}) corresponds to H&T[55j p313- 
316 (though the operator algebra is not calculated here), and [60j though with the different 
result that 1 ^ Ran(^. This also answers in the affirmative the conjecture at the end of 
[60] . i.e. the ds;)-decomposition can be used to efficiently calculate the physical algebra 



(ii) Also note that while the formula for Q looks cosmetically very similar to that given for 
abelian Hamiltionian BRST there are key differences: 

1. We have that Kei A{fj) = {0}, and Kei A{ifj) = {0} for j = 1 . . . m, hence we get 
that TCq = {0} if we were to assume that these were constraints. This is why the 
Gupta-Bleuler approach is used in the Dirac constraint version of QEM. 

2. The ^(/)'s are Krein symmetric, but not Hilbert symmetric. This effects the cal- 
culation of Ker A in equation (j2.33p and this is why we do not have the result that 
Ker A = TCQ<^7ig = {0} as may be expected (wrongly) from the abelian Hamiltionian 



pBRST (pf_ Remark (I3XT3D (ii)). 



BRST example (c.f equation (jCTD ). 
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3. We did not use the Berezin representation of the restricted ghost algebra. We used 
the Ghost algebra that comes from smearing the CAR creators and annihilators over 
the appropriate test function space. 

We see that finite KO Abelian BRST differs from Hamiltonian ERST in several significant ways. 



4.3 Electromagnetism 

Now that we have constructed the appropriate well-defined BRST structures, we substitute 
the QEM test function space T) and ghost test function space (cf. Subsection (j4.1.ip and 
Subsection (|4.1.3|) ) to calculate the BRST physical space and BRST physical algebra for BRST- 
QEM and compare this to Gupta-Bleuler QEM as done in [46] Section 5.6. 
Recall for QEM: 

= {/e^|p.f(p) = o,/o(p) = o}, 

and Dt = ^nS)t (cf. (|4T0]) ). 

Proposition 4.3.1 We have that: 

(i) The physical state space for BRST-QEM is: 

where the above isomorphisms are as Corrollary (|4.2.24p . 

(ii) The physical algebra for BRST-QEM is: 

j,BRST ^ p^(Ker (5 n A)Ps = Aph^l = A{Dt) 1. 

where the isomorphism as in Theorem ()4.2.27p . 

(Hi) The physicality condition JtPs = Ps holds where Jt is the fundamental symmetry for the 
Krein space {?{,{■, ■)t) (cf. Definition (j3.2.10p and Subsection \4-2.^ . Hence the Hilbert 
and Krein inner products coincide on W^^f^, i.e. (•, •)p = {•,-)p. Moreover, the Krein 
^-adjoint on 'p^^^'^ corresponds to the Hilbert *-adjoint. 

By the expression for Sjt above, the BRST physical space and algebra correspond to the transversal 
photons and have Hilbert inner product and adjoint respectively. 
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Proof, (i): By Corollary (14.2.241) (ii). 

(ii) : By Theorem (14.2.271) . 

(iii) : By equation (j4.10p we have that JS^t = hence by Corollary (j4.2.24p (iii) the physicality 
condition JtPs = Ps holds. By lemma (I3.2.7P (iii) the inner product is positive definite and by 
lemma ()3.3.8p (ii) the Krein f-adjoint on 'p^^^'^ corresponds to the Hilbert *-adjoint. □ 

We compare this to QEM using Gupta-Bleuler constraints as done in [l6] Section 5.6. A 
technicality in making this comparison is that [l6] defines the unconstrained fields on Fock-Krein 
space with 1-particle test function space D rather than D D D that we have been using (see 
Subsection l4.ip . We assume that this technicality is only a minor difference due to D = D = Sj, 
and the fact that by Theorem (j4.2.3p ^ gives / ^(/)V' is continuous for all ^p S ^q{S)). The 
results and proofs in [46] Section 5.6 are virtually identical using 2) as 1-particle space and we 
now give a summary using our notation. 

Let C = {x{h) := a(/) | h £ 5(M^,M), f^{p) = ip^h{p)}, where we are identifying / with its 
image in = L^(C_(_, C^, /x) as done in Section HTl That is, C is the set of smeared Gupta-Bleuler 
constraints as in [93] p246. Let 

Tt:' = {-0 e 5o(S) I e D{x{h)) and x{h)i> = V/i G 5(M^ M)} 

Let 7i" be the neutral part of 7i' with respect to the indefinite inner product (•, •)o on T>q = 
3^o(2))- If we recah 2)3 = Dt Di (cf. Theorem (liXeD ) then, 

Proposition 4.3.2 We have, 

(l) W = ?o(S)3) 

(ii) n" = {V G M^s) I G Sni^i 2)3 ... 2)3)} 

(iii) Let Pf be the projection on Dt and let ip = ipip for ip £ 7i' where 93 : — > 7i' /7i" is the 
factor map. Then 

u : n'/n" ^ doi^t), ui: = r(Pj)^ 

for all Tp £7i' is a well defined isomorphism. 

Proof. By Proposition (j4.1.3p and Theorem ()4.1.6p (i), 

2)3 = S)t e Di = D n ^3 = {/ e D : p^,f^{p) = 0}, 
2)i = {/ G 2) : f^{p) = (ip^Mp) for h G ijo}, 
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(i) and (ii): The Proposition follows from Proposition 5.19 and Proposition 5.21 in 
(iii): As -Pt|x)t = 1 it follows that r+(P()| ^^(j)^) = 1, and as PtDi = it follows that 

n" C Kerr+(PO and r+(Pt)^?o(3t) = M^t) C Ranr+(Pt) 

Now P; = Pt and T+{Pt)* = T+{Pt) and so by the above we see Ti" ± doi^t)- Now from 
2)3 = 2)f © Di it follows that 

n' = doi^s) = M^t) © n" 

From the above we see that r+(Pj)|-^/ is the projection on 5o(2)t) C 7i' and so the map C/ is a 
well defined isomorphism. □ 

The physical state space in the Gupta-Bleuler approach is H'/H" = So{T)t) = ^^^f^ and so 
we see that the BRST phsycial state space is naturally isomorphic. 

We now define and calculate the physical algebra for the Gupta-Bleuler approach. 

Theorem 4.3.3 The observables of Aq = alg{{A{f) \ f € 2)}) in the Gupta-Bleuler approach is 
the subalgebra of O^^ C ^0 that factors to Ti' /Ti" i.e. 

O^^ := {vl G A I An' C W, AH" C U"}. 

The trivial observables are 

pGB ._ 1^ g qGB I ^ ^//|^ 
The natural physical representation of O^^ is defined by 

^GB ■■ o^"" ^ Ovin'/n"), 7:GB{A)i, = M 

for all Tp ^7i' . With these definitions we have: 

(i) KerTTGB = . Hence is a two-sided ideal. 

(ii) The following algebra isomorphisms 

qGBij^GB ^ ^^^^qGB^ ^ ^^25^) 

where we are assuming no topology. 
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Proof, (i): Obvious. 

(ii): First, C'G'B/pGB ^ ^^^^^qGB^ -g obvious from (i). 

Next recall from the end of the proof of Proposition (j4.3.2p (iii) that Pot '■= '^+iPt)\'H' is the 
projection on ^o{T>t) C Ti' . Define 

^GB : O^"" ^ Op(?o(S)t)) by = PdiAPdi 

If we replace KerJ by O'^^, Tig by doi^t), T~ip by H" , and by ^gb in the proof of lemma 
p.3.10|) we see that ^gb is an algebra homomorphism. 
From the proof of Proposition (j4.3.2p (iii) we know 

W' = 5o(2)3) =5o(St)©W". (4.35) 

Moreover Pm'D^^'H' C PotT-C" = {0} and so it follows V^^ C Ker^cB- Conversely, let 
AeKei<^GB- We want to show AH' C TC" . By the definition of V^^ we know ATi" C TC" . So 
given equation (j4.35p above we need only show A^Q{T)t) C TC" . But as ^ S Ker^cB we have 
A^oi^t) = APdiW ^- PotH' = ^Q{T)t) hence A5'o(S)i) C H" hence AH' C hence A G P^^. 
Therefore we have that 

P^-^ = Ker^GB- 

But PDt\^o{'i)t) = 1 we see that $GB(-4(2)t)) = A{Tit), and so we have that 

(jGBij^GB ^ = _4(2;)^) 

where the above is an algebra isomorphism. Hence the statement of (ii) follows. □ 

If we compare Theorem (I4.3.3P (ii) and Proposition (14.3. ip (ii) we see Gupta-Bleuler algebra, 
qGB jjyGB ^ is isomorphic to the BRST-physical algebra above. So the BRST approach and 
Gupta-Bleuler approach to QEM give equivalent results at the level of the CCR unbounded 
field operators acting on Fock-Krein space. 

Remark 4.3.4 Different choices of Y can give equivalent results for the final physical objects 
but do necessarily give the same smeared 5. To see this take the QEM test function space 2) 
but let y = 1, hence we have ghost test function space 9)^ = -^i ® -^2 as (•, •)y = {-^Y-) = (•, •) 
( cf. Subsection [3X3]). We still get from Corollary (|4.2.24p that: 

n^^yf = KevQ/Hd = ns = imt) ® CQg). 
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and from (I4.2.27I] . 

^BRST ^ p^(Ker 6 n A)Ps =Aph^l 

the difference being that the ghost spaces, ghost algebras, and Q are now different. That is 
using Y = 1 gives equivalent physical results to the usual BRST-QEM with Y = defined in 
Subsection 14.1.11 

However using Y = 1 does not give the usual smeared heuristic formulas for 6. We can 
calculate this directly, but first we show what using Y = 1 corresponds to heuristically. If we 
look at how Qs is constructed, we see that it is by summing smeared creators and annihilators 
over finite orthonormal basis ifj)jeA of However these basis vectors correspond to 

V2||p|| 

where {hj)j^\ is an orthonormal basis of rather than the smeared constraints in Di, ie 

{f{p))/i = -iP/iHp), 

where h{p) £ Sjo is has norm equal one. That is we have constructed a rigorous version of 

"&2(prc2(p) , ci(pr6i(p)" 



(1/2) / d^p(l/po)[62(p)*C2(p)+ci(p)*6i(p)] 



rather than ^^X^ 



Qh = V2j d^p (po)[&2(p)*C2(p) + ci(p)*6i(p)]. 



To see the problem rigorously let Y = 1. Then Sj^ = S) and T : 53 ^ D2 though still well 
defined (cf. lemma (|4.1.12p ). is no longer isometric and does not extend to a unitary from ^0 to 
Sj^ (now = Sj). Hence we are no longer justified in using the identifications of r]s{h) = C{Th) 
and r]s{h) = —ir]s{ih) for h £ Sjo with the formal scalar ghosts as the anticommutation relations 
will not be preserved (cf. Proposition (I4.1.14P (iii) requires that T be isometric). 

To get an ^-isometric operator T2 that goes from the scalar Dq to D we define, 

Definition 4.3.5 Let T2 : Do ^ 2)2 be 

T2 -.hip) f{p) = (-P0,Pl,y2,P3)- 

v2||p|| 
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then we define r]s2{h) := 1 (gi r]{T2h). From {P2f)n{p) = {Pv {p)) / i / £ 2), we can 
calculate: 

{T,^P2f){p) = -^rip) 

v2||p|| 

Therefore Definition (j4.2.1ip and the above equation give: 

6{A{f) 1) = -il (g> C{P2if) = -il r]s2{T2^P2tf) 

+ -il(S)r]s2i-iPf,F{p)) 
where the last line is what we would need for the previous formal correspondence. ^ 

4.3.1 Covariance 

Consider the Poincare transformations generated by the transformations on D: 
{Vgf){p) := e*^»A/(A- V) V/ G S{R\ C^), g = (A, a) G vl 

As A is a constant matrix, Vg preserves D. By the covariance of the formula for (•, •) (cf. 
Subsection 14. 1 . 1| ) Vg is (•, •)-Krein-unitary on 2). It is not however (•, •)y-Krein unitary on 9)^ . 
As S)^ is the ghost test function space, and the ghosts are unphysical, we are free to construct 
any unitary representation of v\_ on Sj^ . We do this by using the Poincare transformations on 
the scalar space T>o, i.e. let 

{Ugf)ip):=:=e'P'^fiA-'p) V/GcS(R,C), g = iA,a)GVl, 

then g ^ Ug defines a unitary representation — > B{Sjo), (recall = = ^^(C+; C, Aq)). 
Using this and the fact that T G B{Sj(),Sj2) is also unitary, we define Sg G B{SjY © SjJ) by 

Sg := TUgT-^Pf + .JTUgT-^Pf .J, yg = (A, a) G Vl (4.36) 

Now 

Lemma 4.3.6 We have: 

(i) Sg is both (•, ■)y -unitary and (•, ■)Y-unitary, for all g = (A, a) G V^. 

(ii) g ^ Sg defines a representation V\_ P{^X ©^2')' which is both ■)y -unitary and 
{■, ■)Y-unitary. 
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Proof, (i): Let f e S^J ® Sj^ . By the definition of T (Definition (|iX9]) ) we have that 
TUgT-'^pf 
we get that, 



TUgT~^pf f G ?)l and JTUgT-^Pf Jf £ S)Y . As T, Ug,J are isometric and SjY ± ^)\ 



\S,ff^Y = WTUgT-^Pf fWlr + WJTUgT-^PfjfWlr, 
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and so Sg is (•, •)y-unitary. 

From ,P = 1 and the definition of Sg it follows that JSgJ = Sg, hence JSgSg = JSgJS*J = 
SgSgJ = J therefore SgSg = 1 and similarly SgSg = 1, hence Sg is (•, •)y-unitary . 

(ii): Let gi,g2 G V]^. As g ^ Ug is a representation and as T : i^o — > ^2 implies T~^P^ T = 1$^^, 
we get: 

TUg,g,gT''pf = TUg,Ug,gT-'pf = {TUg,T-'pf){TUg,gT-'pf). (4.37) 
Similarly using T'^P^'^ ,PT = p-^pf^T = Ij^^ we calculate: 

JTUg.g^T-^Pf" J = JTUg^Ug^P-^Pf" J = J TU g^iT'^ P^ .f T)U g^T'^ P^^^ J , 

= {JTUg,T-^Pf J){JTUg.,T-^Pf J) (4.38) 
Combining equation (14.370 and equation ()4.38p with the definition of Sg gives that 

Sgig2 = Sg-^Sg^ 

and hence g ^ Sg is a. representation v\_ B{SjY © ^2)^ which is both (•, •)y-unitary and 
(•, •)Y-unitary by (i). □ 

So given that Vg and Sg are Krein unitary in their respective HP's, we see via [75] section 
4 that Rg = T^iVg) T^{Ug) is well defined on , preserves and is (•, •)T-unitary {i.e. 
Krein- unitary on cf. Section [4.2.3p . Moreover as g ^ Vg and g ^ Ug are representations of 
V]_ we get that and g —>■ Rg is a (•, •)T-unitary representation V^, Op(5^). We define: 

ag{Aif) C{m ■■= RlW) ^ CimRgi; = iA{Vgf) C(S,/))V, ^P G ■ 
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Note that the for g E Vj^ above formula extends to a f-automorphism on all of ^ = ® -^g 
(cf . Section I4.2.3P , and that as (7 —> ii^ is a represention of V\, we have 

defines a representation of V]^ Aut {A). 

We see that 6 commutes with the relativistic transformations. 

Lemma 4.3.7 We have for all g = (A, a) € V\_, and all A £ A. 

{5oag){A)^l; = {agoS){A)^P, € . 

Proof. Clearly it suffices to check the statement on the generating elementary tensors in A. 
Suppose that g = (A, a) e p|, / e D, and -0 G 5^. Recah that Pi""^ f = P^f = P2/ for / G S. 
Now from Definition (14.2. lip we have that for f G D, 

{6 o ag){A{f) = 6{A{Vgf) 1)V^ = CiP2Vgif))i>, 

and, 

{ag o 6){A{f) l)^p = C{SgP2if))^, 

Also, 

{6 o ag){l C{f))ijj = 6{1 C{Sgf))^ = {A{YPiSgf) ® / G Di ey ©2 

and, 

{ag o 6)(1 C{f))^ = {A{VgYPif) 

To complete the proof we must show that -P2^g/ = SgP2f for / G 2) and YPiSgf = VgYPif 
for / G S)i (By "^2, which we do by direct calculation. 

PaVgf = SgPaf : 

Using Proposition ()4.1.3p we calulate, 

(.P2Vgf{p))^ = e'Py>^{p,{Af{A-'p)r)/{2\\pf). 
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Also, 



iSgP2fip))^ = {TUgT-'P2f{p)) 



= {TUg){p,r{p))^, 

_ e^P-T{{A~'p),nA-'p))^, 
-- e^P'^T(p,(A/(A-ip))-)^, 
--e'P-p>^{p,{Af{A-^p)r)/{2\\pf) 



(by equation (j4.15|) l 

(by A-^ = At) 

(by Defintion (|iX9]) (ii)) 



hence P2Vg = SgP2. 

YPiSgf = VgYPif for / e Si e 

Now T : Sjo ^ ^2 implies Pf'^^Th = for h €z Sjo- Hence by the definition of Sg we have 
YPiSgf = Y PiJTU gT^^ P2J f , from which it follows similar to the above calculation that, 



{YP,Sgf{p))^ = e^P%((A-V).(/(A-M).) 



and also, 



{VgYP^fip)), = e'P^A,^{A-'pU{A-'p,)ifiA-'p)),), 
= e^P%((A-V).(/(A-V)).), 



and so YPiSq = VqYPi. 



□ 



Using this lemma we show that Q is relativistically invariant and hence that BRST-QEM is 
'manifestly covariant'. 



Proposition 4.3.8 We have for all g = (A, a) G V, 



T . 



(i) For all ip € , 



ag{Q)^ := RlQRgij = QV- 



(4.39) 



hence RgKeiQ = KerQ CLiT'd iJgRanQ = RanQ. 



(ii) We have Rg factors to a ^-unitary operator Rg on the dense set ^^^f^ C 'J-l^^^'^ = 
Ker Q/RanQ, which extends to a *-unitary on W^^f^. Hence g ^ Rg is a Hilbert unitary 
representation of'P\_- 

142 



(in) We have: 

ag{Kev6nA) = (Ker^n^), ag{Ran6 nA) = {Ran6nA). 

Hence ag factors to an automorphism, dg on "p-^^-S"^ — (Ker 5 n A) /(Ran 5 H .4), that is 
implemented by Rg when 'p^^^'^ acts on T^pj^g^ as described in Proposition ()3.3.7p (i). 
Furthermore g ^ dig is a representation 'p^^^'^ Aut (P^^^^). 

Proof, (i): Let ip = PQ e , where T is a polynomial in ^(/)'s and C^gYs. Then using the 
fact that the vacuum is invariant, i.e. Rgil = RgQ, = Q, for all g = (A, a) G V\, and Qi), = 0, we 
get that 

RlQRgij = RlQRgTn = RlS{RgTRl)n = <5(r)flti7 = qtQ = 
where we use lemma (|4.3.7p in the third last equality. 

(ii) : Part (i) implies that Rg factors to a f -unitary operator Rg on the dense set T^pj^g^ C 
n^ff/ = KerQ/Rang. Proposition (fiXTl) (iii) gives that {■,-)p = {■,-)p on 7^^^^^, hence 
the f-adjoint and *-are the same on 'Hpj^^'^ and so Rg is a *-unitary operator on ^^^^f^ hence 
extends to a *-unitary operator on W^^f^. Furthermore, g ^ Rg is a representation of V\. as 
g ^ Rg is. 

(iii) : By lemma (|4.3.7p we have for all A £ A. 

{6oag){A)i; = {ago5){A)i;, V G i^f • 

and so 

ag(KeT6nA) = (Ker^n^), ag(Ran6 nA) = (RanSnA). 
The rest of the statements are obvious. □ 

Part (iii) of the above Proposition says that the physical BRST representation is relativistically 
covariant. 

Another useful result is, 

Lemma 4.3.9 We have that VgXi C Xi, for all g = (A, a) G V]_. 

Proof. By Theorem (|4.1.6p and Proposition ()4.1.3p we know that, 

Xi = X n iDi = {/ G X : f^ip) = i{p^/\\p\\)h{p) for h G ^o} 
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and VgX G 3C. Therefore for f € Xi 

{VJ{p)), = e'r>-K,M^-^P)M^-^P)/\\^-M\) = e'P%ip^/\\A.-^p\\)h{K-^p) 
Now using the formula for Pi given in lemma (j4.1.3p . 

= e''^ (|[^) (WIIa^'pIDMa^M, 
= e'^^ (1^2) (WIIa-'pIDMa^M, 

= iVgfip)), 

where we used PuPu = 2||p||^ for p € C+. As Vg and Pi preserve X we get thatand so Vgf E 
(XnRanPi) = jCi. □ 

The above result is unsurprising as Xi is the test function space corresponding to the Lorentz 
condition (subsection ()4.1.2|) ) and so it shows that the Lorentz condition is covariant in our 
setup. 

4.3.2 Example: Constraints for Massive Abelian Gauge Theory 

We show that massive abelian gauge theory has test function space with structure as above, and 
that applying the preceding KO Abelian BRST gives the smeared version of the super derivation 
as in [92] p28. We do not go through all the steps in detail as they are similar to those done for 
BRST-QEM. 

Suppose again that Sq and S are as given in subsection ()4.ip . i.e. 

S = {f\fG 5(M^ M^)}), 5o = {/ I / e 5(M^ M)}) 
Let the mass hyperboloid be for m > 0: 

C+ := {x G I x^xf" = -m^, xq > 0}. 

Remark 4.3.10 Note that the convention of g^i, = diag{— 1,1,1,1) gives the —m^ term in 
the above definition of the mass hyperboloid. To define the mass hyperboloid using a positive 
term we can use the metric —g^u = diag{l, —1, —1, —1) as is commonly done, however this 
conflicts with the definition of J (cf. equation (14. 6p ). hence our convention. 4ft 
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Let Am be the unique £^ invariant measure on C™ (see ^88j p74). Define the inner product on 
So by: 



(/, hr := 27r / dX^ f{p)h{p), V/, h e So 

and define the symplectic form 

Mf,9r ■■= -M{f,9n = ^vr / dAm (WMp) - fip)W) 

Let := So/Kera^. These are now the 'Schwartz functions on C!f" and X™ can be completed 
to ^™ := L^(C™, C^, Am)- To define 2) for the massive theory, we need to add in an extra field 
as will be seen by the following. Define the inner product on S by: 

{f,hr ■■= 27r [ dK^Uip)h^{p), yf,h€S 

and define the symplectic form 

T2if, hr := -Im((/, h)2) =i7T [ dXm (U{p)h^{p) - f^.{p)hM) ■ 

Jap ^ ' 

We define Xm ■= 5/Kercr^. Let Q^(p) = p^ for p g C^j", ^ = 0,1,2,3, then J and Mq^ 
are defined on S as in Subsection 14.11 and factor to Xm ■ Using Xm we get a massive gauge 
theory with 4-component vector field Afj_{f). We would like to impose the Lorentz condition 
d^Af^{x) = which corresponds to the subspace (cf. Xl in Subsection I4.1.2p , 

XT = {fGX: f^ip) = ip^hip) for h G X^}, 

However this presents a problem as for p £ we have Pf_iP^ = —m? ^ and so Xf" is not a 
(Tj"-degenerate subspace. Hence there exist /, g G X™ such that, 

[A{f),A{g)]i; = c^, G dti^m), c e C 

if we are in the Fock-Krein representation in subsection (j4.2.ip . This tells us that the Lorentz 
condition is heuristically a second class constraint set in Dirac sense (|44j) and so problematic. 
It is also problematic for rigorous theory as it means that we cannot apply [l6] Theorem 4.5 in 
the case of the Weyl Algebra or Proposition (15.2. ISp in the case of the Resolvent Algebra below. 

The way around this problem, both formally and rigorously, is to introduce a new scalar field 
with mass m, B{x), called the Stueckelberg field [21] p3272 and replace the Lorentz condition 
with dfj_A^^(x) + mB(x) = 0. We now have that 

[df.A^'ix) + mB{x),df,A^'{y) + mB{y)] = 
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and so this is formally first class. Actually in the formal non-BRST version ( j91j p3272) we use 
the constraints + mB(x))^~^ similar to the Gupta-Bleuler version of QEM. In ERST 

we impose the whole condition. 

Rigorously, adding the new field involves adding another component to 5, i.e. we define: 



Sext ,= {/I/ e S{R\R')} = {/ G S{R\C')\f{p) = f{-p)} 
with IP: (/, h)Zt ■■= 2vr / dA^ {U{p)K{p) + TMMp)) , yf,he S^' 
and the symplectic form, 

CT2MfM ■.= -lm{f,h)Z, 

and := 5^^VKer cT2,ea;t- Now define Jextifo, fij2, Is, U) = (-/o, /i, /2, /s, /4) on 5^^*. It 
follows that Jext factors to and we denote it by the same symbol, and we define 

0-l,ext{f, g) ■■= Cr2,ext{f, Jq), /, G X™^. 

Now the smeared version of d^A^{x) + mB{x) corresponds to, 

:= {/ G X : f^{p) = ip^hip), hip) = mh{p) | = 0, 1, 2, 3 he X^}, 

It is easy to check using p^p^ = —rm? that X^^^ is a (Ti^exrneutral subspace and so we can 
now use this in the T-procedure [Mj Theorem 4.5 or Resolvent Algebra Proposition (|5.2.18p . 
or in KO Abehan BRSTas above. For KO Abehan BRSTwe define 2)^^ := + iX™^ and 
^"Sct ■= ^St- Let s{p) := l/(2||pf + m^) and define 

{P^f)^: = MsMp,{MpJ- + mf^), /x = 0,l,2,3 / G 3^.*, 
{PTf{p))A:=mMs{MpJ^ + mf^), ^ = 0,1,2,3 / G 2)^.*, 



that is, 



{PTfip)), 

{P2f{p))A 



(p7(2||p||2+m2)(p,r(p)+m/4(p)), 
m/(2||pf + n?){p,r{p) + mf\p)), 



= 0,1,2,3 /GXr,„ 



/i = 0,l,2,3 /GX: 



exti 



Note above that we are deviding by the factor 2||p|p + > and so we do not have differ- 
entiability problems at p = in the massive case, hence we do not have to enlarge X™^ as in 
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Proposition (j4.1.5p to decompose the test function space analogously to Theorem (j4.1.6p . Using 

1 1 2 9 

p^Pfj, = 2 Hp II +m for p G C!^, it is easy to see that P™ is a an algebraic projection on jC™j and 
extends to a Hilbert space projection on Ti. Now defining := JextP-z^Jext and the projection 
:= 1 — (P™ + P^) gives the following decomposition , 

■^■ea't -^ext ^ -^ext ^ -^ext 

where X™f := PJ^X™^ for j = t, 1, 2. Similarly we have the decompositions: 

._ ^ni,t „ ^m.l „ ^m,2 ,_ ^m,t ^ ^m,l ^ ^m,2 

-^ext ■— -^ext W -^ext ^ '^ea;t ' ^Jext ■— ^Jext ^ ^Jext ^ ^Jext 

where 2)™.'/ := PpD^t, ^Txt ■= PP^Txt for j = t, 1, 2. We use 2)™^ as the test function space 
for the smeared massive gauge fields, and note that it has all the structures of the abstract test 
function space discussed in Subsection I4.2.2[ For the ghosts we define 

{Yf{p))^:=2\\p\\\f^{p)), {Yf{p))i:=mU{p), ^ = 0,1,2,3. 
This factors to 2)™^ which we also denote by Y , and using this define and define ^e'xt — 



2)™'/ ffi '^l^xt ™ the (•, •)y-topology as in Subsection I4.2.2[ 

Using these test function spaces we construct the BRST extension, superderviation, charge 
as in Section 14.21 and calculate the BRST-physical subspace and BRST-physical algebra using 
Corohary (14.2.241) (ii) and Theorem (14.2. 27|) : 

n^f^ = ns = {n^Txt) ® ^9). v'''''^ = ^.(Ker 6 n A)Ps = {Ai^Txt) ® i)- 

To connect with the formal picture in [92] p28 we want a scalar ghost (similar to QEM) so we 
define Tm : ^ X™^^ by, 

Kp) 

(2||pf +m2 

Note that in the massive case we do not have to restrict Xl^ to define Tm as (2||p||^ + m^) > 
and we have: 

(i) r-i/(p) = ip^.F + mf\p)) for / G 

•^ext! ^^'^ verified by substitution. 

(ii) Tm extends to using the Sciiiie defining formulci and can easily checked to be 
•^^arr isometric using (•, •)y. As is also invertible we get that it extends to a unitary 



Tm ■■ h{p) f{p) = _ (-po,Pl,P2,P3,m). 



ext' 
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Let 

r]s{h) := C(Tmh), fjs{h) := ir]s{ih), h G 

As Tm is an isometry we have that using C*({?7s(/i), r]s{h)\h G ^o}) for the ghost algebra is 
equivalent to using Ag{Sj^^f ) as Tm preserves the anticommutation relations (cf. Proposition 
(j4.1.14p ). Let G X'^f be that vector with all entries except G X™ in the /i-th entry. We 
now find using the definition of P™, and Definition (|4.2.1ip . the action of 6 is: 

<5(A(/^)®l) = -a®r/,(a3'), A^ = 0,l,2,3 
5iAiU)(E)l) = -a®r/,(m/4) 
5(1 77s = 

5(1 i]s{h)) = —iA{doh, dih, d2h, d^h, mh) 1 

If we associate yl(0, 0, 0, 0, /4) with the smeared Stueckelberg field B{x) then these are the 
smeared version of the formal equations in [92] p28, i.e. 

6{A^{x)) = [Q,A''{x)] = -id^r^ix), 
5{B{x)) = [Q , B{x)] = -imr]{x), 
6{rj{x)) = {Q , v{x)} = 0, 

5{fj{x)) = {Q , r?(x)} = -i{^^A^'{x) + mB{x)), 
Covariance can be treated similarly as in the QEM case, cf. Subsection ()4.3.ip . 

4.4 Finite KO Abelian BRSTand Finite Abelian Hamiltonian 
BRST 

We have seen in the previous sections that finite abelian Hamiltonian BRST (Subsection 12.5.2]) 
has attractive features as it assumes little structure, only beginning with a finite set of com- 
muting self adjoint constraints. However the BRST-physical subspace it selects is larger than 
that selected by the original constraints and has indefinite inner product. Restricting to ghost 
number zero states does not fix the problem. On the other hand KO Abelian BRST selects the 
correct physical state space, however much more structure is assumed and there are difficulties 
associated with unboundedness of the operators involved. The aim of this section is to combine 
finite abehan BRST with finite KO Abehan BRST (Example (jiXHI) ) to get a general BRST 
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constraint algorithm that selects the correct physical state space. This is done by enlarging 
the orignal constraint system by tensoring on a ghost algebra and a bosonic field algebra. Q is 
then constructed in a natural way with all the usual properties and we see that Tis from the 
dsp-decomposition is naturally isomorphic with the original Dirac physical state space. 

As before begin with a unital C*-algebra acting on the Hilbert space TIq with inner 
product (•, •)o, and let the constraint set C = {Gi | i = 1, . . . , m} C Aq be a finite linearly inde- 
pendent set of self-adjoint commuting operators. The physical state space is H.^ := Pl^j^KerGj. 
We extend by tensoring on a ghost algebra and a CCR field algebra. We assume the structures 
of finite KO AbeUan BRSTas in Subsection (liX8]l . 

Suppose that m < cxd is a positive integer, and let 2) = be a Hilbert space with dim(S!)) = 
2m and Hilbert inner product (•,•). If we recall the construction in lemma p.l.ip then: 

(i) There exists a decomposition 2) = S)i © X'2 

(ii) There exists a unitary J G -B(S)) with = 1 such that JDi =2)2 and 2) has Krein inner 
product (•,•) := (•, J-), hence S)i[©]S)2. 

(iii) Let y = 1 so = T> where ^y^ is defined as in Subsection ()4.2.2p . 

It follows now that 2) has all the structure of D in Subsection (I4.2.2p with 2)^ = {0} and with 
ghost test function space 9)^ = T). Also let be an orthonormal basis of 

Now let, 

^(Q) = Ho© J+(i^)o®5"(•5)• 
Note ^~{^) = as f) is finite dimensional, let H := D{Q) = Tio © and 
let (•,•) be the its usual Hilbert space inner product. Let Jg = 1 © r+(J) © r_(J). Then Jg 
is a fundamental symmetry that makes TC a Krein space. Let the indefinite inner product be 
(•, •) = {-^Jg-) which has associated involution f . Let 

where Aq := alg{{A{f) ® 1 1 / G S^}) and Ag := alg({l © C(5f) | g G Sj}) and we are assuming the 
algebraic tensor product. Note that Ag = Ago as Sj finite dimensional ([TB] Theorem 5.2.5). To 
connect to the terminology in Chapter [3] we define ^0 := Aq © Aq and grade A as in Section 
13:31 Define, 

m 

Q^:=V2^[1CS A{fj) © C{Jfj) + 1 © A{if,) © C{iJfj)] , I)(Q^) = D{Q) 
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where A := {fj)Y=i is an orthonormal basis of Di and, 

m 

■= [Gj 1 C{Jfj) + 1 C{iJfj)] , D{Q^) = D{Q) 

m 

= ^ [G,- 1 G((l + i)Jfj)] , = D(Q) 

i=i 

We have that and are the the KO Abehan BRSTand Hamiltonian BRST charges 
respectively. FoUowing the proofs as in lemma (|4.2.13p and Section 12.51 we see that these are 
both Krein symmetric and 2-nilpotent with dense domains. Now we define the BRST charge as 
the sum of these two charges, ie 

m 

Q -=Y1 [C^J 1 + 1 ® V2A{fj)) C{Jfj) + (Gj 1 + 1 ® V2A{ifj)) C{iJfj)^ (4.40) 
i=i 

with domain D{Q). 

For the remainder of this section we drop the tensor product ® for ease of notation. 
Lemma 4.4.1 Q is an odd 2-nilpotent and Krein symmetric. 

Proof. That Q is odd and Krein symmetric is obvious. We have that for all /j, G A C S)i 

= [Gj + A{fj),Gk + AifkM = [Gj + Aifj), Gk + A{ih)]iP = [G, + Aifj), Gk + A{ih)]iP 
for all ip £ D{Q). It follows that Q^V = for all ip e D{Q) similarly as in lemma (|4.2.13p . □ 

Therefore we have that Q is Krein symmetric, hence closable by Proposition (j7.2.4p . and that TC 
has an dsp-decomposition 7i = 'Hd®'Hs®'Hp with respect to Q (cf. lemma (|3.3.ip and Theorem 
()3.2.ip ). We want to calculate TLg- As Q is densely defined, Q* exists. We can easily check that 



Q*^ = [{Gj + V2A{Jf,))C{f,) + (G, + V2A{iJf^))C{if, 
i=i 

for -0 G D[Q) and hence Q* preserves D{Q). To calculate TLg we will calculate Ker A on D{Q) 
as in lemma ()3.2.1ip . To do this we first need: 

Lemma 4.4.2 Let 1 < k < m and g ^ Sj. Then 

Ker {Gk + a{g)) n D{Q) = (Ker Gk n D{Q)) n (Ker a{g) n D{Q)) 
where a{g) is the annihilator in Aq . 
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Proof. Let Ni, be the number operator on d~^{^)o ([IS] Chapter 5.2.1). Let N = 1^ N^^lhe 
the extension to D{Q). Then D{Q) = span{U^. Tij \ j £ Z"*"} where Tij are the eigenspaces of N 
with integer eigenvalue j. It clear that GkHj C TLj and a{g)'Hj C 'Hj-i for j > 0, 1 < /c < m 
and a{g)7io = 0. 

Let £ Ker (G^ + 0(5)) H D{Q). As ip £ D{Q) we have for some n > 0, that ip = X]j=o ''/^i 
where ipj E Hj. Therefore, 

= (Gfc + a(5'))V' = GfcVn + '^{Gk'ipj-i + a{g)'tpj) + a{g)'tpo, 
As "Hj _L T^j for i ^ j we get 

GfcV'n = 0, (4.41) 
GfcVi-i + = 0. (4.42) 

Combining [Gk-,a{g)]'4j = Q iov ip £ D{Q) and equation (j4.42p gives 

Gk{Gk'4'j~i) = -a{g)Gkipj- 

Substituting j = n gives G\ipn-i = —a{g)Gkipn = by (|4.4ip . Now Gl = Gk hence KerGfc -L 
RanGfc, and so GkGkipn-i = implies Gkipn-i = 0- Using equation (j4.42p again gives a{g)ipn = 
0. 

Summarising we have ipn £ (Ker a[g)r\¥^ex Gk) and V'n-i S Ker Gk- We can iterate the above 
arguments using equations (I4.4ip and (I4.42p to get that ipj £ (Ker 0(5) n Ker Gfc) for < j < n 
and hence ip £ {Kera{g) n Ker G^). 

This shows that Ker (Ga; + 0(5)) ni:?(Q) C (Ker Gfc nD(Q)) n (Ker 0(5) n i:'(Q)). The reverse 
inclusion is obvious. 

□ 

Using this lemma we can prove that 

Proposition 4.4.3 Let Tig he defined as in the dsY>- decomposition. Then 

where is the vacuum vector in ^'^{fj)o and Q,g is the vacuum vector in d~i^)o, O'^d Tip = 
nf^.Ker Gk. 
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Proof. Let e D{Q). Then 



{Q, Q*}^ = {Q''*,Q''}^ + Yl GjGk{C{Jf,) + CiiJfj), C{h) + C{ifk)} 

jk 

+ 5^{Q^,G,(C7(/,) + C7(i/,))} 
+ J2{Q''*,G,iC{Jfj) + C{iJfj))}, 

3 

=A+B+C+D 

where the obvious correspondence between the terms in the two RHS identities are made. Since 
has the same structure as Qs in lemma (14.2. 13p , the proof of equation (j4.30p adapts imme- 
diately to give: 

= 2^(a*(J/,)a(J/,) + a*{f,)a{fj) + c*{J f,)c{J f^) + c*(/,)c(/,))V' 

3 

Using the CAR relations {C{f),C{g)} = Re(/,g)l for all f,g £Tl (cf. equation ([331)) we get 
that 

m m 

= (E G,Gk{C{Jfj) + C{iJf,), C{h) + C{ih)]) = 2{Y,{G,?)^- 
jk=i j=i 

Now from the action of the BRST superderivation for Bose-Fock theories (cf. Definition (j4.2.1ip ) 
we have that {Q^ , G,(C(/,) + Ciifj))}^ = G,{Q^, (C7(/,) + = G,(A(/,) + 

and by taking *-adjoints {{Q^)*,Gj(C{Jfj) + C{iJfj))}'tp = Gj{A{Jfj) + A{iJfj))ip. Therefore 
using A{g) = -^{a{g) + a*{Jg)) for 5 G D gives: 

(C + D)^ = Y,iGj{a*{fj + ifj) + a*{Jfj + iJf,) + a{fj + ifj) + a{Jf, + Ufj^ 
3 

Also, using the linearity of / — > a*{f) and antilinearity / — > a{f) we get that 

a*{fj + ifMfj + ^fM = 2a*{f,)a{fj)ij. (4.43) 

Therefore we get that 

{Q\Q}^ = E (2[c*(J/j)c(J/,) + c*(/,)c(/,)] + [(G, + a*(/, + if,))[G, + a{fj + ifj))] 
3 

+ [{Gj+a*{J{fj+if,)){Gj + a{J{fj+ifjm)ij 

which can be checked by expanding, using equation (I4.43P and the expressions for A, B, C, D. 
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Now this is a sum of positive operators and so: 

Ker {Q*, Q} = f|(Ker [c*{Jf,)ciJfj) + c*{fMfj)] 
j 

n Ker [(G, + a*{fj + if,)){G, + a{f, + if)))] 

n Ker [(G, + a*(J(/, + ifj)){Gj + a(J(/, + i/,)))]), 

= fl [Ker c{Jfj) n Ker c(/,) n Ker (G^ + a{fj + ifj)) n Ker {Gj + a( J(/j + i/^))) 
j 

where the last equahty follows from ijj £ Ker T*T <^ £ KerT. By lemma ()4.4.2p to get that 
Kej:{Gj+a{fj+ifj)) = Ker GjHKer a{fj+ifj). But Ker a(/j+i/j) = Ker (l-i)a(/j) = Kera(/j). 
Therefore we have that, 

Ker{Q*, Q} = p|(Ker n Ker c(J/j) n Kerc(/j) n Ker a(J/j) n Kera(/j)), 
j 

and so by lemma (|3.2.1ip we have that rLs = 'Hl® CClb CQg. □ 

The above Proposition tells us that the BRST charge constructed above will select the correct 
physical space for an arbitrary finite commuting set of constraints C = {Gi\i = 1, . . . , m} C Aq 
without adding ghost number restrictions and does not suffer the MCPS problem and neutrality 
problems of usual Hamiltonian BRST (cf. Subsection 12. 5. 2 1 Remark ()3.1.2ip (ii) ). 

Example 4.4.4 We revisit the example in subsection (j3.3.ip . and we want to show that adding 
this extended BRST now selects the correct physical algebra. Let Tio be a Hilbert space and that 
Aq = B(7io). Let C = {Cj \j = 1, . . . , m} be a finite self adjoint set of commuting constraints 
and so Tip = Pl^^KerGj. Let (1 — P) be the projection on Tip, and apply the T-procedure 
(section (17. 4p ) to {Ao,C). As (1 — P) G Aq it is straightforward to see that for the Dirac 
physical algebra we have the following isomorphism Vphys = (1 — P)Aq {1 — P) (see example 

dZXZD (i)). 

We have m constraints and so dim(2)) = 2m and we construct the BRST model above. 

Proposition 4.4.5 Let A = Aq ^ Aq ^ Ag be as above, and let Q have domain D{Q) and be 
defined by equation (|4.40p . Then: 

(i) We have Hs = Hl® CO^ O C^g = Ker P ® CO;, CVLg. Therefore 

P, = (1 - P) Pn, ® Pn, G A, 
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where Pn^^Png are the projections onto Cilb, C^lg. 
(a) Define 5{-) := [Q, ■]s[, for A ^ A as in Subsection (j3.3p . then 

fBRST ^ $^(Ker5) = (1 - P)^^(l -P)®1®1^ Vphys. 

where we are using the alternative definition of the BRST observables in Subsection \3.3.S\ 
and <I)s(Ker 5) for all A £ A. 

Proof, (i): That Hs = n^(E> CQb ® 'CQg follow by Proposition (|iX3]) . And as (1 - P) is the 
projection on Tip this imphes Tis = KerP ® CQb CQg hence P., = (1 — P) Pfi^ Pq^ G A 
where Pn^,Png are the projections onto Ci^b^ Gig. 

(ii): Let T £ Ker(5. Using the commutation relations for a{f),c{f) we can write, 

M 

r = Ao (8) 1 ® 1 + ^ Mj 
i=i 

where Aj G Aq , Mj is normally ordered monomial of creators and annihilators corresponding 
the ghosts and bosonic field. As the Mj are normally ordered we have that Mj{P^^ 'SDPng)^' = 
for Tp £ D{Q) and so, 

PsTP,^ = Ps{Aq ® 1 1)P, = (1 - P)Ao{l - P) 1 ® 1. 

Also, QPgip = PsQ^ = for V £ KerQ and so as Ps £ A, we have that PgAPs C Kerd. 
Combining this with the above calculation gives that, 

PsAPs = <^siPsAPs) C $,(Ker5) = (1 - P)A^{1 - P) » 1 ® 1 = PsAPs, 

□ 

Proposition (j4.4.5p (ii) shows that the combined KO Abelian BRST and Hamiltonian BRST 
charge Q selects the Dirac physical space and algebra in this example. It is important to note 
that we chose our original algebra to be Aq = B(7io) so that (1 — P) G Aq which in turn gave 
Ps G A. This was crucial for the above isomorphism. ^ 

Remark 4.4.6 (i) It would be nice to extend the above procedure in two directions: The 
Hamiltonian case where the constraints do not commute, and the case of an infinite set of 
constraints C. This is work still in progress. 
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Chapter 5 

C*-BRST 



In this chapter we will cast the above structures into a C*-algebraic context. 

So far we have given an account of the general structures of quantum BRST in a given 
representation in Chapter [3] and constructed and examined explicitly rigorous examples for 
basic abelian Hamiltionian BRST (cf. Subsection 13.3.1] ). and abelian Bose-Fock theories, such 
as QEM, in Chapter [H In the algebraic approach we would like to be able to move beyond a 
given representation and construct BRST structures at the C*-algebraic level. For the case of 
Hamiltionian BRST given in Section 12.51 this is straightforward as all have already assumed 
that our operators, etc are bounded. However for BRST-QEM we have that the basic objects, 
such as the fields, the BRST charge Q, etc. are unbounded and so we need more elaborate 
constructions. 

We first have to interpret the structures of Chapter [3] in an abstract setting. As already 
discussed in the introduction to Chapter U we take that the BRST superderivation 5 to be of 
primary interest and so aim to make a formulation of BRST as a superderivation acting on a 
C*-algebra A. Once this is done we need to identify the correct states on A. To motivate our 
definitions we investigate what a BRST theory with bounded Q looks like and what the physical 
states on this theory will be. 

With bounded BRST as a guide we aim to construct BRST for QEM. For this, we need to 
find a C*-form for the superderivation in definition (j4.2.1ip : 

5{Aig)0l) = il<g)C{P2ig), g£^, 
S{l(^C{g)) = A{YPig)^l c/ G 2). 

Due to unboundedness, there are several technical hurdles to overcome, such as domain issues 
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related to the unboundedness of the fields A(g). The main tool used for dealing with these issues 
is the Resolvent Algebra [l8l[T7], which encodes the CCR relations in bounded form similar to 
the Weyl algebra. Using the QEM test function space we perform the T-procedure (cf. Appendix 
I7.4p on the Resolvent Algebra, calculate the physical algebra and see that this gives the results 
we expect from other examples [46j . 

We then encode the KO Abelian BRST structures in bounded form, following an approach 
similar to [1^. A surprise is that KO Abelian BRST using the symplectic test function space 
with covariant symplectic form (X, ai) (cf. Subsection (j4.2.2p ). produces more BRST-observables 
than what we get from the T-procedure. This is because the BRST-procedure does not remove 
the ghosts. 

To resolve this issue we study a second the Resolvent Algebra using the auxiliary symplectic 
form, i.e. (J2) as in Subsection 14.2.21 In this case we get that BRST-procedure and the Dirac 
procedure produce the same physical algebra, but we pay the price that we have to work harder 
to encode the Poincare transformations. 

Finally, we give a general formulation of a BRST-theory motivated by these results, and 
show how the examples we have seen so far fit into this framework. 

We use the following notation with respect to C* -algebras: 

Definition 5.0.7 Let A be a C* -algebra: 

• 6{A) is the set of states of A. 

• Let B be a C* -subalgebra of A and uj £ S(^). Then lob := uj\is £ 

• TTi^ : A ^ TCuj is the GNS-representation associated uj £ &{A), il-uj G Ti-^j is its cyclic 
generating vector, and we denote its inner product by for all £ TCuj. 

• Let a £ Aut (A) be *- automorphism and UJ o cy — cj. Then there exists a unitary £ l~L^jj 
such that T[^{a{A)) = C/*7r(^(^)C4; for all A £ A and U^^^ = i^ui- We call U^^ the 
implementer of a in tt^ : A ^ B{TL^). 

• Let a £ Aut {A) be *- automorphism, uj o a = uj, and o? = i. Let J^^ be the implementer of 
a. It follows that = 1 and J* = J^. We define the indefinite inner product {■,-)uj. 
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By lemma (|7.2.3p we have that TC^ with (•, •)^ is a Krein space with fundamental symmetry 
J(^. This will always be the Krein structure we associate to a automorphism such as a. 
We define an involution on A by 

:= a{A*), (5.1) 

and note that by lemma ()7.2.ip . 

TT^iA^ = J^ttUA)*J^ = Ju^TT^{A*)J^ = 7r^(a(A*)) = tt^{A^), 

where 7r^(^)"f is the Krein adjoint of ir^^^A) in (vr(^,'H(^). Therefore equation (jS.ip is the 
natural way to define the Krein involution with respect to a on A in a representation 
independent way. 

5.1 Bounded 6 

We first cast the BRST structures of Chapter [3] in a C*-algebra setting, for the case where 
^0 is a C*-algebra. We assume that is a unital C*-algebra and that (3 G Aut{Ao) is a 
*-automorphism such that 0^ = l. (5 encodes any Krein structure present in Aq, and we define 
an involution on Aq by A^ := (3{A*) for ah A G ^o- When we have no relevant Krein structures 
we will set/3 = i. 

The Unextended Field Algebra is and we assume that it has some kind of degeneracy, 
such as constraints. Depending on the example we are modelling we will take the C*-tensor 
product of ^0 with either the ghost algebra Ag{Ti.2) or the restricted ghost algebra Ag{'H2) (cf. 
Subsection I3.1.2p . where 7i2 corresponds to the degrees of degeneracy, i.e. dim('H2) = number 
of linear independent constraints in the Hamiltonian case (cf. Definition IS.l.Sp . As Ag{TC2) 
is a CAR algebra and A^g{TC2) is finite dimensional we have that these are both nuclear C*- 
algebras, the norm on the tensor product is unique. Let a' £ Aut (Ag) be the automorphism 
that corresponds to the Krein-ghost stucture (cf. equation (j3.1ip l. hence (a')^ = 

Definition 5.1.1 The BRST-Field Algebra is either A := Aq Ag or A := Aq A^ and 

we let A have the Z2-grading with grading automorphism t (SD 7 (cf. Definition p.l.Op ). Let 
a := P a' £ Aut (A) and note that c? = i. Define the involution on A by: 

We assume that there exists a BRST-charge Q £ A such that Q is 2-nilpotent, = Oi{Q*) = Q 
and Q G A~ , i.e. ^{Q) = —Q. 
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Remark 5.1.2 The tensor C*-norm on A is unique as Ag is a CAR algebra hence nuclear (cf. 
|13j Example II. 8. 2. 2 (iii), Example II. 9. 4. 2 and II. 9. 4. 5). Also Ag is only used in the case of a 
finite number of ghosts, hence Ag is finite dimensional and hence nuclear. ^ 

This is the situation as for Hamiltonian BRST in Section [2.51 Now as Q is bounded we have: 

Lemma 5.1.3 Let Q be as in Definition ()5.1.ip . Then Q generates a bounded superderivation 
6:A^A: 

6{A) ■= [Q,AU = QA-^{A)Q, 

such that: 

(i) 52 = 0. 

(ii) J o 5 o J = —§. 

(iii) 6{A)* = —a o 6 o ao j(A*). This identity encodes that S{A^) = 6{A)^ . 

Proof. First, as ^ is a C*-algebra \\6{A)\\ < ||Q||P|| + ||7(^)||||Q|| = 2||Q||P||, hence 6 is 
bounded linear map 5 : A ^ A. 

(i) Let AeA. Then 

5\A) = 5{QA - jiA)Q) = Q^A - j{QA)Q - Q-f{A)Q + -f{j{A)Q)Q, 

= Q^iA)Q-Q^{A)Q-AQ^, 
= 

where used 7^ = i, 7(Q) = —Q and = 0. 

(ii) : Follows as Q £ A~ ^ j{Q) = -Q. 

(iii) : We calculate using a{Q*) = Q and a'^ = l that: 

5(A)* = A*Q* - Q*-f{A*) = -a{Qa{j{A*)) - a{A*)Q) = -ao5oao j{A*). 

□ 
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We now want to select states from which we can construct structures as in Chapter [3l In the 
usual heuristic setup, the extended state space is the original state space tensored with a ghost 
state space. In terms of states on A this corresponds to the set: 

where &g is definied in Definition 13.1.121 and so uj2 G &g implies that U2 o a' = uj hence TCuji is 
a Krein space with fundamental symmetry, J^^j! implementing a and Juj2^uj2 — ^1^2- Thus r2a;2 
is positive in the Krein inner product on TCi_j2 i^^- Definition (j5.0.7p ). Assuming uoi o jS = u)i 
gives analogous Krein structures for TLui i'^^- Definition ()5.0.7p ). We choose states that have 
GNS-cyclic vectors in ¥>.ei ■k^{Q). 

Definition 5.1.4 The BRST- states &s C ©t are states of the form u)i®lo2, where uJio (3 = u)i, 
UJ2 G ©3 and 

uj{AQ) = G ^ 

Since, for w G ©5 then oj o a = uj and so uj[AQ*) = oj{a{A)Q) = for all A £ A, hence cj G ©5 
corresponds to a state such that 

f]^ GKer^^(Q)nKer7r^(Q*) = Ker7r^({Q,Q*}). 

We can rephrase the Ker7r^(Q) condition in terms of 5 alone |39j:- 

Lemma 5.1.5 Let uj = L0i®ij02, where u)io (5 = loi, uj2 S ©g. Then the following are equivalent: 

(i) uj{AQ) = yAeA. 

(ii) uj{6{A)) = G ^. 

(Hi) uj{B) = 0\fB e (Ran (^n Ran 5*). 
Proof. Let uj{AQ) = VA G ^ then, 

uj{6{A)) = uj{QA) = -oj{A*Q*) = -uj{a{A*)Q) = 0, 

which proves one direction for both equivalence statements. 

Conversely, let uj{6{A)) = O^A G (Ran5nRan5*). We have that A = QQ* + Q*Q = 5{Q*) G 
(Ran (5 n Ran 5*), hence = uj {6 (Q*)) = uj{QQ* + Q*Q) = 0, and hence w(QQ*) =uj{Q*Q) = 0. 
Therefore by Cauchy- Schwartz we get that |u;(yl(5)| < uj{AA*)u!{Q*Q) = 0, and so uj{AQ) = 

G A. Therefore (ii) =^ (iii) =^ (i) and we are done. □ 
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With the appropriate states chosen, we would Uke to describe the structures of Chapter [3] 
algebraicahy. 

Definition 5.1.6 (i) Define the representation irg : A ^ B{TCs) by: 

and denote the Hilbert inner product on Tis by {■, •)ns- 

(ii) We have lo o a = uj for all G ©5, hence a is unitarily implemented in each vr^ so a is 
unitarily implemented in Tis- Denote the implementer for a in tts by . As J^\nu, — J^j 
it follows from = i that {J^Y — 1 ^'^'^ {J^)* = ■ By lemma (j7.2.3p Tis is a Krein 
space with fundamental symmetry and indefinite inner product {■,-)hs '■— {'^J^')'Hs- 

(Hi) Let TI5 = Hg © W| © and Huj = © © be the dsp-decompositions with respect 
to TTs{Q) and TTcjiQ) where a; G ©5 (cf. Theorem (j3.2.ip ). Let , k = uj,6, j = d,s,p be 
the corresponding projections on TL^^'Hui- 

(iv) Let to G &s- For j = 6,uj define, 

7^^4fJ:=Ker7r,(Q)/W^^. 
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d let ifj : Ker7rj(Q) 'H'^hy.'j be the factor map. Denote ip := fsi^^) for ip G Tis and 
ipuj = V'uii') for tp G Huj. 

Remark 5.1.7 As Tis = ©i^eSf'^aj it is obvious that = ©t^ge^'^i for 3 = d, s,p, and hence 
P^ = ®uj&&,Pf, j = d,s,p. Ilk 

To get the spatial structures of Chapter [3l 
Proposition 5.1.8 We have that H^^y^'^g is a Krein space with indefinite inner product: 

ii',i)p-={i^,Ons = iPsi^,Pk)ns, 
fundamental symmetry Jptp := (ps{J^ Pg^^) and Hilbert inner product, 

i)p := ,4i)p = (Pf V, PsOhs , (5.2) 

and norm \\ip\\p := {Tp,ip)l^'^ . The space Ti.pj^^'^ is a Hilbert space with respect to the inner 
product {ip^Cjp if and only if Jp = 1 if and only if 

j'Ps = Ps, (5.3) 
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Hence the physicality condition for the abstract BRST system is equation (j5.3p . 

Proof. As Q = a{Q*) = Q'^ we have that 7rs{Q) is Krein self adjoint with respect to {■,-)'Hs- 
Hence, we have that ns^Q) and 7is satisfy the hypothesis of Theorem (j3.2.8p . and so the Propo- 
sition follows from Theorem ()3.2.8p . Definition (|3.2.2p and lemma ()3.2.7p . □ 

To get the algebraic structures as in Chapter [3] we define: 

Definition 5.1.9 Define the linear map: 

^l-.A^ Bins), by <^>1{A) := , 

By lemma (j3.3.10p we have that <I>f is an algebra homomorphism on KerJ C A. We define the 
BRST-physical algebra as 

pBRST :=KerV(Ker5nKer$f) ^ $f(Ker(5). 
Let the factor map be r : Ker 5 Vq^^'^, and denote A := t{A) G j>bbst ^ ^ Ker6. 

Remark 5.1.10 The above definition corresponds to the alternative definition of the phsyical 
algebra in Subsection l3.3.2l To connect with the cohomological definition of the physical algebra 
we extend Trs{A) to Aext = *-alg{A,P^ ,Pp,Pa,n{Q),K} as in Section ([33]) . Then (KerJn 
A) /{Ran 6 n A) = p^^^'^ by Theorem (j3.3.11ll (see also Remark I^JM)). 4 

As Ker 5 is not in general a *-subalgebra of A {e.g. Q G Ker 5 but S{Q*) = Q*Q + QQ* / for 
Q 7^ 0) we do not get that 'p^^^'^ is a C*-algebra using the usual factor norm. To get a natural 
norm for 'p^^^'^ we use the norm on W^^f^. 

Proposition 5.1.11 Define the representations, 

. -rjBRST _^ T3CT-lBRST\ 

7rj^p{A)il; : = '^■j{A)^|;, tp e Kej:7Tj{Q) 
where j = u!,S and lu £ &s- Define the seminorm on 'P^^^'^ by: 

Then \\A\\p is a norm on Vq^^^ , 

\\A\\p = \\^i{A)\\n,, (5.4) 
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and 7^^^^^ := V^^^^ is a Banach algebra where closure is with respect to ||^||p- Moreover 
jyBRST ^ $^(Ker(5) where the isomorphism is isometric. Thus irs^p is a faithful represen- 
tation of V^^^"^ and all calculations can be done in this representation. 

Proof. First A G Ker(5 =^ ARan7r5((5) C Ran7r^((5), hence 

A e Ker(5 ^ ^5{A)ni C ^ P^7rs{A)KeT Trs{Q) = P^7rs{A)P^Kev irsiQ) (5.5) 

Using this we see that ||A||p is a norm by the calculation: 

||i||p = sup \\TTs,p{A)iP\\p = sup{\\P^7rsiA)i;\\Hs \ G Ker7r5(Q), = 1} 

llV'!lp=i 

= sup ||Pf7r,(A)P/VI|w„ 

\\PlM\ns=^ 

= \\^i{A)\\ns, 

for A G KerJ, where we have used that ||V'||p = ll-PfV'lIWi for ^ Ker7r5((5) by equation (j5.2p 
for the second equality, and equation (|5.5|) for the third. Therefore ||^||p = iff ||<l>f (yl)||7^_5 = 
iff <l*f(j4) = iff A = 0, and so || • ||p is a norm. Let A,B €z Kerd. As ||-Ps^||_b(-h^) = 1 we have 
that: 

\\AB\\p = \\^i{AB)\\n, < \\^i{A)\\nMm\ns = Pllpll^Hp. 

Thus 'P^^'^'^ is a Banach algebra where closure is with respect to The last isomorphism 

comes from equation (j5.4p . □ 



Now for A £ Ker J we have that A* need not be in Ker J {e.g. Q). Hence we have to be careful 
of how we define a *-involution on 'p^^^'^ (cf. lemma ()3.3.8p ). 

Proposition 5.1.12 We have: 

(i) (KeriJ)''' = Ker(5 and (Ker (5 n Ker $f = (Ker (5 n Ker <I)f). Hence \ on Keid factors 
to the \ -involution on "p-SRsr ^jf^j^f-fi coincides with the ] -involution with respect to the 
representation 'Ks,p, *-e. 

7r5,p(^t)^/; = ^Ts,p{A)^ 

for all A G Ker (5 where T^s^p{A)'^ is the the adjoint of its ^p{ A) with respect to the inner 
product {■,■) p. Furthermore, 



P^^^^^cDf(Ker5) 
where the above is an isometric ^-isomorphism. 
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(a) Let M G Keid be a subalgebra such that ^s{M) = <I>^(7W*). Given Ae M, define 

A* := B, (5.6) 
where <^i{A*) = <!>f{B) for some B ^ Ai. This defines an involution on 7W / (7W n Ker <I>^ ) 



such that Ai/{Ai H Ker is a C* -algebra where closure is with respect to 



IP- 

t5 d<5 r>5 



(Hi) Let the physicality condition J Pg = Pg hold (equation (j5.3p ). Then Kei 5 satisfies the 
conditions on M in (ii), hence "P^^-^"^ is a C* -algebra with respect to the norm \\ ■ \\p. 
Moreover, the ] -involution from (i) and * -involution from (ii) coincide. 

Proof, (i): (Ker5)t = Kei5 follows from Qt = g. By Theorem (fSXSll . we have [Pf, J"^] = 0, 
hence (Pf )t = J^P^*J^ = P/ and so it follows that {KerSn Ker $f) is a f-subalgebra of KeiS. 
Hence the involution f factors to an involution on 'p^^^'^ , Moreover, it coincides with the 
f-involution with respect to the representation vr^^p which can be seen by the calculation: 

for all V')'^ £ '^phy^'s ^^'^ ^ ^ Kev6, where we have used that by definition {il)^Op — {'^^0 
for all G KeiTTsiQ) (cf. Proposition (fSXS]) ). 
Let A G Ker (5. Then using [P/, J^] = 0, 

cl>f(^t) = $f(a(^)*) = P^JsniATJsP^ = {JsP^n{A)P^J5r = f f(A)t 

where we used J| = Js in the last line. Combining this with Proposition (j5.5.8p gives that 



there is a isometric f-isomorphism such that 'p^^^'^ = <I)|(Ker5). (ii): Let A A4 then by 
assumption there exists B £ Ai such that ^s{A*) = $s(B). Now by equation ()5.5p we have 

AGKerS^ P^TTs{A)KeT tts{Q) = Pg7rs{A)P^Ker tts{Q), 

hence for all ^,"0 G KerirsiQ) we have by equation ()5.2p . 

{i,7rs,p{A)i;)p = {P^C,P^7Ts{A)i;)n,, 

= {P^tP!MA)P^i^)Hs, 
= ($f(A*)e,V>W,, 

= ($f(p)e,v)w., 

= {7rs,p{B)i4^)p, (5.7) 
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and hence 

7r5,p(i)* = ^UB) = 7r5,p((i)*) G M/{M n Ker cDf) 

where we used equation (j5.6p and that B ^ M.. This shows that M./{M. H Ker<I>f) is a *- 
algebra. Furthermore, Proposition (|5.1.1ip gives that vr^^p : M/{M nKer<I)f) ^ B{Hp;^f'^) is 
an isometric isomorphism, and so we have proved that ns^p is a *-isometric isomorphism. Hence 
as Bin^i^f^s) is a C*-algebra so is 7W/(A^ n Ker $f ). 

(iii): Now A G KerJ implies G Ker (5 and by equation ([O]) $f(^1") = J^tts{A*)J^ = 
P^TTs{A*)P^ = '^1{A*). Therefore we can apply (h) with M = KerJ and M2 = (Ker5)t = 
Ker (5 = M to get that 'p^^^'^ = Ker (5/(Ker 5 n Ker <I)f ) with norm || • ||p is a C*-algebra. 
Moreover by Proposition (I5.1.12P (i) and the defining equation (|5.6p . A^ = A^ = A* . □ 

Remark 5.1.13 (i) Note that the above Proposition does not assume that is a C*- 
algebra. If is factoring out by {M Pi Ker and using the the Hilbert *-involution coming 
from the BRST physical space "H^^^f that gives a C*-algebra. 

(ii) Proposition (j5.1.12p (iii) shows that equation (|5.3p is a good physicality condition as it 
ensures that the f -involution factors to a C*-involution on the physical algebra "P^^-^"^. 

Example 5.1.14 Extend A by defining A = C*{{Pg ,7rs{A)}). We drop the notation ns here, 
and extend all the structures such as 6 and a to ^ by using Q and , etc. 
As QPf = P/Q = we have that C Ker 5 hence we have 

$fM)CcI>f(Ker<5)c$f(^), 

hence ^>f(Ker(5) = ^^{A). By taking adjoints we see 

$f((Ker<5)*) = '^iiA*) = ^i{A) = $f(Ker5) 

and so by extending Ahy P^, we get from Proposition (|5.1.12p (ii) that 'p^^^'^ is a C*-algebra 
with norm || • Notice again that we did not assume that Ker 5 was *-algebra to begin with. 

Summarising the above discussion we get: 
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Theorem 5.1.15 Let ^, a, Q, 5, ©5, vr^ : A B{7is) be as in Definitions (jS.l.ip . ()5.1.4p and 
(f5T6]) . and let, 

^i{A):=P^7rs{A)P^, A G A. 

as in Definition (|5.1.9p . Then: 
(i) is a homomorphism on Kerd and on (Kerd)* . 

(a) Let r^RST ^ Ker5/(Ker5nKer$f) and -K^.p : V^RST _^ ^(j^brst^ Proposition 
(15.1. lip . T/ien 'p^^^'^ has norm 

\\A\\p := \\TTs,p{A)\\s(T^BRST^ = G Ker5 

with respect to which p^^^'^ ■,= 'pBRST ^ \-Banach algebra and we have a \ -isometric 
isomorphism such that p^^^'^ = $^(Ker(5) ^ 

(Hi) //<I>f(Ker5) = ((Ker (5)*), t/ien p^^^'^ is a C* -algebra with norm \\ ■ \\p and involution 
denoted by * as defined in equation (|5.6p . 

1. When J^P^ = we have that ^>f(Ker(5) = $f((Ker5)*) and so p^^ST ^ 
algebra. 

2. When we extend A to A = C*{{pI,A]) as we have that $f(Ker5) = $f((Ker(5)*) 
and so p^^^'^ is a C* -algebra. 

Proof, (i): Follows from lemma ()3.3.10p applied to for Trs{Q) and tts{Q*)- (ii) is Proposition 
(jS.l.lip and Proposition (|5.1.12p . (iii) follows from Proposition (j5.1.12p and Example (j5.1.14p . 
□ 

We may want a more intrinsic description of 'p^^^'^ ^ ^.g. one that does not involve Define, 

e| := {w^ I V G = Ker^5(A)}, Ts := H^^QsKeruj, 

where denotes the vector state of ip £ 7is\{0}, i.e. uj^{-) := {ip , ■ ip) / WipW^ . The above 
definition implies that if ^ G 75 then vr(^(vl)|'H^ = for uj £ &s ([20j II Proposition 2.15 p34). 
Hence if r : Kerd — > p^^^'^ is the factor map (vr^^p o r)(Ker5 n Ts) = {0}, i.e. Ker6 n Ts are 
trivial BRST observables. We will see that these are all the trivial observables. 
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Proposition 5.1.16 We hav, 

Ker 6r\Ts = Ker5r\ Ker $f , 
hence Ker 5 DTs is a two-sided ideal in Ker 5 and, 

■pBRST ^ j^g^ 5/ (Ker 6 DTs). 

Proof. Let A G (Ker JnT^), w € 65, -0 S W^^. Since P^^j £ we have uop^^ £ 6|. As A G 
we have {ip, P^7r^{A)P^ip) = ujp^^{A) = and as i/j e Huj was arbitrary P^Tr^{A)P^ = 0. As 
^'f = ®ojeesPs (cf- Remark (I5X7D ) it follows that A £ Ker$f. 

Conversely, let A £ Ker$f and e e|. A £ Ker$f ^ P^7r^^(^)P^ = and so uj^{A) = 
iOp^^{A) = {^,PfT:^{A)P^i;)^ = 0. Hence Ker5nKer$f = Ker^nTj. □ 

Example 5.1.17 We are now in a position to formulate Hamiltonian BRST with finite con- 
straints (cf.Section I2.5P in a C*-algebra format. Let {Aq,C) be a quantum system with con- 
straints (cf. Appendix I7.4p where C = {Gj}"^^-^ is a set of finite set of self-adjoint constraints 
that form a Lie algebra, 

[Ga, Gh] = iC^ijGc, C^fc £ M. 

where C^^ is antisymmetric in all indices. Let &d{Ao) be the set of Dirac states and let P £ Aq 
be the open projection from Theorem (j7.4.6p . Therefore P is such that uj{P) = iff u; G SoiAo). 

Let W be a complex Hilbert space with dim('H) = 2m. If we recall the construction in lemma 
()3.1.ip then given any decomposition 

such that dim('H2) = there exists a unitary J £ B{TC) with = 1 such that JTii = 7i2 and 
Ti has Krein inner product (•, •) := (•, J-), hence 7ii[(B]'H2- 

Given such a choice of decomposition 7i = TCi © 7i2 and J, then TC has all the structure of 
the ghost test function space TC in Section 13. li 

Let Ag{Ti.2) be the restricted ghost algebra as in Definition (jS.l.Sp and let r]j := r]{fj), pj := 
p{fj). Let the BRST-Field Algebra he A = Ao^Ag with a = t^a' where a' £ Aut (^3(^2)) is 
the automorphism associated to the ghost-Krein structure (cf. Defintion (jS.l.ip ). Note that the 
tensor norm on A is unique as Ag is finite dimensional. Define the BRST charge as in equation 
(12311) : 

Q:=Ga(S)r]a-ii/2)G^^l(E)r]aVbPc, (5.8) 
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and we have as in (j2.32p that = a{Q*), = 0, Q A . Then we have all the structures as 
in Theorem (j5.1.15p as well as the representations ir^^p : p^RST _^ j^(j^brst\^ Proposition 
(I5.1.11D for w G 65 

Lemma 5.1.18 In the case of abelian constraints, i.e. C^^ = \/a,b,c, we have: 

(i) (55 = &D® 6g, 
(ll) Pi = {1-P)®1, 
where P is the restriction to TCg of the projection from Theorem (I7.4.6p . 

Proof, (i) Let w = cji ® £ ®(-^) ^2 S &g. Recall that A = {Q*, Q}- From lemma [5. 1.51 
we know that if w G 65 then ijj{5{Q*)) = t<j(A) = 0. Conversely, if oj{Q*Q + QQ*) = then 
by positivity we have oj{Q*Q) = hence uo G &s- Now, as in Subsection 12.5.21 we have A = 
{Q*iQ} = GjGj 1 and therefore for any w = wi ® t<;2 G 65 iff uj{A) = uJi{Gi,Gb) 1^2(1) = 0, 
hence loi G 6d- 

(ii) Let LJ = LOi 1^ u)2 € &s- Then Pg is the projection onto 

Ker7r^(g) nKer7r^(g*) = Ker7r^(A) = f] (Ker vr^, (G^) ® W£j = Ker 7r<^(P) 7^^, 

j 

hence P^ = (1 - P) ® 1. □ 

From this it follows that is we restrict ourselves to Ker 5n (^0® 1) then we get that the restricted 
BRST observables are equivalent to the traditional Dirac observables. 

Proposition 5.1.19 For abelian constraints we have: 

(i) KerJn {Aq (g) 1) = C (g) 1, 

(ii) «>f(Ker(5n (A» 1)) = (C7(C'nP)))®l 

where C is the commutant of C in Aq and V is defined as in Appendix \ 7.4\ and = is a *- 
isomorphism. 

Proof, (i) Take Ai^ 1 £ Aq ® 1. Then 5 {A) = J^ji^j^ ^] Vj- Vj linearly independent 
we get that ^4 (g) 1 G Ker 5 iff ^4 G C. 

(ii) Using lemma (15.1.181) we have that $f(Ker(5 n {Aq 1)) = [(1 - P)C'{1 - P)] (g) 1 ^ 
{C /{C n T>)) (g) 1 by Theorem (I7.4.6P (v). This is obviously a *-isomorphism. □ 
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Remark 5.1.20 (i) From lemma ()5.1.18p we see that Tiuj = Plj (Ker vTi^^ (Gj)) 71^2 for 
oj = ioi (ji) U02 ^ & 5 . As Ag is simple we get that vr^j faithful and we still get the MCPS 
problem for abelian BRST as in Subsection 12.5.21 and neutrality problems as in Remark 
()3.1.2ip l. It is not hard to see that this also follows for non-abelian constraints from 
equation ()2.36p in the same way as described in Subsection 12.5.21 

(ii) Proposition (I5.1.19P tells us that if we restrict 5 to our original algebra that the BRST 
method selects a physical algebra equivalent to the one obtained using the traditional Dirac 
method, i.e. the commutant of the constraints. The problem with this approach is that 
it does not handle equivalent sets of constraints well because different sets of constraints 
which select the same set of physical states may have different commutants. This is 
the reason why the T-procedure defines the observable algebra as the abstract version of 
the weak commutant of the constraints [41j plOO, and a significant advantage which this 
generalized Dirac method of constraints has over Hamiltonian BRST. 

5.2 Resolvent Algebra 

To cast the structures of Chapter d] into a C*-algebraic setting we have several hurdles to over- 
come. The main difficulty is that the objects so far defined are unbounded operators, hence 
analytically difficult. Here we want to find a C*-algebra that which encodes the algebraic infor- 
mation of the operators involved, i.e. it can reproduce the above structures in the appropriate 
representations. We will use notations for inner product spaces and symplectic spaces as in 
Appendices 17.21 17.31 

The main relation we would like to model is the super derivation action, given in Definition 
(I4.2.11I] . 

5{A{g)®l) = il(^C{P2ig), g£^, 
6{l(^C{g)) = A{YPig)(^l ge^. 

These are awkward relations because: 
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(i) They involve Krein-symmetric unbounded operators such as ^4(17) ® 1. Unboundedness 
gives domain technicalities and spectral theory for Krein-symmetric operators is more 
complicated and less well understood than for the Hilbert space case. 

(ii) The equation 5(1 ® C{g)) = A{YPig) 1 maps bounded operators to unbounded op- 
erators, and so 6 will be hard to interpret even after the CCR relations have been cast 
into a bounded form. This problem has been previously analyzed for the supersymmetry 
superderivation (cf. [18j, instead leading to the Resolvent algebra. 

We start with a brief description of the structure of Resolvent Algebras of OCR's. Proofs can 
be found in [18]. One observes that resolvents of self-adjoint operators can be used as 'mollifiers' 
in the following sense. Let A be a self-adjoint operator acting on a Hilbert space Ti. with domain 
D{A). Since A has real spectrum, {iXl — A)^^ G B{7{) for A G R\{0}, and by functional calculus 
we get that A{iXl-A)-^ = {iXl-A)-^A = iX{iXl- A)-^ -1 e B{n). Thus M := {iXl-A)-^ 
carries the information of A in bounded form and 'mollifies' A^ i.e. AM G B{7i) 3 MA. Recall 
from [21] that A is affiliated with a C*-algebra A C B{n) if M = (zAl - A)~'^ E A. It makes 
sense to look for a C*-algebra A C BiTi) which contains the resolvents {iXl — A)^^ of all self- 
adjoint operators A which we need. The mollifying property will prove key ingredient for BRST 
in making sense of the identities (5(1 ®C{g)) = A{YPig) 1 as will be seen in Subsection 15.3.41 

A bosonic field is often described by operators satisfying the OOR as in [16 1. That is given 
(X, a) a real symplectic space with symplectic a a field (/> is a linear map from X to a linear 
space of self-adjoint operators on some common dense invariant core P in a Hilbert space 
satisfying the relations 

[<A(/),0(<?)] =icTi(/,<7)l, on V. 

A common way to encode the OOR-fields in a bounded way is to study the Weyl Algebra [16] 
which is the algebra we get from exponentiating the (/'(/), ie 

C*({exp(#(/))|/EX})ci?(W) 

This is can be defined abstractly and is commonly denoted by A(/X, cr). It is not optimal for 
modelling the 6 as it does not contain mollifiers [18] Proposition 2.1. More useful is the algebra 
we get from taking resolvents of (/'(/), ie 

C*{{{iXl - I / G X, A G M\{0}}) C B{n). 

169 



Note that as (/>(/)* = (pif), the spectrum of (j){f) is real and hence the resolvents — (t){f))~^ 
are well defined. 

The Resolvent Algebra can be defined abstractly as follws: 

Definition 5.2.1 Given a symplectic space {X,a), define TZo{X,a) to be the universal *-algebra 
generated by the set {R{X, f) \ A G M\{0}, / G X} subject to the relations: 

1. R{\,0) = -(i/A)l, 

2. R{X,fr =R{-X,f), 

3. R{XJ) = {l/X)R{l,f/X), 

I R{X, /) - R{fi, f) = - X)R{X, f)R{fx, f), 

5. [R[X, /), R{ii, g)] = ia{f, g)R{X, f)R{iJ, gfR{X, f), 

6. R{X, f)R{fi, g) = R{X + fiJ + g) [R{X, /) + g) + g)R{X, f)R{fi, gfR{X, /)] 

where A, ;U G IR\{0} and f,g £ X, and for (6) we require A + /i 7^ 0. That is we start with the free 
unital algebra generated by {R{X, f) \ X G M\{0}, / G X} and factor out by the ideal generated 
by the relations (1) to (6). We also denote TZo{X,a) by TZq when no confusion will arise. 

Remark 5.2.2 • TZq has non-trivial representations as can be seen by taking resolvents of 
the fields </>(/) in the Fock representation. 

• let = — A in equation Then we have that 

RiX, f) - RiX, fT = -2iXR{X, f)R{X, f)* (5.9) 

We want a norm on TZq such that we can complete it to a C*-algebra. Let & be the set 
of functionals to : TZq C such that to {A* A) > and uj{1) = 1. Then for each u; G © its 
GNS-representations is bounded ([18j Proposition 3.3) and hence we can define: 

Definition 5.2.3 The universal representation 7r„ : TZq B(Ti.Q) is given by 

TTu{A) := 'Sujeei'^uji^)} and \\A\\u := ||vr„(yl)|| = sup ||vr^^(^)|| 
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denotes the enveloping C* seminorm of TZq. Define the resolvent algebra TZ{X,a) as the abstract 
C* -algebra generated by -nuiT^o), i-e. we factor IZq by KerTT^ and complete with respect to the 
eveloping C* seminorm \\ ■ 

Useful properties of the Resolvent Algebra are: 

Theorem 5.2.4 Let (©, a) be a given nondegenerate symplectic space, and define TZ{X, a) as 
above. Then for all A, /x G ]K\{0} we have: 

(i) [R{X, f), R{fi, f)] = 0. Substitute /x = —A to see that R{X, f) is normal. 

(ii) R{\f)R{ii,gfR{\f)=R{\,g)R{iijfR{\,g). 
(Hi) ||i?(A,/)|U = |A|-i. 

(iv) R{X, f) is analytic in A. Explicitly, the series expansion (von Neumman series) 

oo 

^(^' /) = - A)"i"i?(Ao, fr^\ A, Ao / 

n=0 

converges absolutely in norm whenever |Ao — A| < |Ao|. 

(v) Let T G Sp(X, cr) be a symplectic transformation. Then a(i?(A, /)) := R{X,Tf) extends to 
an automorphism a G Aut {Tl{X, a)). 

In constrast to the Weyl algebra, the Resolvent algebra is not simple. We have the following 
ideal structure. 

Theorem 5.2.5 Let {X, a) be a given nondegenerate symplectic space. Then for each X G M\0 
and f G j£\0 we have that the closed two-sided ideal generated by R{X, f) in TZ{X, a) is 

[R{X,f)n{X,a)] = [n{X,a)R{X,f)] = [n{X,a)R{X, f)n{X,a)] 

where [ ■ ] indicates the closed linear span of its argument. This ideal is proper. Moreover the 
intersection of the ideals [R{Xi, fi)TZ{X,a)] , i = 1,..., n for distinct fi G is the ideal 
[R{Xi,fi)---R{XnJn)n{X,a)]. 

From these ideals we can build other ideals, e.g. for a set C X we can define the ideals 



n [7^(X,a)i^(A,/)] as weh as IJ [n{X,a)R{X, f)] 



f&s 



Ideals of a different structure will occur 



in the following sections. Thus Tl{X, a) has a very rich ideal structure. 
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5.2.1 States, representations and regularity 

Any operator family Rx, A G M\0 on a Hilbert space which satisfies the resolvent equation ([¥]) 
is called by Hille a pseudo-resolvent and for such a family we know (cf. Theorem 1 in [1051 P 
216]) that: 

• All Rx have a common range and a common null space. 

• A pseudo-resolvent is the resolvent for an operator B iff Ker Rx = {0} for some (hence for 
all) A G M\0, and in this case BomB = RanRx for all A G M\0. 

This leads us to an examination of Ker 7r(i?(A, /)) for representations vr. 

Theorem 5.2.6 Let (X, a) be a given nondegenerate symplectic space, and define TZ{X, a) as 
above. Then for A G M\0 and f G X\0 we have: 

(i) If for a representation vr of lZ{X,a) we have Ker 7r(i?(A, /)) 7^ {0}, then Ker 7r(i?(A, /)) 
reduces Tr{TZ{X,(T)). Hence there is a unique orthogonal decomposition vr = vri © 7r2 such 
that 7ri(i?(A, /)) = and Tr2{R{X, /)) is invertible. 

(ii) Let IT be any nondegenerate representation of TZ{X,a) , then 

Pf :=s-limiA7r(i?(A,/)) 

A— +00 

exists, defines a central projection o/7r(7^(X, cr))", and it is the range projection ofiT[R{X, /)) 
as well as the projection of the ideal vr ( [7^(X, o")i?(A, /)])• 

(Hi) If IT is a factorial representation ofTZ{X,a), then Pf = or 1 and such vr are classified by 
the sets {/ G X\0 | Pf = 1} ■ 

(iv) There is a state uj G &(TZ{X,a)^ such that R{X, f) G Kerw. Moreover, given a state to 
with R{X, f) G Kerw, then R{X, f) G Kervr^. 

Given a vr G Rep (TZ{X, o"),?^^) with Ker vr(i?(l, /)) = {0}, we define a field operator by 

Mf) :=il-vr(i?(l,/))^' 

with domain Dom(/)^(/) = Ranvr(i2(l, /)), and it has the following properties: 

Theorem 5.2.7 LetTl{X, a) be as above, and let n G Rep (Tl{X, a),H.,r) safe/y Ker vr(i?(l, /)) = 
{0} = Kervr(i?(l, /i)) for given f, h ^ X. Then 
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(''') 'Pnif) is selfadjoint, and tt{R(X, f))Domcj)T^{h) C Doni(f)Tr{h). 
(ii) lim iA7r(i?(A, f))ip = ip for all ip £ W^. 

A^oo 

(Hi) lim i-ir{R{l, fif))'ip = ip for all G Wjr- 

(iv) The space D := 7r(i?(l, f)R{l, /i)) is a joint dense domain for (jy-wif) and </>7r(/i) and we 
have: [<t)-n{f), 4)-K{h)] =ia{f,h)l onV. 

(v) Ker 7r(i?(l, = {0} forv G M. Then (^^^{I'f -\-h) is defined, V is a core for (pj^^v f +h) 
and(t)^{vf+h) = v(t)^{f)+(l)^{h) onV. Moreover 7r{R{l,i'f + h)) G {7r(i?(l, /)) , Tr{R{l,h))} 

(vi) ,^^(/Mi?(A,/)) = ^(i?(A,/))0^(/) =a7r(i?(A,/))-l on Dom0^(/). 

(vii) [(/)^(/),7r(i?(A,/i))] =ia{f,h)Ti{R{\hf) onDomM)- 
Thus we define: 

Definition 5.2.8 A representation vr G Rep (JZ{X, cj),'H7r) is regular on S C X if 

Ker7r(i?(l,/)) = {0} for all f £ S . 

A state u) oflZ{X,a) is regular on S C X if its GNS~representation tTi^ is regular on S C X. A 
regular representation (resp. state) is a representation (resp. state) which is regular on X. Given 
a Hilbert space 7i, we denote the set of (nondegenerate) regular representations it : TZ{X,a) — > 
B{TL) by R,eg{TZ{X, a), TL) . The set of regular states ofTl{X,a) is denoted by &r{Tl{X,a)) . 

Obviously many regular representations are known, e.g. the Fock representation. The class 
of all regular representations of TZ{X,a) is not a set, hence the necessity to fix 7i. Thus for 
vr G Reg(7^(j£, a),Tl), all the field operators (pnif), f ^ X are defined, and we have the resolvents 

7T{R{x,f)) = {ixi-Mf)y'- 

From Theorem 15.2.71 we can now establish a bijection between the regular representations 
of TZ{X,a) and the regular representations of the Weyl algebra A(X, a) : 

Corollary 5.2.9 LetTZ{X,a) be as above. Given a regular representation vr G Reg(7^(X, a), , 
define a regular representation tt G Reg(A(X, (j),7{) by vr((5/) := exp(i(/)7r(/)) = W{f) (using 
Theorem \ 5. 2. T^ viii ) ). This correspondence establishes a bijection between Reg (7^(36, a), and 
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Reg(A(X, a),7{) which respects irreducibility and direct sums. Its inverse is given by the Laplace 
transform, 

!• OO 

tt{R{X, f)) := -i J e'-^^7r{6_^f)dt , a:=sign\. (5.10) 

By an application of this to the GNS-representations of regular states, we also obtain an affine 
bijection between ('7^(36, a)) and the regular states ©^('^(^5 c)) o/ A(X, a), and it restricts 
to a bijection between the pure regular states ofTl{X,a) and the pure regular states of a). 

Note that whilst we have a bijection between the regular states of TZ{X, a) and those of A(X, a), 
there is no such map between the nonregular states of the two algebras. In fact, fix a nonzero 
/ G X and consider the two commutative subalgebras C*{i?(A,/),l | A € M\0} C Tl{X,a) 
and C*{5tf \ t G M} C A(jC, a), then these are isomorphic respectively to the continuous 
functions on the one point compactification of M, and the continuous functions on the Bohr 
compactification of M. Note that the point measures on the compactifications without M produce 
nonregular states (after extending to the full C*"algebras by Hahn-Banach) and there are many 
more of these for the Bohr compactification than for the one point compactification of M, (cf. 
Theorem 5 in [23^ p 949]). So the Weyl algebra has many more nonregular states than the 
resolvent algebra. 

Some further properties of regular representations and states are: 

Proposition 5.2.10 LetTl{X, a) be as above. 

(i) If a representation it of TZ{X, a) is faithful and factorial, it must be regular. 

(a) If a representation it : Tl{X,a) — > B{Tl) is regular then ||7r(i?(A, /))|| = ||i?(A, /)|| = |A|~"^ 
for all A G M\0, f e X. 

(Hi) A state uj ofTZ{X,a) is regular iff uj{A) = lim iXuj(^R(X, f)A^ for all A £ TZ{X,a) and 

/ex. 

Thus regular states restrict to regular states on subalgebras generated by the Resolvents. 

We also find the the following decomposition of the test function space with regards to a 
given representation useful, 

Proposition 5.2.11 Let vr : IZ{X,a) B{7i) be a nondegenerate representation. Then 

(i) the set Xr := { / G X | Ker 7r(ii(l, /)) = {0} ^ is a linear space. Hence if f £ Xs ■= 
X\Xr, then f + g £ Xs for all g G Xr. 
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(ii) The set Xt := | Ker tt{R{1, f)) = {0} and 7:{R{1J)) € 13{n) j C Xr is a 

linear space. Moreover if f £ Xt then ir(^R{l,g)^ = for all g £ X with cr{f,g) ^ 0. Thus 
a{XT,Xji) = 0. 

(Hi) //vr is factorial, them:{R{lJ)) = for all f e Xs, and-K{R{lJ)) G C1\0 for all f £ Xt- 
Moreover Xt = Xr H Xj^ . 

(iv) Let X be finite dimensional and let jg'i,..., g„| be a basis for Xt- If tt is factorial, 
we can augment this basis of Xt by {pi, . . . , p„} C Xs into a symplectic basis of Q := 
Span{gi,pi; . . . ; qn,Pn}, i-e. cr{pi,qj) = 6ij, = a{qi,qj) = (j{pi,pj). Then we have the 
decomposition 

x = Qe{Q^nXR)eiQ^nxji) (5.11) 

into nondegenerate spaces such that n Xr C {0} U {Xr\Xt) and n Xj^ C {0} U Xs- 

Clearly Xr is the part of X on which vr is regular, Xt is the part on which it is "trivially regular" , 
Xs is the part on which it is singular, and these have a particularly nice form when vr is factorial. 
This proposition can be used to prove the following theorem. 

Theorem 5.2.12 Let X be a nondegenerate symplectic space of arbitrary dimension. Then 

(i) The norms ofTZ{X, a) and TZ{S, a) coincide on *-alg{R{\, f) \ f £ S, X £ M\0} for each 
finite dimensional nondegenerate subspace S C X. Thus we obtain a containment TZ{S, a) C 
7^(X, a). 

(ii) TZ{X, a) is the inductive limit of the net of all TZ{S, a) where S C X ranges over all finite 
dimensional nondegenerate subspaces of X. 

It follows therefore from Fell's theorem (cf. Theorem 1.2 in [29]) that any state of TZ{X,cr) is 
in the w*-closure of the convex hull of the vector states of ir-r, hence of the regular states. The 
following result is relevant for physics. 

Theorem 5.2.13 Let (X, a) be any nondegenerate symplectic space, and TZ{X,a) as above. 
Then every regular representation of TZ{X, a) is faithful. 

The importance of this result lies in the fact that the regular representations are taken to be the 
physically relevant ones, and the images of TZ{X, a) in all regular representations are isomorphic. 
Thus, since we can obtain the quantum fields from TZ{X, a) in these representations, we are 
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justified in taking Tl{X, a) to be the observable algebra for bosonic fields. Usually one argues 
that for a C*-algebra A to be an observable algebra of a physical system, it must be simple 
(cf. [47', p 852]). The argument is that by Fell equivalence of the physical representations, the 
image of A in all physical representations must be isomorphic. However, if one restricts the class 
of physical representations (as we do here to the regular representations of TZ{X,a)), then the 
latter isomorphism does not imply that A must be simple. 

This theorem also has structural consequences, e.g. it implies that TZ{X, a) has faithful 
irreducible representations, hence that its centre must be trivial. For many applications one 
needs regular representations where there is a dense invariant joint domain for all the fields 
(jj-wif), and this leads us to a subclass of the regular representations as follows. We will say that 
a state w on the Weyl algebra A(X, a) is strongly regular if the functions 

M"9(Ai,...,AJ^^(5a,/i---<^a„/„) 

are smooth for all fi,..., fn £ and all n S N. Of special importance is that the GNS- 
representation of a strongly regular state has a common dense invariant domain for all the 
generators (jj-w^if) of the one parameter groups A — > vr^(5A/) (this domain is obtained by applying 
the polynomial algebra of the Weyl operators { vr^((^/) | / € X } to the cyclic GNS-vector). By 
the bijection of Corollary 15.2.91 we then obtain the set of strongly regular states on 7^(j£, a), 
and we denote this by Ss,.(7^(X, cr)). 

5.2.2 Further structure. 

Here we want to explore the algebraic structure of TZ{?i, a). 

Theorem 5.2.14 Let (X, cr) he a given nondegenerate symplectic space, and let X = S (B S-^ 
for S C X a nondegenerate subspace. Then 

7^(X, a) D C*(7^(S, a) U 7^(S^, a)) ^ 7^(5, a) ® TZ{S^, a) 

where the tensor product uses the minimal (spatial) tensor norm. The containment is proper in 
general. 

Thus we cannot generate TZ{X,a) from a basis alone, i.e. if {qi,pi; q2,P2', • • • } is a symplectic 
basis of X, then C*{i?(Ai, gj), R{fii,pi) \ Aj, /ij G M\0, i = 1, 2, ... | is in general a proper 
subalgebra of TZ{X,a), though in any regular representation vr it is strong operator dense in 
7r(7^(X,o■)) by Theorem [LZZtv) . 
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Note that since C*({i?(A, /) | A G 1R\0}) = Co(M) (easily seen in any regular representation), 
and we have that Co(M"+™) = Co(lR") ® Co(M""), it follows from Theorem [52H that any 
Co-function of a finite commuting set of variables is in TZ{X,a). More concretely, we have the 
following result which will be used later. 

Proposition 5.2.15 Let {qi,..., qk} C X satisfy cr{qi,qj) = for all i, j. Then for each 
F G Co(M'^) there is a (unique) Rp G TZ{X,a) such that in any regular representation vr we have 
7T{Rp)=F{4>^{q,),...,(^Jqk)). 

Thus the resolvent algebra contains in abstract form all Co-functions of commuting fields. Note 
that such a result neither holds for the Weyl algebra nor for the corresponding twisted group 
algebra (in the case of finite dimensional X) . 

Theorem 5.2.16 Let (X, a) be a given nondegenerate symplectic space and let f,hG X\0 such 
that f ^Rh. Then 

(i) R{1, f) ^TZ{X, a)R(l, h)~^ , i.e. the ideals separate the rays ofX, 

(a) ||-R(1, /) — R{i, /i) II > 1, and if o'{f, h) = we have equality. 

(Hi) TZ{X,a) is nonseparable. 

5.2.3 Constraint theory. 

In this subsection we assume the structures associated to the T-procedure (quantum Dirac 
constraint procedure) as described in Appendix (|7.4p . 

For linear bosonic constraints, we start with a nondegenerate symplectic space (X, a) and 
specify a nonzero constraint subspace C C X. Our task is to implement the heuristic constraint 
conditions 

Hf)i^ = o fee 

to select the subspace spanned by the physical vectors ip. There are many examples where 
these occur, e.g. in quantum electromagnetism, cf. [42 ^ 140 ^ [46]. Now in a representation vr of 
n{X,a) for which Ker tt{R{X, f)) = {0} we have by Theorem [OZl^vi) that 7r(i?(A, /))(/)^(/) = 
iX7r{R{X, f)) — 1 on Dom07r(/). Hence the appropriate form in which to impose the heuristic 
constraint condition in the resolvent algebra is to select the set of physical ("Dirac") states by 

©D := G 6(7^(X, a)) \ 7r^{iXR{X, f)-l)n^ = f e C, X e M\0} , (5.12) 
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where vr^ and 0,^^ denote the GNS-representation and GNS-cydic vector of uj. Thus w G iff 
C cJ\f^:= {Ae n{X,a) \ io{A*A) = O}, where C := {iXR{X, f) - 1 | / G C, A G M\0}. Note 
that C* =C. 

Proposition 5.2.17 Given the data above, we have: 
(i) 6D = {cuGe(7^(X,cT)) I oj{R{l,f)) =-i, fee]. 

(a) If UJ &D, then it is not regular. In particular, if a{g,C) ^ for some g G X, then 
Tr^{R{X,g)) = for all A G M\0. 

(tit) 6d /0 iffa{C,C) = 0. 

Henceforth we will assume that cr(C, C) = and hence 7^ 0- 
Proposition 5.2.18 With notation 

V:=J\fnM*, O := {Aen{X,a)\[A,V] CV}, M := [n{X, a)C] 
from the T -procedure we have: 

O = TZ{X,a) with the proper ideal V = [7^(X, o")C] = [CTZ{X,a)], and V = C / {C f]!)) where 
V := O/V. 

So Dirac constraining of linear bosonic constraints is considerably simpler in the resolvent algebra 
lZ{X,a) than in the CCR-algebra A(X, a) cf.p]. 

5.3 Constraints I: Symplectic Form ai 

We want to use the Resolvent Algebra to model a Fock-Krein bosonic field algebras of the type 
discussed in Section [4. 2. 1[ Hence for the remainder of this chapter we will assume that 2) and fy^ 
are test function spaces with all the structures as in Subsection 14.2.21 Now we have a technical 
difficulty that A{g) as defined in Section [4.2.11 are Krein symmetric but not Hilbert selfadjoint 
in general, and hence their spectrum need not be a subset of the real line, hence {i\ — A{g))^^ 
is need not be defined for all A G R\{0}. This means that although the Resolvent Algebra exists 
using the QEM test function space, there is no reason it maps to 'resolvents' {iX — A{g))^^ and 
this poses the problem of what Resolvent algebra to use to model the A[gys. 
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The Resolvent Algebra exists for any non-degenerate symplectic space. So given the OCR's 
in Section [4.2. II are: 

[A{f),A{g)]=iai{f,g), f,geX 

we will first try using the Resolvent Algebra TZ{X,ai) to model the Fock-Krein fields given in 
Section liXTl 

Before we use TZ{X,ai) to develop a C*-algebraic model for the structures in in Chapter SI 
we apply the T-procedure to Tl{X,ai) as in Subsection 15.2.31 This will establish a reference 
point for comparison with subsequent results. 

5.3.1 T-procedure I 

In this subsection we assume the structures associated to the T-procedure (quantum Dirac 
constraint procedure) as described in Appendix (j7.4p . 

Motivated by the Lorentz condition in Subsection 14.1.21 we want implement the heuristic 
constraint {A{f)'ip = 0|/ G Xi}. As described in Subsection I5.2.3[ this corresponds in the 
Resolvent Algebra to the T-procedure with constraint set, 

C := {iXR{X, /) - 1 1 / G Xi, A G M\0}. 

As (Ti(Xi,Xi) = we have that Dirac states exist by Proposition ()5.2.17p and that the physical 
(constrained algebra) is: 

r = c'/ic'nv) 

by Proposition (|5.2.18p . We next construct V more explicitly for comparison with other results. 
By equation ()5.12p we have that for a; G Sd , 

However we can get the stronger statement: 
Corollary 5.3.1 Let uj e&D, then for all / G JCi, A G M\0.- 

7r^(iAi2(A,/)) = l. 

Proof. Since T> is an ideal of 7^(X, o"i) (Proposition (|5.2.18p ) and T) C Kerw for all w G ©D) 
it follows by [22j 2.4.10 that V C Kervr^ hence that iXR{XJ) - 1 G C C T* C Kervr^ for all 
/GXi. □ 
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Now Xt and Xi © X2 are non-degenerate and Xt -L (Xi © X2) ai-symplectically. Hence we 
have by Theorem (j5.2.14p that 



7^^ :=C*({i?(A,/), |/GXtUXi©X2, A G M\0}) ^ 7^(Xt, ai) © 7^(Xl © X2, ai). 

Let (/? be this *-isomorphism, and define TZph := ip~^{Tl{Xt,<Ti) © 1) and TZu ■= 93"^ (1 © 7^(Xi © 
^2,o-i))- 

To characterize the physical observable algebra V, we prove the following lemmma. Recall 
the notation cjg = where uj £ 6^ and ;B is a C*-subalgebra of A (cf. Definition (j5.0.7p ). 

Lemma 5.3.2 We have: 

(i) For every uji G (3(7^(Xt, di)) there exists an uj £ &d(TZ{X, ai)) such that oJUpu = ^1° ^■ 
Furthermore we have that, 

nphf^v = {Q}. 

(a) Define the representation of the observables as ttd ■ '7^(X, cJi) BiTLo) by: 

Then TroiT^ph) = '^oO^oi^tjO'i)) ''^^^ = Tl{Xt,o'i), the closure in the first equality with 
respect to the uniform norm of B(TC£)). 

(Hi) Let u) G ©2(7^(X, cJi)), i.e. uj is a pure Dirac state. Then for all f G Xt, 5 G Xi and 
A G M\{0} we have: 

7r^(i?(A,/ + 5)) = vr^(i?(A,/)) 

Proof, (i): We have that C := {iXR{X, f) - 1 1 / G Xi, A G M\0} C 7^(Xl © X2,cji) and so 
we can use C as the constraint set for the T-procedure in Tl{Xi © X2,cri). As cji(Xi,Xi) = 
Proposition (|5.2.17p implies that Dirac states 6d(7^(Xi©X2, cxi)) exist. Take uji G &{Tl{Xt, cxi)) 
and UJ2 G Si:)(7^(Xi © X2,(Ti)) and let uj := {uji © UJ2) o ip £ &{JZx)- We can extend uj to 
UJ G &{JZ{X, cJi)) by the Hahn-Banach theorem, and it is easy to check that ijj\nph = ^^1° ^ and 

For the last statement in (i) let A G TZph and uji G S(7^(Xt, cJi)) such that {uji o ip)[A* A) 7^ 0. 
By the above there exists cj G such that uj[A* A) = {uJi o ip)[A* A) ^ 0, hence TZph^^-^u; = {0}. 
As TZph is a *-algebra, TZph CiV = {0}. 
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(ii) : By the definition of vr/) we see that Kervr/) = nlKerTr^^ | uj G Sd('^(-X^, ci))} = where the 
last equaUty follows by Theorem (j7.4.2p . Hence by (i) we see that (Ker vr/) PlT^p/j) = (VnTZph) = 
{0}, and hence ttdItIph is isometric. As TZph = Tl{Xt,cri) the result follows. 

(iii) : Let uj G 6g(7^(X, ai)) and let f £ Xt- By Corollary (ISXTT) we have Tr^{R{X,g)) = -(i/A)l 
for all g £ Xi and A G M\{0}. As w is pure, ■k^{R{X, f)) = or tt^{R{X, f)) is invertible by 
Theorem (j5.2.6p (i). 

Consider the case that Tr^{R{X, f)) is invertible. Note that 7r^(i?(A, 51)) = —{i/X)l is invert- 
ible, hence (pn^^ig) exists and (pn^{g) = 0. Therefore, 

= {iXl + <f>^Jf + g)y\ 

where we used Theorem (j5.2.7p (v) in the third equality. 

Next consider the case that tTi^{R{X, f)) = 0. Note that tTi^{R{1, f)) is invertible if and only 
if 7r^{R{X, f)) is, since in each case 4>-K^{f) exists, hence since uj is pure 7r^(i?(l,/)) = if and 
only if 7r^{R{X, f)) = 0. So by assumption we have 7r^{R{l, f)) = 0. Proposition (I5.2.1ip (i) 
gives if + g) G Xs where Xs defined as in Proposition (j5.2.1ip and so it^{R{1, f + g)) = 0. 
Therefore 

TrURiX, /)) = ^ ttM^, f + 9))= 0. 

A similar argument shows that t^^{R{X, f + g)) = implies 7r^(i?(A,/)) = for all A G M\{0}, 
and we are done. □ 

From these lemmas we can characterize the Dirac physical observable algebra: 

Proposition 5.3.3 We have 

V :=0/V^n{Xt,(Ji) ^n{{Xi®Xt)/Xi,ai) 

where =' denotes (isometric) * -isomorphism. 



Proof. First, by a slight abuse of notation we will write 7^(Xf,(Ti) for TZph ^ by Theorem 
(I5.2.12P (i), we have that the norms of TZph and TZ{Xt,(Ji) coincide. Let to G Sz)(7^(X, cii)) and 
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let f £ 3Ct, g £ 3ii, h £ X2- Consider 

R{X,f + g + h)£n{X,ai) 

where A G R\0. By assumption we have that X is cJi-nondegenerate and that cji(Xi, Xf©Xi) = 0, 
so if /i 7^ then there exists a k £ Xi such that ai{k,h) ^ 0. Hence by Proposition (15.2. 17p we 
have for all A £ M\0 that 7r^(i?(A, f + g + h)) = and hence i?(A, f + g + h) £ V. Now assume 
h = 0, i.e. we consider 

R{X,f + g)£n{X,ai). 

By lemma (I5.3.2P (iii) and that vr^ is a representation we have that i?(A, /) — i?(A, f+g) £ Kervr^^ 
for ah CO £ 6g(7^(X,o■l)), and hence that R{XJ) - i?(A,/ + g) £ V hy Corollary 3.13.8 [83], 
where we recall that T> <0 = TZ{X, cxi) where the last equality is by Proposition (j5.2.18p . Let 
T : TZ{X,ai) V = O/D be the factor map. By the arguments in the preceding paragraph, 
and as T is a continuous *-homomorphism, we get that: 

By lemma (I5.3.2P (i) we have that Kerr n TZph = V n TZph = {0} where TZph = T^iXt, cJi), hence 
r : Tlo{Xt,ai) V is injective hence isometric (cf. [76l Theorem 3.1.5, p80]). Therefore 

where '=' denotes *-isomorphism (automatically isometric by [7b\ Theorem 3.1.5, p80]). Putting 
these together we get that 

The last isomorphism statement follows as Xi is the ai degenerate part of Xt (B Xi. □ 

5.3.2 QEM and Covariance I 

We take X as in Subsection 14.11 and hence we get that 

V = 0/V^n{Xt,ai)^n{iXi®Xt)/Xi,ai) 

Recall that for X as in Subsection 14.11 the Poincare transformations defined by 

{Vgf){p):=e'P'^AfiA-'p) yf£L\C+,C^), <7 = (A,a)GP|, 
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(cf. equation (j4.1ip ). As the measure A is Lorentz invariant, it is straightforward to see that Vg 
is (•, •)-unitary on L^(C-|-, C^, A) and so cJi-symplectic on X. Hence we have by Theorem (j5.2.4p 
(v) that, 

ag{R{X, f)) = R{X,Vgf) 

extends to an automorphism on Tl{X,ai) for all g = (A, a) G V\_. Also as Vg preserves Xi 
(lemma (|4.3.9p ). we have that ag{C) = C and hence ag factors to an automorphism on V. 
Hence the Poincare transformations are defined naturally on the constrained algebra and we use 
representations that satisfy the spectral condition for physical representations. 

5.3.3 C*-BRST I 

We want to construct a C*-algebraic version of Fock-Krein BRST as in Section 14. 2[ The defini- 
tion of 6 in (j4.2.1ip uses the complexified test function space D = X + iX (cf . Subsection I4.2.4P , 
hence we use will use the Resolvent algebra 7^(2), cJi) to define the C*-algebraic 5 and restrict 
to Tl{X, cJi) once done. 

A complication with this approach is, as already discussed at the beginning of Subsection l5.3t 
that A{f) as defined in Subsection 14.2.11 is f-symmetric but not necessarily *-symmetric. Hence 
the operators (iAl — A{f))~^ need not necessarily exist nor does alg({(iAl — A{f))~^ \ f £ X}) 
into which 7?.(2),cJi) naturally maps. We can however think of R{X, f) '=' {iXl — A{f))~^ 
as a heuristic formula and use it as guideline to construct a rigorous BRST super derivation 
and investigate the results, comparing the final constrained BRST-physical system with that in 
Subsection 15.31 

To begin the construction to define the abstract BRST-Field Algebra: 

• Let 2) and Sy^ have all the structures as in Subsection 14.2.21 Let Tl{D, ai) and let Ag{S)2 ) 
be the ghost algebra (Section 13. ip with all the definitions as there, in particular 

Cif) := -^(c(/) + c*(J/)), / G ijf © 

and {C{f),C{g)} = Re{f,g)l for ah f,ge9jY®Sj^ 

• We define the BRST-Field Algebra as 

A := n{T),ai)(g)Ag{Sjl). 

The tensor norm on A is unique as the CAR algebra is nuclear. We define a grading on 
A by extending the ghost grading on Ag (cf. Definition (I3.1.9P ). i.e. we define a grading 
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automorphism 7 on ^ as 7 equal to the identity on Tl{D,ai), and equal to the Z2-grading 
automorphism on Ag{S^2) (cf. Definition (j3.1.9p ). 

• As J is symplectic, we have that l3'{R[\,f)) := R{X,Jf) defines a unique automorphism 
on Tl{T), cji) (cf. Theorem (j5.2.4p (v)), and we let ^ = 1 G Aut (A). Also, as J defines 
a unitary on ^jj (B , we get that a'{C{f)) := C{Jf) defines a unique automorphism on 
Ag, and we let a := a' 1 G Aut (A). 

5.3.4 Superderivation I 

We next define the BRST superderivation. As it will be unbounded we first specify its domain. 



Definition 5.3.4 Let 

D,{S) := alg{{l, R{XJ), Ci{h), Ci(/i)* | / G 2), S Si A e 
where D and Di are as in Subsection\4.2.^ and 



D2{5) := alg{{Di{6),C2{f)\fe^,Xe 
where Ci{h) := R{l,Yh)0C{h) and C2U) ■= R{1, f) C{P2Kf). 

Remark 5.3.5 (i) Note that Di{5) C D2{d) but that Di(S) is a *-algebra whereas D2{S) is 
not, and that neither is norm dense in A. 

(ii) Note that R{X, f) C{P2Kf) = R{1J/X) ® C{P2Kf/X) = C2(//A) for A G M\0. This 
implies that a(C*(/)) = for i = 1,2. 

(iii) Recall that 7 is the grading automorphism on A, hence j{R{X, /) ® 1) = -R(A, f) <S>1 and 
7(1 C{g)) = -1 C{g) for all / G 2) and 5 G Di ©y 2)2 (cf. Remark (13.1. lUD ). Hence 
7(Z)i(5)) = Dii6) and 7(^2(5)) = 02(5). 

Now recall the Definitions (14.2. lip . 

6{A{g)0l) = -il(S)C{KP2g), g G 2), 
6{l(^C{g))=A{YPig)0l G 2), 
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The second identity is problematic and we want to encode it in bounded form. To do so 
we construct a mollified version of 5. To motivate this we make the heuristic identification of 
R{X, f)^=^{iXl — A{f))^^, and use the mollifying property of resolvents in the following heuristic 
calculation: For h £ Di 

6{Ciih)) = 6{Ril,Yh) ^ C{h)), 

= ~6iiXl - A{f))-^)Cih) + Ril, Yh))6{Cih)), 

= - R{l,YhfC{iP2PiYh)C{Pif) + R{1, Yh))A{Yh), 

= iR{l,Yh) - 1, 

where we used the mollifying properties of the resolvent in the last equality. The LHS and RHS 
are both well defined elements in D2{5). Similarly we can use heuristic calculations on all the 
generators of 02(6) to rigorously define 5 as map. We can then recover the algebraic structure of 
superdrivation as given in Definitions (j4.2.1ip in regular representations. Note however this will 
not correspond exactly as resolvents in the Resolvent Algebra correspond to Hilbert essentially 
selfadjoint fields, while the A{f) in Chapter [4] are Krein symmetric. 

Theorem 5.3.6 Define a map on the elementary tensors in D2{5) by: 

5{R{\J)) = -iR{\jfC{KP2f) 

= -iR{X,fK2{f/X) €D2{5), 
6{Ciih))=iR{l,PiYh)-l GZ?i(<5), 
d{Ciihr) = 0, 
S{C2{f)) = 0, 

for f D , h £ Di, A € M\0. This extends to a superderivation on 5 : D2{S) D2{5) such that: 
(i) J o 5 o J = —5 on 02(5). 
(a) 5(A)* = -ao6oao 'y{A*) on 02(6). 
(Hi) 6^ = on D2{5). 

Proof. First we verify that 5 is a superderivation on D2{5). We follow [T7] p708. Let tts 
be a strongly regular (hence faithful) representation of TZ{(Ti,X). As vrg is regular we have 
that (pTTsif) G Op('Hs) exists for all / G 2) and have the properties given by Theorem (I5.2.7p . 
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Furthermore, as vrg is strongly regular, there exists a dense invariant domain Doo for all 
f £ D. Thus by Theorem (j5.2.7p (i), the resolvents irsiR^X, /)) map Pqo back into D{(f)s{f )) for 
all / G 5). Thus we can define a second dense invariant domaint D5 by applying all polynomials 
in 4)-ns{f) and (j)T,g{R{\, f)) to Poo- 

We define the non-normed *-algebra 

£0 ■■= *-alg{(A.^(/), 7r5(ii(A,/)) I / G S), A G R\0} 

which acts on the common dense invariant domain Vg, and we have the CCR's 

[</)^^(/),</)^^(ff)]V' = i(Ti(/,5)V', ^^Vs (5.13) 

Now let ttq be any faithful representation of Ag, and so vr^ ® ttq is a faithful representation of A. 
Furthermore T) := 'Ds®T~ig is a common dense invariant domain for iis{R{\, /)) (8) 1, (j)ng{f) 1, 
and 1 ^ vro(C(/)). For convenience of notation we will drop the (8) and vr^, ttq for the remainder 
of this proof and define 

£ := *-alg{</.(/), R{X, /), C{g) | / G 2), 5 G ^2 A G M\0}. 

We now define the map, 6 from the generators of £^ to £^ by: 

= -iC{KP2f), / G 2) 
~5{R{X, /)) = -ii?(A, ffC{KP2f), fG^ 
~5{Cif)) = cP{YP^f), /e^f ©^^ 

and show that this extends to a well defined super derivation on £. To do this we show that 
6 is linear and satisfies the graded Leibniz rule on any finite polynomial in the operators 
0(/) R{X, f),C{f) where / G 2), A G M\0. 

Let Xg be a finite-dimensional subspace of Di and let 2)s = Xs © J^s- Let 

:= alg({0(/) i?(A, /), C(5) I / G © 2)2, 5 G 2)„ A G M\0}) C £, 

and let {fj)j^\ be a finite orthonormal basis for Xg and define, 

Qs := mj)CiJfj) + <P{Kfj)C{KJf))) . 

jeA 

Let 
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This is the same formula as the one for Qg in lemma (|4.2.13p . but we have substituted (/)(/) for 
A{f). Since A{f) and (j){f) satisfy the same CCR's, we obtain by the same calculations in the 
proof in lemma (14.2. 13D that Ql = Q. 

Given 5 e Ds,A e ]R\0 then J2je\ifi^9)fj = Pi9 and J^jeAi^ fj^ 9)J fj = ^25, and we 
calculate: 

SsiHd)) = [Qs,m] = Y.{iaiifj,g)C{Jfj) + iai{Kf„g)CiKJf,)) 

jeA 

= -iY,C{K{Kai{fj,g)Jfj + ai{fj,Kg)Jf,)), 
jeA 

= -iY,C{K{Jf„g)Jfj), 

jeA 

= -iC{KP2g), 

where we have used the CCR's (equation (j5.13p ) for </>(/), the definition of D (cf Subsection 
HX2]1 and (•, •) (equation (fOSjl ) for the first identity. To get 

5,(i?(A, g)) = -iR{X, gfC{KP2g), ge^2 

we use [(/>(/), ii(A, h)] = iai{f, h)R{X, hf on Vs (Theorem (15X71) (vii)). Noting that the CAR's 
for the C{f) use the inner product (•,-)y = {-^Y-) on 9)i ©^32'! S^* (similar to calculation 

for um)) 

UC{9)) = {Qs, C{g)] = 4>{YPig), ge^i 

So we see that 6 agrees with Ss on the generating elements of £{Tls) and as Xs was arbitrary we 
see that 6s extends to all of as a graded derivation and coincides with 5s on each £{T>s)- 
For /i G 3i we calculate the identity: 

S{Ci{h)) = 6{R{1, Yh))C{h) + R{1, Yh))~5{C{h)), 

= - iR{l, YhfC{KP2Yh)C{Pih) + i?(l, Yh))(t){Yh), 
= R{l,Yh))cp{Yh), 
= iR{l,Yh) - 1, 

where we used use the mollifying properties of the Resolvent Algebra in the last line. 

The identities drb{(i{h)*) = 5(C2(/)) = for /i G Di, / G 2? are obvious. Now S preserves 
T^s © 7i"o(^2('5)) C S, hence defines a super derivation 5 : D2{S) D2{5) by J o (vrg © vro) = 
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(vrg (g) vTo) o S which agrees on the generating elements R{\, /), Ci(/)) Ci(^)*i C2(/) with the given 
equations. 

(i) and (ii): These follow from qI := J^jQlJuj = Qs and calculations as in lemma ()5.1.3p (ii) and 
(iii). Alternately, these can be easily verified directly for the generating tensors on of D2{6) and 
so extend to all D2{5) 

(iii): For all finite dimensional subspaces Xg C 2)i we have = on Vs, hence 6^ = 0, hence 
it follows that 6^ = on 0(62) □ 

Remark 5.3.7 Some important points to note about the above super derivation: 

(i) From the definition above we see that 6 preserves D2{5) but not Di{5). So 5^ makes sense 
on D2{5) but not on Di{5). The reason we define Di[6) is that it is a *-algebra whereas 
02(6) is not. 

(ii) Property (iii) above states 

6{A)* = -a o d o a o -f{A*) (5.14) 

for A G D2i5). It should be pointed out that although (C2(/))* ^ 02(6), a((C2(/))*) = 
C2(— /) G ^2(6) and so the * on the RHS of equation (I5.14|) does not give us domain 
problems. 



To define the Poincare transformations on A recall the representations of V]. 

g ^Vg G sp{D, cJi) and g ^ Sg e C/(Si ©y 2)2), 

where U{Sji ©y Sj^) C B{Sji ©y Sj^) is the group of unitaries in 5(^1 ©y ij^') Subsection 
14. 3. H and equation (|4.36|) 1. Using these we define the Poincare transformations by the following 
action: 

Proposition 5.3.8 There exists a homomorphism Q!(.) : V\. Aut (A) such that for all / £ X, 
/i G Si ©y T)2 and g £ V^: 

ag{R{X, f) © C{h)) = R{X, Vgf) © C{Sgh) (5.15) 

Moreover: 

(i) ag{Di{5)) = Di{6) and ag{D2{6)) = 02(6). 
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(a) Oig-i o 5 o ag = 5 on D2{5) and D2{5), hence ac,(Ker 5) = KeiS. 



(in) OLg-i o a o = a, where we recall that a = i®a' ^ Aut {A) for a' G Aut {Ag) is such that 
a'{C{h)) = C{Jh) for all h G . 

Proof. Let g G V\. Before we begin the proof we recall several properties of Vg and 5*^: 

VgXi = Xi, Sg2)i = S)i, 5gD2 = S)2, (5.16) 

Vl=Vg-., Sl=Sl = Sg^., [5g,j]=0, 

Pl] = P2] = 0, YPlSg = VgYPl, P2Vg = SgP2, 

but also recall \Y, Vg] and [Y, Sg] need not be zero. The first line above follows from lemma 
()4.3.9p and the definition of Sg (equation (14.360 ). The second follows from the definition of Vg, 
lemma (I4.3.6P (ii) which proves that Sg is both (•, •)y-unitary and (•, •)y-unitary, and [Sg, J] = 
follows directly from the definition. The statements in the last line were proved as cases in 
lemma (I4.3.7p . 

Since Vg G sp(X, o"i) we have by Theorem (j5.2.4p (v) that there exists a'g G Aut (7^(X, cJi)) 
such that a'g{R{X, f)) := R{X,Vgf). As Sg is (•, •)y -unitary we get that the exists a'g G Aut^g 
such that ag{C{h)) := C{Sgh) (as it preserves the CAR's). Let ag := a'g ® a'g G Aut {A) which 
satisfies equation (j5.15p . Furthermore (7 — > is a homomorphism of 'P\ as g ^Vg and g ^ Sg 
are representations. 

(i): For / G 36, /i G 3i and g G V\. we calculate ag on the generators of D2{S): 
ag{R{\, f)(^l) = R{X,Vgf) 1 G Di{6), 

agiCiih)) = R{l,VgYh)(^CiSgh) = R{l,YSgh)®C{Sgh) = CliSgh) G Di{6), 
ag{Ci{h)*) =R{-l,VgYh)®C{SgJh) = R{-l,YSgh)®C{JSgh) = CliSgh)* G Di{6), 

%(C2(/)) = i?(l, Vgf) ® C{SgP2Kf) = R{1, Vgf) ^ C{P2KVgf) = C2{Vg f) G (5) 

where we have used the equations (j5.16p above, in particular VgYh = VgYPih = YPiSgh = 
YSgh in the second and third identities, and P2Vg = SgP2 in the last identity. 

As ag G Aut (^) and ag preserves the generators of Di{6) and D2{5), we have that (i) 
follows. 
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(ii) : For / G X, /i G and g € p| we calculate on the generators of D2{S): 

{ag-i o S o ag){R{\, /) 1) = K-i o 6){R{\, Vgf) 1), 

= - iag-i{R{X,VgffC{KP2Vgf)) 
= - iag^i{R{X,VgffC{SgKP2f)) 
= -iR{X,ffC{KP2f) 
= 5{R{XJ)^1) 

where we used KP2Vg = SgKP2 in the second line. 

{ag-i o6o ag){Ci{h)) = (a^-i o 6){Ci{Sgh)), 

= ag-i{iR{l,PiYSgh) - 1), 
= ag-iiiRil,VgPiYh)-l), 
= iR{l,PiYh) - 1, 

= mm 

where we have used ag{(i{h)) = ("i(S'g/i) as calculated above. Furthermore using the calculation 
of ag on the generators in (i) we get: 

(a,-i o 5 o ag){Ci{hr) = (ag-i o ,5)(Ci(S,/i)*) = = <5(Ci(/i)*)), 
(a,-i o 6 o a,)(C2(/)) = (a,-i o 6){C2{Vgf)) = = 6{C2{f)). 

Hence we have proved that Og-i o S o ag = 6 on the generators of Di{6) and D2{S). As ag is an 
automorphism that preserves Di{5) and D2{5), and as (5 is a super derivation we get that this 
extends to a^-i o 5 o ag = 6. 

As this is true for all g G V\_ we have that ag(Ker6) = Kerd. 

(iii) : As [J, Sg] = (iii) follows. □ 
5.3.5 States 

We want to define the set of states that will give us the correct ghost gradings on the ghost space 
and also serve as vacuum vectors, hence be Krein positive. These states should be in the kernel 
of the BRST charge if this exists in a given representation. Now in the above construction, we 
do not have a BRST charge Q to select physical states, but motivated by the bounded case 
(lemma (I5.1.5P ) we define 
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Definition 5.3.9 Let &s be the set of states on A of the form uji ® uj2 such that lj2 S &g{Ag), 
and (uji UJ2){S{A)) =0 VA G D{6). 

Note that we have defined the Krein involution on A via (t (E> a'){A*) = A^ and so we do 
not require that uji o (3 = uj. The reason that we do not associate any Krein structure in the 
physical representations with /3 G Aut {TZ{X, ai)) is that the Hilbert involution of the resolvents 
in TZ{X,ai) corresponds to the Krein involution on the fields A{f) that we have heuristically 
associated them to. 

We immediately get the following 

Lemma 5.3.10 Let f G S)i and uj = ui <Si UJ2 G &S- Then: 
(i) uj{R{l,Yf)(^l) = -i 

(a) We have i^i\ii{X,ai) £ S£)(7?.(X, cii)) where we have assumed Dirac constraints C as in 
Subsection \5. 3.1[ Furthermore, toi is nonregular. 

(ill) 7r^(i?(l,y/)®l)) = -il. 

(iv) 7r^(i?(l,yj/)®l) =0, 

(v) wi / wi o (3. 

Proof, (i): This follows from = u;((5(Ci(/))) = uj{iR{l, Y f) - 1). 

(ii) : It follows from (i) that loi{R{\,Y f)) = —i for all / G 2). Hence if we take Xi as our test 
function constraint space as in Subsection 15.3. H then by Proposition (j5.2.17p (i) wi|7^(x.(ti) ^ 
(3z)('7^(3£, (Ti)). Moreover, by Proposition (15.2. 17p (ii) wi is nonregular. 

(iii) : Follows by (ii) and Corollary (j5.3.ip . 

(iv) : As X2 = JXi we have that g := YJf = JYf G X2- By the definition of the inner products 
on X (cf. Subsection 14.2.21 (4)) we have for this g and /: 

ai{g, YKf) = ai{JYf, KY f) = Re(y/, JYf) = {Yf, Y f) > 0. (5.17) 

By (ii) we have uji G S£)(7^(X, cJi)), and so by Proposition (|5.2.17p (ii) and ai{g,YKf) / we 
get 7r^,(i?(l,yj/)) = 0. 

(v) : Assume lo = lo o f3. By part (i) and part (iii), -i = uj{R{l,Yf)) = uj{p{R{l,Y f))) = 
L<j(ii(l,yj/)) = for all / G □ 

191 



Lemma (|5.3.10p (v) says that state in &s do not have GNS-cychc vectors that are positive with 
respect to the Krein-structure associated to (3. As discussed at the beginning of this subsection, 
P does not encode the involution on TZ{X,ai) associated to the heuristic correspondence with 
A{f), hence lemma (|5.3.10p (v) is not unreasonable. 

5.3.6 A problem with the Physical Algebra 

The above structure gives 

Proposition 5.3.11 We have: 

(i) &s = &D ® ©g; where &d are the Dirac states of TZ{D , ai) using Di as a constraint test 
function space as in Subsection \5.2.^ 

(ii) Let u) ^ &s- Then tt^ o 6 = on D2{8). 

Proof, (i): First ©5 C Sd®©^ follows from lemma [5.3. 101 in). Conversely, lei oJi® uj2 & & d ® 
&g. Suppose / G D and P2/ / 0. Then for g := JKP2f G S)i we have g) = (P2/, P2f) / 
(cf. equation (fSTT]) ). So by Proposition |5,2T7| (ii) (taking C = Di), we get that 7r^(i?(A, /)) = 
for all A G M\0. Using Theorem (|5.3.6p . we get that, 

7r^(5(i?(A,/))) = iTTMKf)f^^{C{P2Kf)) = 0. 

But if we suppose that P2/ = then C{P2Kf) = and we can see from the first equality above 
that again ni^{6{R{X, f))) = 0. Therefore we have that, 

7r^o<5(/?(A,/))) =0, 
^c. o 6{Ci{f))) = iTTURih PiYf)) -1 = 0, 
vr.o5(Ci(/r) = 0, 
vr.o<5(C2(/)) = 0. 

where the second line follows from lemma 15.3.101 (ii) . Now t:^ o 5 = Q oxi all the generators of 
D2{6), so TT^ o 5 = and hence w o 5 = on D2{5) which proves (i). (ii) is immediate from the 
argument above. □ 

Proposition (j5.3.1ip (ii) is a big problem as it says that if 5u,{tToj{A)) := ■k^{5{A)) for w G ©5, 
then (5a; = and so Ker^^; = tTi^{D2{5)) which contains ghost terms, etc, and RantJ^; = so 
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when passing to the physical algebra, we won't factor out anything! To be more precise and 
also consistent with previous definitions we make the following definition. 

Definition 5.3.12 Suppose uj = uj\®uj2 & &&■ Let Quj be the generator of d^j given above and 
let 

be the ds^- decomposition with respect to Q^^. Then we define, 

fBRST ._ j^g^ 5^/(Ker 5^ n Ker ^ P,^Ker 5^P^ , 

where the above isomorphism is assumed to be algebraic, and we have assumed no topology on 
'pBRST 

At this stage we do not assume a topology or involution on J>^^^'^ and so the above 
isomorphism are purely algebraic. We address these issues in the next section (cf. Theo- 
rem (j5.5.12p ). As 5^ = we have that Qu> = ^ hence = Ker n Ker = and 

= 1. Therefore P^Kerd^Pf = Ker 5^ = tt^{D2{6)). As uj{R{1,Y f)) = -i we have that 
'?'"a;(^o(^5 fi) "X" 1)) = 7rw(^o(^t) CTi) 1)) by the same arguments as in Proposition (15.3.3^ . hence 

T^u.{D2{5))=^^{no{Xt,ai)®Ag) (5.18) 

However as Ag is simple it only has faithful representations and there do not exist represen- 
tations such that 7r^(l ® C{Pif)) = 0. Hence if w G 6^ then vr^(Ci(/)) = vr^i (i?(l, Pil"/)) ® 
7r^2{C{Pif)) = —il vr^a (C'(-Pi/)) / 0, and hence there are non-zero ghost number elements in 

We see that cj E S5 selects the same resolvent part of the algebra as the Dirac method as 
in Proposition (j5.3.3p . but does not remove the ghost terms. Hence BRST for QEM defined as 
in Subsection 15.3.41 and Subsection 15.3.51 does not give the same results as the Dirac method as 
it does not remove the ghosts. This is somewhat surprising as we found that BRST gave the 
correct results for QEM when viewed from the operator point of view in Chapter HI 

The explanation for the difference is that we used the heuristic identification of R{X, /)'='(iAl— 
j4(/))~^ when defining 6 and as already discussed, there is no reason to think that (iXl — A{f))^^ 
is well defined in a representation having BRST structures. 

We will leave the discussion of relativistic covariance for BRST Section 15.51 (cf. Proposition 
(15.5.161) ) . 
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Remark 5.3.13 It is of course possible to do BRST purely at an algebraic level, i.e. to take 
Ker(5/Ran(5 as the physical algebra, and considering its representations. However, this does not 
correspond to any BRST-constraining at an operator level. ^ 



5.4 C*-BRST II 
5.4.1 T-prodedure II 

As we have seen in the previous section, using the algebra TZ{D,ai) in the construction of BRST- 
QEM does not lead to the correct results for QEM as the ghosts were not removed when passing 
to the final BRST-Physical Algebra V^^^^ . One reason for this is that we have assumed that 
R{X, f) € TZ{D,ai) should in some sense represent the resolvent of the Krein-symmetric field 
A(f) and so have defined our BRST superderivation accordingly. It turned out to give results 
different from operator model in Chapter |4] and the T-procedure in Subsection 15.3.11 in that it 
did not remove the ghosts. 

To remedy this problem we take an approach that more directly connects to the Krein- 
symmetric field operator construction in Chapter [H We use for the algebra of bosonic fields, 
TZ{D,a2) where cr2{f,g) := ai{f,Jg) is the auxiliary symplectic form (cf. Subsection I4.2.2p . 
Heuristically the fields producing the symplectic form a2 from its commutators are of the form 

<A(/) = -^(a(/) + a*(/)), 

where [a{f),a*{g)] = {f,g), rather than 

A{f) = i=(a(/) + at(/)) = ±{a{f) + a*(J/)), 

which produces ai from its commutators. Since (j){f) = (pif)*, its resolvents {iXl — (p{f))^^ 
make sense, so we can use Tl{D,a2) to model the field </)(/). Solving A{f) and (/>(/) for each 
other gives: 

cPif) = + J/) + iAiKif - Jf)) = A{P+f) + tA{K{P^f)), (5.19) 

A(/) = </.(P+/) + 2<A(K(P_/)). 

using J = Pj^ — P . In the Krein space formulation BRST-QEM of 5 is defined in terms of 
its action on the yl(/)'s and C(/)'s (Definition I4.2.1T]) and so we will use the above equations 
to make a rigorous definition of 6 on 7^(2), (T2) Ag. The idea of using auxiliary fields to 
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generate a C* -algebra for a quantum system was used in a different context in ^45j p505 where 
the C*-algebra under consideration in that case was the Weyl Algebra. 

First, we need to apply the T-procedure to constraints in 7^(2?, (T2). For this we need to 
specify the constraints corresponding to the smeared Lorentz condition as follows. 

Observe that for f £ D we have, 

AifYAif) = A{Jf)A{f) = {<p{P+f) - icPiKP^f)mP+f) + zcPiKP^f), ) 

= </.(P+/)2 + 0(irP_/)2 

via a2(P+S),P_S)) = 0. Now = 0(/) so Ker {A{f)* A{f )) = Ker (0(P+/) n 0(i^P_/)) 

hence we can restate the heuristic condition A{f)ip = as (/){P-^.f)ip = (j){KP^f)'ip = 0. Define 
the subspaces of j£ as, 

Ti := P+PiD, (5.20) 
I2 := P_PiS (5.21) 

then we associate {</>(/), 4>{g) \ f G Ti, 5 S T2} with the smeared complexified Lorentz condition 
for the symplectic form a2- We would like to perform the T-procedure using Proposition (j5.2.18p 
using Ti and T2 as the test function spaces corresponding to the constraints. Unfortunately 
Ti U T2 is not (72-symplectically neutral since a2{f,Kf) = ||/||^ and i^Ti = Til, K1,2 = T2. 
Hence Proposition (j5.2.17p (iii) shows that are no Dirac states for these constraints. 

We would like to find (T2-neutral subspaces of Ti and T2 to use for constraints in the T- 
procedure, cf. Proposition (j5.2.18p . In QEM there exists a conjugation on X by which we can 
do this. 

Let S,Sq,X, Xq,T>,T>o be the test function spaces for QEM as in Subsection 14. H with all the 
structures assumed there. It follows from Proposition ()4.1.3p and Theorem (j4.1.6p that we have 

Ti := P+PiD = {/ G D I fip) = {0,pih{p),p2h{p),p3h{p)), h G i^o} (5.22) 
T2 := P-Pi3 = {/ G 3 I f{p) = (ipoHp), 0,0,0), h G i^o}- 

Note that 2)i©2)2 = Ti©T2 where © is Hilbert orthogonality with respect to (/, g) = <T2(/, Kg) + 
ia2{f,g)- Now define for the scalar functions / G Sq: 

(Co/)(p) := f{Po, -Pi, -P2, -ps), 

so that Co is a well defined real linear (but not complex linear) operator such that Cg = 1. 
Furthermore, as p = {potP1tP2,P3) G C+ <;=^ p = {po, —pi, —P2t —Ps) G C+ we have that if 
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f\c+ = then Co/|c+ = 0. Hence we have that Co factors to a (real) hnear operator on Xq 
which we wiU still denote by Cq. 

Proposition 5.4.1 Define the real linear operator C : X —> X hy: 

Cf ■= (C'o/oi C'o/i, C'0/2, Cofs) 

for f £ X. Then 
(^) = 1. 

(a) CK = —KC and so C extends to 2) as an antilinear operator, 
(in) a2{Cf,Cg) = 0-2(5,/) = -(^2{f,9) for all f,g £D. 

(iv) Let 971 C S) he a complex linear subspace such that CTl = Tl and define 

mc:= {fem\cf = f}. 

Then 9Jt = Tic © KTlc and KTlc = {/ S 9Jt | Cf = — /} where © means algebraic direct 
sum of real linear spaces. Furthermore dJtc CLi^d KdJtc are a2-neutral real linear spaces. 

(v) CTi = Ti and CT2 = T2 hence we have the decomposition: 

Di © ©2 = Ti © 12 = Clic e K%2c) e {K%ic © %2C), 

where © means algebraic direct sum of real linear spaces. Furthermore if we define T : = 
Tic © K%2C then: 

D = 2)4 © 1 © i^T 
and 02 (T, 1) = (72 (i^T, K%) = (72 (D* , T) = (T2 (2)t , KT) = 

Proof, (i) and (ii): Obvious. 

(iii) : By CK = —KC and the polarization identity (R&S [87] p63) we have that, 

{Cf,Cg) = {g,f), 

where we recall (•, •) is the inner product given by (•, •) = (T2(-, K-) + ia2{-, •), and so (iii) follows. 

(iv) : Let f £ M. Now f = {f + Cf)/2 + K{-K{f - Cf)/2) and as Cm C 971 D KTl we 
get 97t = 971(7 © i^97tc (uniqueness of the decomposition is a trivial exercise). Furthermore, as 
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CK = -KC and = 1 we get KTlc = {/ G OJt | C/ = -/}. From (iii) we have for f,geTlc 
or f,g £ KdJlc that, 

a2if,g) = a2iCf,Cg) = -a2{f,g), 
and so Tic and KTlc are (T2-neutral spaces. 

(v): Using equation (j5.22p above we see that CTi = Ti, CT2 = T2 hence the decomposition: 

S)i e 2)2 = Ti © T2 = (lie © i^T2c) e (-fsTTic e 12c) = i © i^i, 

follows by (iv), hence D = 2)j © T © KT. 

Finally, it follows from cr2(S)t,Ti) = cr2(S)t,T2) = cr2(Ti,T2) = 0, that KTit = Tit, Kli = 
Ti, K%2 = 2^2 1 that K is (T2-symplectic and the above decompositions of 2). 

□ 

Remark 5.4.2 Note that the use of C to decompose DJl into neutral subspaces as above requires 
that C preserve 9Jt. By Proposition (|4.1.3p and Theorem (|4.1.6p we have, 

Xi = PiX = {/ eX\f{p) = i{{po,Pi,P2,P3)/\\p\\)h{p), h G ^o} 

and so C does not preserve Xi or 2)i and hence we do not get an analogous lemma using Xi in 
place of Ti . 4 

By the argument leading to equation (j5.20p we have that the use of T as test function constraint 
space corresponds heuristically to the constraint set {Ker j4(/) | / E T^©T^}. So rigorously we 
take the quantum system with constraints to be (7?.(2), (12), C2) where C2 is the set, 

C2 :={iAi?(A,/)-l|/eT}. 



Proposition 5.4.3 Let (7^(2), CJ2), C2) be a quantum system with constraints as in Appendix 
\7.4\ Then the Dirac observable algebra is: 

V = TZiTt,CT2), 

where V = O /T> is the maximal C* -algebra of physical observables. 
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Proof. By Proposition (l5XT|) (v) we have 0-2(1, 1) = a2{^t, 1) = cr2{^t, KT) = 0, and / G T\0 
does not symplectically commute with KT. These are the analogous inputs in the arguments 
that lead to Proposition (15.3.3P with T>i replaced by T. Hence we get 

□ 

Therefore we have that the T-procedure applied to {Tl{D,ai),Ci) or {TZ{D , , C2) give the 
same result. 

5.4.2 Superderivation II 

To construct BRST-QEM using the auxiliary symplectic space we follow a similar procedure to 
Subsection 15.3.31 except now we use the Resolvent Algebra with the auxiliary symplectic form a2- 
For notational efficiency, we use much of the same notation as in Subsection 15.3.31 ^-9- ^(-^i/) 
will denote the generating elements of 7^(2), CJ2): 

• Let 5) and Sj^ have all the structures as in Subsection (I4.2.2p . Let ^^(•^2') be the ghost 
algebra with all the structures defined in Section 13. H e.g. 

C(/):=-^(c(/) + c*(J/)), feSj^. 

• We define the BRST-Field Algebra as 

A:=n{^,a2)^Ag{^^). 

The tensor norm on A is unique as the CAR algebra is nuclear. We define a grading on 
A by extending the ghost grading on Ag, i.e. we define a grading automorphism 7 on A 
as 7 equal to the identity on TZ{Tl,a2), and equal to the Z2-grading on Ag (cf. Definition 
(13X9)1 ). 

• As J is symplectic, we have that l3'{R{X,f)) := R{\,Jf) defines a unique automorphism 
on 7^(2), CJ2) (cf. Theorem ()5.2.4p (v)). As J also defines a unitary on Sj^ , we get that 
a'{C{f)) := C{Jf) defines a unique automorphism on Ag and we let q = a'®/?' G Aut (A) 
which encoded the Krein structure on A. We define the involution: 

:= aiA*), A e A. 
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To define the BRST super derivation rigorously we first use equations (j5.19p and Definition 
(j4.2.1ip to get the heuristic equations: 

55 1) = 5iAiP+f) 1) + i5iAiK{P^f)) 1) = -1 {iC{KP2P+f) + C{P2P-f)), 
6{1 C3 C{g)) = A{YPig) 1 = {(t>{YP+Pig) + i^iKYP^P^g)) ® 1, 

where / G 5? and g € Di (By ^2- We can interpret this rigorously using the Resolvent Algebra, 
but first we must choose an appropriate domain in A for 5. Again there is a problem of defining 
bounded operators corresponding to (5(1 C{f )) since the (/)'s on the RHS of this expression are 
unbounded operators. We will use mollifiers to encode this expression in A. 

Definition 5.4.4 Let 

Di{5) = *-alg{l, R{\, f) ® 1, Ci(5), (2(5) | / G 2), 5 G A G M\0}, 

and, 

D2{6) = alg{{Di{6) , 1 C{g)\ / G e Ds}), 

where Ci{g) := R{l,YP+g)R{l,KYP^g)^C{g) and (2(9) = R{1, -Y P+g)R{l, KY P^g) C{g) 
for g £Di. 

Remark 5.4.5 We have: 

(i) Di{5) C D2{5) but Di{5) is a *-algebra whereas D2{6) is not. Neither is norm dense in A. 

(ii) Note that by /?(A, 5)* = R{-X,g) = -R{X,-g) Jf G ©afor/ E T>i, and a2{P+,KYP^f) = 
we have 

Ci(/)* = R{-1, YP+f)R{-l, KYP^f) ® C{Jf), 
= R{1, -YP+f)R{l, -KYP^f) ® C{Jf), 
e D2iS), 

for ah / € 

(iii) Using JP+ = P+ and JP_ = we have for all / € S)i that (2(7) = a(Ci(/)*) = Ci(/)"^- 
This implies that 

C2(/)* = a(Ci(/)) = R{1, -YJP+f)R{l, -KYJP^f) C{Jf) G W 

as Jf G 2)2. Furthermore a(Ci(/)) = a(Ci (/)*)* = C2(/)* G ^2(<5). 
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(iv) From (ii) and (iii) and a(C(/)*) = C(/), we have that a{A*) G D2{6) for all A that are 
generators of D2{5) and hence all A G D2{5). 

(iii) Recall that 7 is the Z2-grading automorphism on A, hence ^{R{X, /) (8) 1) = ^(A, f) 1 
and 7(1 (g) C{g)) = -1 ® C{g) for all / G D and g G Di 2)2 (cf. Remark (IH.l.lOll V 
Hence 7(1)1 ((5)) = 7(1)1(5) and 7(1)2(5)) = D2{6). This says that -D2('^) is a f-algebra. 

To reduce notation we define for all / G Si: 

i2+(/) := R{1, YP+f), R.{f) = R{l,YP_f), 

and so 

Ci(/) = i?+(/)i?-(A7)®C(/), and, Ci{fr = R+{-f)R-{-Kf)(S)C{Jf), 
C2if) = R+{-f)R-{Kf)<g)C{f), and, UfT = R+{f)R-{-Kf)®C{Jf). 

Also note that as P+P- = we get using Definition (|5.2.ip ([5|) that 

[i?+(/),i?_(5)] =0, V/,<7G2)i, 

which we will use frequently in calculations. We will also drop the tensor product in Theorem 
()5.4.6p below. We define the mollified version of the BRST superderivation for this context, the 
proof of which follows the method in Theorem (15.3.6P . 

Theorem 5.4.6 Define a map on the generating elements of D2{6) as follows, for f £ D, 
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5 G ©1, /i G 2)2, A G R\0; 

SiR{X, /) 1) = - R{\, ff{iC{KP2P+f) + C{P2P^f)) 
= -{l/V2)R{X,ff{c{P2f)-c*{P2Jf)), 
6{l(S)C{h)) = 0, 

d{Ci{g)) = - R+{g)R^{Kg)[iR+{g)C{KP2YP+g) - R^{Kg)C{KP2YP^g)]C{g) 
+ l)R+{g)R-{Kg)) - iR+{g) - R^{Kg) 
= - [iR+{g)C{KP2YP+g) - R^{Kg)C{KP2Y P^g)]Ci{g) 
+ (i - l)R+{g)R-{Kg)) - iR+{g) - R^{Kg) 
KCiigT) = - R+{g)R-{Kg)[iR+{g)C{KP2YP+g) - R^{Kg)C{KP2YP^g)]C{Jg)), 
6{C2{g)) = R+{g)R-{-Kg)[iR+{g)C{KP2YP+g) + R^ {- K g)C {K P2Y P_ g)]C (g) 
+ + l)R+{g)R-{-Kg)) - iR+{g) - R^{Kg) 
= [iR+{g)C{KP2YP+g) + R^{-Kg)C{KP2YP^g)]C2{g) 
+ + l)R+{g)R-{-Kg)) - iR+{g) - R^{Kg) 
SiUgT) = - R+{g)RAKg)[iR+{g)C{KP2YP+g) - R^{Kg)C{KP2YP^g)]C{Jg)), 

The image of this map is a subset of D2{S), and furthermore this extends to a superderivation 
on 6 : D2{6) — > 02(6) such that: 

(i) 6^ = on D2{5). 
(a) J o 5 o J = —5 on D2{5). 
(Hi) 5{AY = -aoSoao 'y{A*) on D2{5). 

Proof. First we verify that (5 is a superderivation on D2{5). We follow [TT] p708 (cf. proof of 
Theorem (I5.3.6P also). Let vrg be a strongly regular (hence faithful) representation TZ{ai,X). 
As vr^ is regular we have that (^^^^(f) £ Op('Hs) exists for all / G S) and have the properties 
given by Theorem (j5.2.7p . Furthermore, as vr^ is strongly regular, there exists a dense invariant 
domain Dqo for all 07rg(/), / G D. Thus by Theorem (I5.2.7P (i), the resolvents 7rs(i?(A, /)) map 
Poo back into D{(j)s{f)) for all / G S?. Thus we can define a second dense invariant domaint Vs 
by applying all polynomials in 4)T^g{f) and (j).,rg{R{X, f)) to Poo- In particular, we can form the 
non-normed *-algebra, 

£0 := *-alg{4>^,{f), 7rs{R{X,f)) | / G D, A G M\0} 
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which acts on the common dense invariant domain Vs- 

Let TTo be any representation of Ag (which is faithful as Ag is simple), and so iis ttq is a 
faithful representation of A. Furthermore T) := Vs ® Ti-g is a common dense invariant domain 
for Trs{R{X, /)) (X" 1, (p^sif) ® 1> ^'^d 1 ® ^o(C(/))- Foi' convenience of notation we will drop the 
03 and tts, ttq for the remainder of this subsection. Let, 

£ := *-alg{</.(/), R{X, /), C((7) | / G D, 5 G ©2, A G M\0} 

and define the map 6 from the generators of £ to the generators of £ as follows: For / G 3, 
9 G S)i ©2)2 

= (iCiKP^P+f) + C7(P2P-/)), 
5(C(/i)) = 0(yPiP+5) +^</'(^i^AP-5), 

and show that this extends to a well defined superderivation on if . To do this all we have to 
is show that 6 is linear and satisfies the graded Leibniz rule on any finite polynomial in the 
operators </>(/), R{X, /), C{h),C2{9), Qid) where / G D, 5 G Si, /i G Di © 2)2, A G M\0. 
Let Xg be a finite-dimensional subspace of Si and let Ds = Xg © JXg. Let 

£{^s) ■•= alg({0(/), R{X, f),C{g) | / G 2)^ © 2)2, 5 G S)., A G M\0}) C £, 

and let {fj)j^/\_ be a finite orthonormal basis for Xg and define, 

Qs := (((/'(P+/i) + i^{KP_f,))C{Jfj) + {(^(KP+fj) - i(^{P_fj))C{KJf,)) . 
j 

Let 

~6s{A)^ := [Qs, A}^, iPgV, A£ £{^,) 

This is the same formula which defined Qs in lemma (14.2. 13p . but we have substituted ((/)(P+/)-|- 
i(j){KP^f)) for A{f). Thus by the same calculations as in the proof of lemma (j4.2.13p we get 
Q2 = o 

Theorem (|5X7l) (iv) gives that [</)(/), (t){g)] = ia2{f,g)l on V, so given g G (2)i©2)s), A G M\0 
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then J2j{fj^9)fj = Pi9 and Y.j{J fj,g)J fj = P2g, and we calculate 

UHg)) = [Qs,<P{g)], 

J2[ia2{P+fj,g) - a2{KP_fj,g)]C{Jf,) 

3 

+ [ia2{KP+fj,g)+a2{P^fj,g)]C{KJfj), 

= -iYl C{K[Ka2{P+fj,g) + a2{P+fj,Kg)]Jf,), 
j 

+ Y,C{[<J2 {P- fj , Kg) + Ka2 (P- /, , g)] Jf, ) , 

j 

= J2i-iCiK{P+f„g)Jf,) + Ci{P.f„g)Jfj), 
j 

= - iC{KJPiP+g) + C{JPiP-g), 
= -{iC{KP2P+g) + C{P2P-g)), 

where we have used that P^ = P± in the second last line, and JPi = P2J, JP+ = P+ and 
JP_ = — P_ in the last. Noting that the CAR's for the C(/) use the inner product (•, •)y = {-^Y-) 
on Sy( © ^1', we get for 51 G 2)s (similar to calculation for 5s{(t){g))), 

UC{g)) = HYPiP+g)+ict>{YKPiP^g), 

Now Theorem (I5.2.7P (vii) gives that, 

[4>{f),R{X,g)]=ia2{f,g)R{X,g)^ onV. 

by which we calculate the identity 

UR{\ /) ® 1) = -R{\ ff ® {iC{KP2P+f) + C{P2P-f)) (5.23) 

for / G {Vt © T>s), similar to the calculation for 5s{(t){g)) above. Using that C{f) = :^(c(/) + 
c*{Jf)), the fact that / — > c(/) is antilinear and / c*{f) is linear for all f £ Di ©y D2, and 
J = P+ — P_ we get that 

iC{KP2P+f) + C{P2P^f) = -^(C(P2P+/) + C(P2P-/) - C*{P2P+f) + C*(P2P-/)), 

= -^(c(P2/)-C*(P2J/)) 

hence from equation (j5.23p : 

5,(P(A, /)©!) = -^^(A, ff 55 (c(P2/) - c*(P2 J/)) 
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Since Sg agrees with 6 on the generators {4>{f), R{X, f),C{g) \feT)t® Tis, g G S^} for 8{Tis) 
this shows that 6 extends to a superderivation on each hence to a super derivation on 8. 

Since 5{tt[D2{5)) C ■k{D2{6), this allows us to define a graded derivation 5 : D2{5) D{5) by 

5(7r(<5(A))) =: 7r{6{A)), e D^iS), 

where tt := tt^ (8) ttq. We check that 6 agrees with the stated values on the generators 

{R{X, /), Ci{g), Ci(5)*, C2(5), (2(9)* \fe{Dt®^s),9e 2).} 

of D2('^)- We give the calculation for 5s{Ci{9)) where g G (Dg^'^i), the calculation for the other 
generators being similar. 

5{Ci{g))=5{R+{g))R-{Kg)C{g)+R+{g)S{R^{Kg))C{g) + R+{g)R^{Kg)5{Cig)), 

= -iR+{gfC{KP2P+Yg)R^{Kg)C{g)+R+{g)R.{KgfC{P2P-YKg)C{g) 

+ R+{g)R^{KgmYP+g) +i<p{KYP^g)), 
= - iR+{g)C{KP2P+Yg)R^{Kg)C{g) + R+{g)R-{Kg)C{P2P-YKg)]Ci{g) 

+ l)R+{g)R-{Kg) - iR+{g) - R^{Kg), 

using 

R+^{YP+g) = iR+{g) - 1 and R^{Kg)ct>{Y P^Kg) = R-{Kg) - 1 
by Theorem (|5.2.7p (vi). 

(i) : As already noted for Xg a finite dimensional subspace of we have that = 0. Now for 
A £ £{Tls) we have that 5'^{A) = 6{5siA)) = 6s'i5siA)) = S'^,{A) = for some finite dimensional 
Xgi D Xg . Therefore 5^ = and as vr^ (81 ttq is faithful, we get that ^2 = on D2{6). 

(ii) and (iii): These follow from qI := J^QsJuj = Qs and calculations as in lemma ()5.1.3p (ii) 
and (iii). Alternately, these can be easily verified directly for the generating tensors on of D2{5) 
and so extend to all D2{6) □ 

Remark 5.4.7 Some important points to note about the above superderivation: 

(i) From the definition above we see that 5 preserves 02(6) but not Di{6). So 6^ makes sense 
on D2{5) but not on Di{5). The reason we define Di[6) is that it is a *-algebra whereas 
D2{5) is not. 

204 



(ii) Theorem ()5.4.6p (iii) above states 

5{A)* =-ao5oao-f{A*) (5.24) 

for all A G D2{5). By Remark ([SXSD fiv) we have that a{A*) G D2{8) for all A G D2{5) 
and so the * on the RHS of equation (j5.24p does not give us domain problems. 

5.4.3 Strongly Regular States and Charge 

Now that the BRST structures are defined at the C*-algebraic level using 7^(2), cr2)) we will 
investigate what states give the structures as in Section 14.2.31 and also calculate their BRST- 
physical subspace and BRST-physical algebra. We will define the BRST physical states as those 
which: 

(i) Produce the natural Krein structures as related to the J-automorphisms in their GNS 
representation. 

(ii) Produce ghost gradings as in Subsection 13. 

(iii) Have associated cyclic vector being positive with respect to the Krein structure. 

(iv) Have a (possibly unbounded) BRST charge Q in the associated representation which gen- 
erates 5 on D2{5) in that representation, and has GNS-cyclic vector in Ker Q (i.e. Q selects 
the vacuum). 

Guided by the bounded Q case we define (cf. Section [5Tt in particular lemma (|5.1.5p ): 

Definition 5.4.8 Let ©5 he the set of states on A of the form loi ® L02 such that wi o /3 = G 
6(7^(S), CJ2)), CJ2 G &g{Ag), and (wi a;2)(<5(^)) =0 VA G D{5). 

We easily see that the above definition of 65 give representations that satisfy the first three 
criteria above: 

(i) Recall the Definition (j5.0.7p . For lv = lvi ® uj2 £ ©5 we have that u; o a = u; where 
a = /?' (8) a' G Aut {A) is the automorphism that encodes the Krein structure on A, i. e. 

= a{A*) for all A ^ A. From (5'"^ = i, q'^ = 6, = (a' /3')^ = and uji o (3' = toi, 
UJ2 o a' = iLi2, uj o a = uj we see that (Tiuji, J (^1)1 ("^0^2' ^^^2)^ {T~(-ui, Jui) are all Krein spaces 
as in Definition ()5.0.7p . 
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(ii) By {jj2 G &g[^Ag) we have the correct ghost gradings on Ag (cf. Proposition ()3.1.1ip ). 

(iii) Also uj o a = Lo imphes that Juj^^j = and so is positive with respect to the inner 

product (•, Oo; = (•, Juj-)uj- 

We need to examine the existence of a BRST charge. This will be done for a subset of states in 
65 for which we can construct a charge as in Subsection I4.2.5[ More general exitence criteria 
for the BRST charge will be examined in Section [5.51 Theorem (j5.5.3|) . 

The structers of Section r4.2.3l are constructed in the Fock representation using the fields </>(/) 
of the resolvents in TZ(D,a2)- So we start by investigating representations in which fields exist 
for all the resolvents, i.e. the regular representations (cf. Definition ()5.2.8p ). We recall some 
useful facts and define terminology for these representations: 

• Let the regular states of TZ{T>, (72) be denoted by &r and let the strongly regular states be 
denoted &sr (cf. Definition (|5.2.8p and Section [5.2. ip . Recall that for uJi £ &sr we have 
that (p-K^-^if) £ Op('Ha;i) exists for all / € 2). In particular we can form the non-normed 
*-algebra 

:= *-alg{0,„^(/), 7r,,(ii(A,/)) | / G S), A G R\0} 

• For u)i G &sr we have that there exists a dense invariant domain for all (/)^g(/), f £ D. 
Moreover the cyclic GNS-vector Q^-^ G V^^ , and so 

*-alg{0,^^ (/), I / G 2), A G M\0}n^, C 

as Poo is invariant for all (pnsif)^ 7^2). By Theorem (|5.2.7p (i) we get 

^Si:=Cf^-i (5-25) 

is an invariant domain for and as D vr^^i (7^0(2), cr2))r2^j we get that P^ii is dense 
in Tiujj^ . 

• For strongly regular states we can define the creators and annihilators of the fields. Let 
uji G Ssr('^(S, o'2)),then we define: 

an^, if) ■■= ^(<A.., (/) + (Kf)), / G S 

where by Theorem (|5.2.7p (v) we have that P^ii is a dense invariant domain for 07r^j(/). 
We have that 

al^^ if) := -^i'Pn^, if) - i'Pn^, (Kf)), / G S 
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which preserves . For f,gGS, 

where ^p G T^Zx- consistency in notation we will denote c-j^^^if) ■= vr^(l ^ c{f)) for 
c(/) G and uj2 G Sg(^g) (cf. Section [3?T] for definition of c(/) ). 

• Take u; = wi 0^2 G 65 such that tui G ©^r- Let V^,^ := *-alg{C(5r) | ^ g ©y S)2}f^a;2- 
Then 

P^:=<0PO^ (5.26) 

is a common dense invariant domain for 'ir^-^{R{X, /)) (g) 1, (pT^^^ (/) (g) 1, and 
TT^^{R{XJ)) 1 (cf equation (lOHD ). 

• Let be a subspace of 2)i and let Ds '■= Xg © JX^ = Xs (By JXg. Let 

£{Xs) ■= *-alg{(^,„^(/)®l, 7r^,(i?(A,/))®l, 1®^^,(C(5))| / G S)t©S)„ 5 G 2)„ A G M\0}, 

• Define £ := <f (2)i) and extend the ghost grading on A to 8 in the obvious way. 

Remark 5.4.9 Note that for Xs C Si and E G £{Xs)^ a monomial of generating tensors of 
£{Xs), we can choose a monomial of R{Xj, /j)'s, Aj G M\0, such that ■k^{R{\i, fi) . . . i?(A„, /„) 
1)E G TTf^ (-02(15)). We can also take the Aj's to be arbitrarily large. 

To see this we first take Xg C A G M\0, / G 2)i © 2)^, 5 G X^, and /i G JXg. We show 
the above statement holds for {(j)^^-^ if) © 1) and 7rt^(l © C{g)). 

We have that vr^, {R{X, f)){cp^^^ (/) © 1) = a7r^(i?(A, /)) - 1 G vr^(I)2(<J)). Also, for 5 G X„ 
we have that t:^{R{\,Y P+g)R{\,KY P^g) ® l)7r^(l © C(5)) = (l/A)7r^(Ci(5/A)) G 7r^(I)2(<5)). 

Now TTf^-^ (i?(A, /)) © l,7r(^(l © C{h)) are elements of '/ri^(-D2('5))- Moreover, we can always 
multiply E by the appropriate monomial M of resolvents corresponding {(jj-n^^ (/) © 1) and 
■K^^{1 (g) (7(5)) in E so that M£; G vr^(-D2(5)), and using the fact that [Tl{T), CJ2) © 1, 1 © ^g] = 
and Theorem (15.2.7P (vii) to pair the resolvents in M with their corresponding terms in E. ^ 

By the same construction as in the last subsection we now define a superderivation on £: 
Theorem 5.4.10 Let lo = loi ^ uj2 € &s is such that loi G &sr- 
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Define a map 6 : £ ^ £ by: 

'Sid^n^, (/) ® 1) = 1 ® TT^,{iC{KP2P+f) + C{P2P-f)), 

Si7T^,{C{h))) = 0,^^ (YPiP+h) + icp^^^ {YKP,P_h), 

for f eS, he^i® 2)2, A G D2{5). 

Let Xg be a finite dimensional subspace ofDi, let (fj) be a finite 9)-orthonormal basis for 
Xg and define 

j 

+ {cp^^^ {KP+f,) - i4>^^^ {P_fj)) ® 7r^,iC{KJfj)) 
where D{Qs) = V^. Define the superderivation 

Ss : S{Xs) ^ £{Xs) by ds{E) := [Q„ E^, 
on V^, graded with respect to the 7? -grading coming from the ghosts. Then: 

(i) There exists a superderivation 5 : £ ^ £ with respect to the 1? -grading coming from the 
ghosts that agrees with the map 6 defined on the generating tensors of £ above. Moreover 
~5{E) = 5s{E)forEe£{Xs). 

(a) Qs is 2-nilpotent, closable, Krein symmetric with respect to = {'■,Jui')uj O'^d 

n 

Qs = EK., (Jfj) ® c,., (Jfj) + an^, (fj) ® (/.•)] 
3=1 

(Hi) D{Qs) C D{Ql) and 

Q*s ■■= ^(('^-^i (^+/^-) - ^<^-^i i^P-fj)) ® ^-.(C(/,-)) 
j 

+ {4>.., (KP+fj) + i4>.., {P-fj)) ® 7r^,{C{Kfj))), 

on V^. 

(iv) For all E e£, 

{n^,6{E)n^) = 
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(v) We have 

for all f G (Di D2), hence e KerQs n KerQ*. 

Proof, (i): We need only to check that the map 5 : £ ^ £ extends to a superderivation on 
polynomials on the generating tensors in £. This was done in Theorem (j5.4.6p . 

(ii) and (iii): That Qg is 2-nilpotent follows as in lemma (j4.2.13p substituting cpT^^ (P+fj) + 
icl)^^^{KP.fj) for A{f). 

For the remaining statements we note that = 'Huj2, that 07r„j(/) is symmetric 
on and C{f)* = C{Jf) for / G (Di © 1)2). Using these and that Qg is a finite sum, we 
easily get that D{Qs) C D{Q*) and Q* is given by the expression in (iii) on D{Qs). Now 
V^ = D{Qs)C D{Ql) and so D{Ql) is dense in W^. Hence by [87] Theorem VIII. 1 p253 we get 
that Qs is closable. 

For Krein symmetry we use that E'^ = Ji^E*J^ for E ^ £ and so 

<l>^^^{P-f0 = cP^^^iJP.fj)) = -cl>^^^{JP^fj)), 
7r.,(C(J/,))t = 7r^,(C(j2/,)*) = ^u^iCiJf,)). 

using these on the terms in Qg gives that Qs is Krein-symmetric. 

The expression for Qg in terms of creators and annihilators follows from the proof of lemma 
(j4.2.13p (ii), since the algebraic input is the same. 

(iv): Take a monomial E of generating tensors of £. Now by Remark (j5.4.9p we can choose 
an appropriate monomial M = ■k^{R{Xi, /i) . . . R{Xn, In) "X" 1) such that ME G TTojiD2{^)) , i-e. 
ME = 7r^{A) for some A G 02(6). Thus 

{n^,~5{ME)n^) = ioi6{A)) = 

by the defining property of w G S^. As ME is a monomial in a finite number of generating 
elements, there exists a finite dimensional subspace Xg of S)i such that ME G £{Xs)- Hence 

= {n^,~5{ME)n^) = {n^,QgMEn^) - {n^,-f{ME)Qsn^), 

= {Qin^, MEU^) - {n^, M^{E)QgVL^), (5.27) 
since M is even so 7(M) = M and by part (iii) that Vt^ ^V^ d D{Ql). 
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Now M is a function of the Aj's, and by Remark (j5.4.9p we have that M(Ai, . . . , Xn)E E 
■n-u;{D2{d)), for all G M\0, and so equation dOTj) holds for all M(Ai, . . . , A„), A^ G M\0. 
By Theorem ()5.2.7p (ii) we have that, for all -0 G TCuj- 

lim ... lim ((ir(Ai...A„)^^(M(Ai,...,A„)?/^) = V 

Ai — i'Oo All — »oD 

Take the limits Xj ^ oo of (z)"'(Ai . . . A^) x (equation (|5.27p ) to get that, 

= {Q:n^,En^) - {n^,j{E)Qsn^) = {n^,QsEn^) - {n^,-fiE)Qsn^) = {n^,6{E)Q^) 

As any E2 € £ is a sum of monomials, this proves (iv). 

(v): Take / / G Si, and let Xs = {C/}. Therefore = [/, Jf] and so as J = P+ - P_ we 
have P+f, P-t\ KP+f, KP_f G S,. Hence if we let 

= a^., (Jf) 55 (J/) + <^ (/) c.^, (/), 

= q: 

then we have that E G (^(Xs). 

As G £{Xs), we have that 6{E) = 6s{E) and so following a calculation similar to equation 
(fOO]) we get 

= [Qs,E} = (a;„/J/)a..,(J/){c.„^(J/),CJJ/)} + K., ( J/), <^ ( J/)]^ J J/)c.„ J J/)) 
+ «,(/)a^.,(/){c..,(/),4„J/)} + K.,(/),aL^(/)]4.,(/)c.„,(J/)) 
= K., (-//) + (/)] + [C, (^/) + (/)c.., (/)]) 

Now by part (iv) we have that 

o = {n^,6{E)n^), 

= {^^, iWfWly {Jf)an^, (Jf) + U)a.^, (/)] + [4., {J f)c.^, (Jf) + 4., Um^) • 

As / G was arbitrary, and the RHS of S{E) above is the sum of positive operators, we get 
that, 

(a^^i {9) ® = 0, (1 c^^2 {g))n^ = 0, 
for all g G © 32)- Hence, Q^i G KerQs H KerQ^ by the expression for Qs in (ii). □ 
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Now Theorem (j5.4.10p (v) says that strongly regular BRST physical states are Fock states when 
restricted to TZ{Tli © 2)2, 0'2)- Using this we can construct a BRST charge Q that generates 6 
for these representations. We follow Subsection 14.2.51 in particular we have an almost identical 
version of lemma (|4.2.20p . 

Lemma 5.4.11 Let lo = uji <Si € &s and uji G &sr{T^{T^,o'2))- Let Xg C Xg/ be finite 
dimensional subspaces ofDi. Then we have that, 

foripe£{Xs)Q^. 

Proof. Take ip £ £{Xs)^luj, and suppose that dim(Xs) = m < d\m{Xsi) = n. Now by lemma 
()4.2.17p . take an ^-orthonormal basis A = {fj)J^i of Xg such that it is also a ^^-orthogonal 
basis for Xg, and take an ^-orthonormal basis A" = {fj)'j=jn+i -^s' Q Xg such that it is also 
a ij^-orthogonal basis for Xg/ Q Xg. Therefore A' = {fj)^^i is an H-orthonormal basis and 
^^-orthogonal basis for Xgi. Now, 

{Qs-Qs')= [«*Wi)®c(J/,) + a(/,)®c*(/,)]. (5.28) 

i=m+l 

By the way we chose A' we have that fi .L^j fj and fi ^-^^y fj for i < n, j > n + 1. So as 
tp = AQ^ where A G £(Xg), we see that we can (anti-)commute all the terms in the RHS of 
()5.28p through the terms in A to i^^^, which they annihilate by Theorem ()5.4.10p (v). Therefore 

{Qs-Qs')i^ = o 

□ 

Now every ip € Pa; is also in £{Xg)0,uj for some finite dimensional subspace Xg C Di (cf. 
equation (j5.26p ). and so using the above lemma we construct the BRST charge: 

Theorem 5.4.12 Let uj = uji <^ uj2 £ &s and loi £ &gr{TZ{'D,a2))- Let ip £ D^^, let Xg be a 
finite dimensional subspace of Di such that tp G £{Xg)Q.^. Define 

Qip := Qgip. 

Then Q extends to well defined operator on with domain D{Q) := T>^ such that 

6iE)i;=[Q,EUi;, 
for all ip G T>i^ and E £ £. Furthermore: 
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(i) Q preserves D{Q), is Krein symmetric (hence closahle by Proposition (j7.2.4p ) and Q'^ijj = 
for all ip£ D{Q). 

(a) Q preserves D{Q) and Q^ip = for all ip G D{Q). Hence Q has ds'^- decomposition (cf. 
Theorem (|3XT]1 ) 

where Tit = RanQ, HI = Ker Q n Ker Q*, Til = RanQ*. 
(Hi) {Q*fiJ = for all ^ G D{Q*). 

Proof. Let ip G T)^, then there exists a finite dimensional subspace Xg C 2)i such that ip G 
£{Xs)^u). We check that Qij: = Qs'fp is independent of the choice of this Xg. Let Xgi C S)i be 
another finite dimensional subspace such that V ^ (-'^sO^t-j suppose that Xg^Xg' C X^// 
where X^// is a finite dimensional subspace of Then by lemma (j5.4.11|) 

and so Qip = Qgip is independent of the choice of this Xg. That Q extends to a well defined 
linear operator on D{Q) = is now obvious. 

Let E £ £ and ip G "Duj and take a finite dimensional subspace Xg C Di such G £{Xg) 
and V' G Then E^p G <?(Xs), and so QEtp = QgEip G £{Xg)n^ and SQV = ^QsV' ^ 

£:(Xs)17<^. Therefore by Theorem (I5.4.1UI) (i) = [Q^,^],,,?/' = 

(i), (ii) and (iii): Let ip G D(Q). Then ip G for some finite dimensional subspace of 

Xg C So we have that Qip = Qgip G £{Xg)^}t^, hence QD{Q) C D{Q). By the definition of 
Qg we have that (5s<?(^s)f^(^ C £{Xg)Q.^ and so we have that Q'^ip = QsV' = 0- Furthermore Q 
is f -symmetric as Qgi is for all finite dimensional subspaces Xgi C 

Now (i), (ii) and (iii) follow from lemma (j3.3.ip and Theorem (j3.2.ip . □ 

We want to calculate = Ker Q n Ker Q* explicitly. 

Proposition 5.4.13 Let uj = uji ® uj2 £ &s and uji G &sr{TZ{'D,a2)), and let Q and = 
Ker Q n Ker be as in Theorem (j5.4.12p above. Let ip G V^^, then: 

(i) ip £ if and only if, 

(5) ® 1)V' = 0, {1(g) c^^^{g))xp = 0, 
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for all g £ (Tli © TI2), hence Cl^ £ Tl^. This implies that for ip G Ti.^, the vector state oj^ 
is a Fock state when restricted to TZ{Di © 2)2, cr2) © 1. 

(ii) Let 

TZl := *-alg{R{\, /) | / e © 5)2, A G M\{0}} 7^„ := ^ = 7^(^l © ©2, £72) 
Fu := *-alg{^^^^ (/) © 1 1 / G 2)i © 2)2}. 

r/ien 
fiiij Let 

nlj, := *-a/5{i2(A, /) | / G 2)^, A G M\{0}} Tlph ■=T^t= ^(^t, ^2). 

Then 

= ^u{Tiph © l)^«vr^(l © Ag)n^ (5.29) 

('iwj VFe have 

K = ^U^^^Oa^ (5.30) 

Proof, (i): Take ij: G T)^. Then there exists a finite dimensional subspace C 2)i such that 
if) G f (Xs)r2i^. Now as -0 G ^o;, we have = QsV' and Q*^/; = Qlii, and so V' G (Ker QPlKer Q*) 
if and only if G Ker {Qs-, Q*s}- 

Using lemma (I4.2.17P we can choose a finite ^-orthonormal basis, (/j), which is also Sy^ - 
orthogonal. So we calculate as in equation (|4.30p . 

(m \ 
Y.^\\f3\\lrW*{jfMJfj)+o^*U3)<m + [c*(j/,)c(j/,) +c*(/,)c(/,)]) j V, 

Hence, as the RHS of the above equation is a sum of positive operators acting on tp we have 
that ijj G (Ker Q n Ker Q*) if and only if 

^ G {Ker a^^^ (g) © 1 n Ker 1 © c^^^ (5) I 5 e © JX,}. 

As G '?(-'^s)^^a;, the (anti)commutation relations for the a7rj^^(-)'s and c.,^^^{-ys give that this 
statement extends to S (Ker Q H Ker Q*) if and only if 

i: G {Ker a^^^ {g)®lr^ Ker 1 © c^„^ (5) | g G 2)i © J2)i}. 
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By Theorem (|5.4.1UI) (v) we have that GHf^. 

(ii) : By (i) we have that w is a Fock-state when restricted to TZu = ©2)2) and so the result 
follows. 

(iii) : As wi is strongly regular and D = Dt (B T)i (B TI2, Theorem (j5.2.7p (v) gives that 
7rujj^(TZ{D , a2))^uji_ = TTujj_(J^ph)T^iui{T^u)^uji- Hence 

where the last equality follows from (ii) and [J^ujT^ojiT^ph 1)] = [J^ujT^oji^ (B Ag)] = on V^^. 

(iv) : Define 

Cu := alg({a;^^ (/) 1,1© (g) | /, 5 G © ^2}), 
acting on V^. Equation (|5.29p and (i) give: 

Hu, = [An^ , Bn^\Aenlh, B e n%Cu] . (5.31) 

Let ijj = AVL^ and ^ = Bil^ where A G 7^^^ and B G TZ^yf-u- By definition, B = TS where 
T £ 7^°^ and 5* G Cu- As Dt TI2 with respect to (•, •) on 2) we have that the CCR's for 

the (p.^^^ (/)'s give that [S, T] = [A, S*] =OonV^. Hence 

= {An^,Tsn^)^ = {As*n^,Tn^)^ = o 

where we used that S* is a polynomial of 0,^1^^ (/j) © I's and 10 0,^^^ (5A:)'s where /j, 5^ £ 2)i ©2)2 
and so /S'*ritj = 0. 

Therefore we have that TZpf^il^^ _L IZ^jfiu^uj with respect to (•, ■)^^ and so by equation (j5.3ip 
above we get that 

= n^^n^ © nl,^CA (5.32) 

By (i) nt, = nKer {a^^^ (g) © 1, 1 © c^^^ (5) I 5 G e 2)2} and £ HI- Using the CCR's for 
the Ott^^ (g)'s and the CAR's for the Ctt^^ (^j's for g G 2)i © 2)2 , we see that 

J'ph^u^ C and (^p/^C„17^ n = {0}, 

where WG reccill thcit (i) implies that is the Fock-vacuum for *-alg{(/)7r^ (/)©1 l©vrtJ2 / ^ 

2)i©2)2}. 

Hence by equation ()5.32p above we get that 

□ 
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5.4.4 BRST-Algebra for QEM II 

Now that we have calculated TC^ for strongly regular states via Proposition (|5.4.13p . we want 
to define and investigate what the BRST-physical algebra will look like via constructions as in 
Section 13. 3i 

To use the results from Section 13.31 we first have to define in a given representation the 
super derivation we are using. To make streamline notation, define 7^^-^ := TZ{Dt,cr2) and TZu '■= 
TZ{Di © 2)2, o"2). Note that Dt and Di © D2 are (T2-symplectic complements of each other. So 
by Theorem (|5.2.14|] : 

TZt := C*{{R{X, /), R{X, g) \f G D*, 5 G © ^i}) = ® 

Let if be this *-isomorphism, and define IZph ■= ^~^(J^fh -*-) ^^^('^ ® T^u)- Recall 

that for a subspace 5 C 2), we have that TZo{S,a2) = *-alg{i?(A, /) \ f £ S, X £ M\{0}}, and 
define: 

n%:=ip-\noi^t,a2)), < :=(^-H7^o(^l©2)2,cT2)), (5.33) 
7^0 := *-alg{i?(A, /), R{X,g) \f G St, 5 G © ^i)} 

Definition 5.4.14 Define: D{5^) = 7r^(D2(5)) n {'UPt © Ag)) 
where 6 : D2{5) D2{5) is as in Theorem (|5.4.6p . 

Remark 5.4.15 The reason we do not define D{5^) = iruj{D2{5)) is that the domain restriction 
makes calculations tractable. We do not lose information using the smaller domain and strongly 
regular states since for uj = uji0uj2 £ &s and ui £ &sr, we have that D{5^^) = iTi^{D2{5) H {TZ^ © 
Ag)) is strongly dense in ■7t^{A) by Theorem (|5.2.7|) (v). ^ 

From Theorem (15.4. 12p we have that if u; = wi © 0^2 G 6<5 where uJi £ &sr, then 6^ has a 
generator Q^^, which has dsp-decomposition Huj = Ti.'^ © © HZ- Define 

: D{S^) ^ Di6^) by ^'^(A) = P^AP^, 

where is the projection onto Ti.^. 
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Definition 5.4.16 Let to = ui iE> uj2 G 6s and uji € &sr- Let Qi^ be the generator of 6^ given 
in Theorem ()5.4.12p . and let, 

he the dsp- decomposition with respect to Q^. We define 

pBRST _ Ker5^/(Ker5^ n Ker ^ $^(Ker5^), 

where the above isomorphism is assumed to be algebraic, and we have assumed no topology on 
'pBRST 

Remark 5.4.17 (i) By lemma (|3.3.10p we see that is an algebra homomorphism, hence 
V^^^'^ is well defined as an algebra. 

(ii) The above follows the alternative definition of the physical algebra (Subsection (|3.3.2p ). 
To connect with the Ker 6^^ /Kan 6^^ we need to extend D{5uj) to 

Z)(5^)e^* = a\g{{D{5^),P^,P^, P^, Q, V}) as in Section which then gives (Ker 6^ D 

D{6^))/ (Ran 5^ nD{6^))^ -pBKST xheorem (|3.3.11D (see Remark (|3.3.16p ). 

~ BUST 

To calculate , we first need Proposition (j5.4.13p to show that BRST strongly regular 

states have a particularly simple form. 

Lemma 5.4.18 (i) Let uj G &sriT^i'^,o'2)) be such that 

a^jmcu = 0, V/G (S)i©2)2), 
where Clui is the cyclic state in the GNS representation of uj . Then we have that 

io{AB) = Lj{A)uj{B), 

for all A £ TZph and B € TZu- 

(ii) Let UJ = ui UJ2 £ &s and oJi G &sr(J^(I^, C2))- Then we have that for all T G (JZf © Ag) 
there exists S £ TZph such that, 

cuiRiiT - S)R2) = 0, yRi,R2£nph 
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Proof, (i): Let vr^ be the GNS representation for u. Define 

Gu := *-alg{4>^M) I / e e ^2)} = alg({a,J/), aljf) | / G (©i Da)}) 

acting of dense domain 3 0,^^ constructed as in ()5.25p . By the assumption that aT^^{f)^uj = 
for all / G © ©2)) we have that a; is a Fock-state when restricted to TZu = 'R-i'^i © 2^2, ^"2) 
which implies that 

If we take any element T £ Gu then we can write T in a normal ordering of a7r„(/i)'s, ^^^^(/jO's 
iov fijj gS)i©D2. That is 

T = aol + Ti 

where € C and Ti is a polynomial with zero constant coefficient and with all the a*^(-)'s to 
the left of the a^^(-)'s. Now using ajr^(/)r2t^ = for all / G © ©2), we get that 

where T2 is a polynomial with zero constant coefficient but now only in a*^(-)'s. Thus: 

Now let A S TZph, then 

{n^,TTUA)Tn^) = {n^,TT^{A)aon^) + (J7^,7r^(^)r2J7^), 

= {n^,Tr^{A)aon^) + {T^n^,Tr^{A)n^), 
= uj{A)ao, 

= u;{A){n^,Tn^) (5.34) 

since [S,R] = for all S £ Gu and R £ ir^iTZph) in the second equality. We have shown above 
that J^u^oj is dense in iTui(TIu)^oj, and so for B £ IZu there exists a sequence (T„) C Gu such 
that 7rtj(i?)r2^ = lim„ Tn^^ and so, 

w(AS) = lim(f]^,7r^(^)T„f)^) = u;(^)lim(f]^,r„r?^) = uj{A)uj{B) 

n n 

where we used (|5.34p in the second equality. 

(ii): By Proposition (15.4. 13p (i) we get that a^^^ {f)^u,^ = for all / G Si © D2. Then part (i) 
gives 

uj{AB © C) = uji{A)u)i{B)lo2{C) = Lo{A © l)io{B © C) (5.35) 
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for all A e TZph, B e TZu and C G Ag. 

Let T = X;r=i ^i^i ^T^t® Ag, Ai e {TZph 1) -Bj G ^g). Let bi = uj{Bi) and let 
5 = X]j"=i ^j^j- Then we have that for all Ri,R2 G Tlphi 



uj{Ri{T - S)R2) = Y,uj{RiAiR2{Bi-hi)), 

i=l 

n 

= ^u;{RiAR2)uj{Bi-bi), 
1=1 

= 0, 

where we have used that [F, G] = for all F G TZu and G G TZph in the first line and equation 
()5.35p in the second. As all elements in TZ^ ^ Ag are of the form of T we are done. □ 

Using this we can calculate the algebra V^^'^^ . Before we proceed, we define 

: ttUA) ^ TT^iA) by ^^{A) := P^AP^ 

i.e. we have extended the domain of to all of tTi^^A). Note that <I>^ is a linear transform not 



a homomorphism on 7r^(.A). As == i^w^TZph ® we have that <I>^ is a *-homomorphism 
on TTujiTZph (2) !)• 

Theorem 5.4.19 Let lo = uJi <^ UJ2 G &s and uji G 6sr{TZ{T>,(T2)), and define uji^-ji^f^ ■.= uji\ti^^. 
Then: 

(i) (CD- o ^J(7^o ® Ag) = (CD- o v^^)(7^o, 1) 
(a) There exists an isometric isomorphism 

K ■■ (*" o ^u>){nph 1)^ vr(^i,7e,,)(^P'^)' 
where vt^^^^ t^^^) zs t/ie GNS-representation for ui^n^^. 
(Hi) p^RST ^ 7^(^J^7^p,^)(7^°;^) as algebras with no topology. 

Proof, (i): let T = Y.7=i aiT^U^iMBi) G (KerJ n ^^(7^? ^g)), where Ai G (7^o^ 1), 
Bi G (7^2 .Ag). By lemma (|5.4.18p (ii) we have that there exists S G 71^^(7^^;^ (8) 1) such that 



uj{Ri{T-S)R2) = for all i?2 e 7^p/^. By Proposition (I5.4.13P (ii) we have = 7^^(7^pft)^^a;, 
hence P^tTujUT - S))P^ = and so 

P^7tUT)P^ = ^^(vr^T)) = cl>-(7r^(5)) 
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(ii): Let l-ji^^ : IZph TZph 1 be the identity isomorphism. As Ti^ = 7r^(7^p/i (^1)0,^^ (Propo- 
sition (|5.4.13p (ii)), the representation {^'^ o tt^^ o lh^^) : TZ'^^ BiTif^) has an algebraic cychc 
vector VL^ (we take closures below. 

Define rj := o -k^ o iHphi then for all A £ TZph 

where we used P^^uj = ^ll) in the second equality (Proposition (|5.4.13|) (i)). Hence by [7Sl 
Theorem 4.1.4, pl43] we get that r]{TZph) unitarily equivalent to T^[uji.nph)('^ph) ^^'^ so there 
exists an isomorphism 

■■ riiTlph) v^(<^l,7^p;,)(■7^p/^)• 

Note that as ri{TZph) and '^(uji.nph)i'^ph) are C*-algebras, this isomorphism is isometric [TBI 
Theorem 3.1.5, p80] 

Now ri{TZph) = ($^ o 7r^){nph 1) so in fact : ($^ o 7^^)(7^p,, O 1) ^ '^{u^,,nph){T^ph) is an 
isometric isomorphism. 

(ii): By definition 7r(^(7^p^) contains only polynomials in resolvents with test functions in Dj. 
By the definition 6 (cf. Theorem (|5.4.6p l 



SMM^m = -(l/V2)7r^(i?(A,/)^(c(P2/) - c*iP2Jm, 

so as P2/ = P2Jf = for / G Dt, we get that T^uj{Tlpfi) € KerS^j- From this and part (i) we 
have, 

^sMKh «> 1)) C ^"(Ker 5^) C $^(7r^(7^? Ag)) = ^'^inUKh ^ 
This and the definition oiV^^^^ (cf. Definition (j5.4.16p l gives 

^BRST ^ ^u^^^^ ^ ^ ^^){n% 1) (5.36) 

as algebras. 

(iii): Combining equation ()5.36p with the isomorphism above gives that 

as algebras. □ 
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From this we see that for each uj = u}i(S5uj2 G ©<5 and wi G ©sr(7^(P, (T2)), we have that 'p^^^'^ is 
algebraically isomorphic to '^(uji.TZph)O^ph)^ which by Proposition (j5.4.3p is isomorphic to a dense 
subalgebra T^jJ^ = Tlo{Tit, (72) of the Dirac physical observables V. Hence we see that the BRST 
physical observables correspond closely to the Dirac physical observables from Subsection 15.41 
We make this correspondence precise in the next section, after we have defined a the abstract 
BRST-physical algebra J>^^^'^ with suitable norm. 

5.4.5 QEM and Covariance II 

A problematic feature of the auxiliary algebra TZ{D, is that the Poincare automorphisms do 
not define naturally on it. This section is devoted to discussing this problem. 

Firstly we note that there is a 'back door' solution to the problem. We found that in the 
covariant algebra case the Poincare transformations define naturally and factor to the physical 
algebra (Subsection 15.3.2]) . We have also found that the T-procedure for the covariant algebra 
and the auxiliary algebra produce the physical algebra, therefore we can use the factored Poincare 
tranformations coming from the covariant algebra for the constrained auxiliary algebra also. 

This deals with relativistic covariance for the auxiliary algebra case but it is somewhat 
unsatisfactory from the standpoint that the covariant algebra and auxiliary algebra come from 
the same algebra of unbounded fields, and so either algebra should be able to contain the same 
information. Therefore we would expect that the Poincare transformations should be able to be 
encoded as transformations on 7^(2), CJ2) in some form. Such an encoding is not straightforward 
and the remainder of this subsection is devoted to a discussion of this issue. 

Recall that we define the Poincare transformations on the one-particle test function space 

as: 

{Vgf){p):=e'P-Af{A-'p) V/G5(M^C4), g = {A,a)€Vl. (5-37) 

where Tl = X + iX as given in Subsection ()4.ip . Also recall as in Subsection 15.3.21 that Vg is ai- 
symplectic on X and D and so generates Og G Aut (7^(S),o"i)) by Theorem (I5.2.4P (v). However 
note that we do not have that for all g G V\^, Vg is (T2-symplectic on X or 2), for example take g 
to be a Lorentz boost. Therefore we cannot use Theorem (j5.2.4p (v) to generate automorphisms 
for such g. 

At present the solution to directly encoding the Lorentz boosts for the auxiliary algebra 
is still a work in progress. Pursuing the issue here would be to great a digression, however 
strategies taken are discussed in Appendix 17.51 Briefly, these strategies are: 
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• We defined 

7r : sp(X, CJ2) — > sp(j£, CJ2) defined by M^TMT, 

where T : X ^ X is a real linear operator such that is a real algebra isomorphism. 
Then g — > 7t(VJ^) £ sp(X, (T2) is an real homomorphism of "P^ sp(X, (72) . Unfortunately, 
as 7t is only real linear, it not extend to a complex homomorphism sp(£',(T2). 

• Now Og := AdiT^iVg)) is defined in the Fock representation in Subsection I5.3.2[ We see 
to what extent we define this on Tl{D,a2)- It turns out that r+(V^) G Op(ijJ"(S))) is 
unbounded for general boosts, Og does not preserve 7^(2), 0-2) in the Fock representation 
and in fact maps bounded elements in TZ{T>, (72) to unbounded elements. A strategy is to 
encode ag in an infintesimal form (as a derivation) on parts 7^(2), CJ2) from which we can 
recover a representation 5 — > in certain representation. This strategy has difficulties 
discussed further in Appendix I7.5[ 

5.5 General BRST for unbounded 6 

In this section we give an abstract definition of C*-BRST for unbounded superderivations 5, 
inspired by the bounded case and the BRST-QEM examples. We identify a set of states for 
which 6 has a densely defined generating BRST charge Q, and define the abstract BRST-physical 
algebra 'P^^^'^ with a suitable norm. Then we can establish the connection between the Dirac 
physical observables and BRST physical observables for the examples of abelian Hamiltonian 
BRST, and both versions BRST-QEM. 

The treatment for unbounded 5 is very similar to the bounded case in Subsection 15. 11 but with 
differences due to the fact that we no longer have a BRST charge in the field algebra. Motivated 
by the BRST-QEM examples we modify the assumptions for bounded BRST in Subsection 15.11 
as follows. 

• Let ^0 be a unital C*-algebra and /? G Aut{AQ) be an automorphism such that = t 
which encodes any Krein structure present in Aq. We call Aq the Unextended Field Algebra 
and we assume that it has a degeneracy, such as constraints. 

• We tensor on a ghost algebra Ag{Ti.2) where TI2 corresponds to the degrees of degeneracy, 
e.g. dim('H2) = number of linear independent constraints in the Hamiltonian case (cf. 

221 



Definition I3.1.3p . and let a' G A\it{Ag) be the automorphism that corresponds to the 
Krein-Ghost stucture (cf. equation (j3.1ip ). in particular (a')^ = i. 



Definition 5.5.1 The BRST-Field Algebra is A := Aq Ag or A := Ao® Ag and we let A 

have 7j2-9fO'ding with grading automorphism z. 7 (cf. 1 03 7 (cf. Definition ()3.1.9p ). The norm 
on A is unique as Ag is a CAR algebra and hence nuclear. Let a := (3® a' ^ Aut {A) and note 
that o? = i. Define the involution on A: 

Furthermore we assume that there exists a subalgebras Di{6) C D2{S) C A that are not 
necessarily closed or norm dense in A, but that ^{Di{6)) = Di{6), ^{D2{S)) = D2{6) and 
Di{6)* = Di{6). We assume that there exists a (possibly unbounded) superderivation: 

6 : D2{6) ^ D2{6), 

graded with respect to 7, and such that: 

(i) = on D2{5), 

(a) J o 5 o J = —d 

(Hi) 6(A)* = —a o 5 o a o ^(A*) 

The motivation for defining the domains Di{6) and 02(6) for unbounded 6 is motivated by the 
BRST-QEM examples (cf. Definition (|5.4.4p and Definition (|5.3.4p ). The assumptions (i), (ii), 
(iii) correspond to = 0, Q G A^ and = Q in the bounded case (cf. lemma (|5.1.3p ). 

We can try to calculate the cohomogical version of the BRST physical algebra Ker5/Ran5 
algebraically, however looking at examples such BRST-QEM (Theorem ()5.4.6p ) we see that this 
is not always a tractable problem. The approach taken in the Hamiltonian BRST example and 
QEM-BRST II example was to use the projection Ps from the c/sp-decomposition (Theorem 
(j3.2.8p l for the charge Q (with Ps and Q defined in the appropriate representation) to calculate 
the BRST-physical algebra p^RST _ ^pj^^g 

can then be connected to the cohomological BRST 
definition of the physical algebra via Theorem (j3.3.1ip . For this strategy to work in general we 
need to select states such the projection Pg exists in their corresponding representations. Hence 
we choose states lo G &iA) such that 6 will have a generator in the GNS-representations 
associated to lv with the usual properties as in Section [3.21 
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As for the bounded case we want states that give a space on which acts tensored to a 
ghost space, i.e. : 

By Definition (|3.1.12p L02 G &g iniphes that uj2 o a' = oj hence Tii^^ a Krein space with 
Ja;2 implementing a and Juj2^'^2 — ^1^2 hence Oa;2 is positive in the Krein inner product with 
fundamental symmetry J^^ on Wi^a- If we want the same for Tiuji then we assume that uJiop = uJi. 
We want to choose a subset of St such that we can construct an operator Q that generates 5. 

Definition 5.5.2 Let 6s be states of the form lj = loi uj2, where uji o fj = oji, uj2 G ©g, 
oo{5{A)) = G D2{5) and Tr^{Di{S))n^ = ^UJMWL = W^- Let (•,-)^ and be the 
Krein inner product and fundamental symmetry as in Definition (|5.0.7p . 

The above definition is motivated by Defintion (j5.1.4p and lemma (jS.l.Sp (i). The following 
theorem justifies the above definition (the proof similar to [39] p29). 

Theorem 5.5.3 Let cj = cji uj2 G ©5. Then there exists a symmetric, 2-nilpotent 

operator Q^^ on TC^^ which preserves the dense domain D{Qco) := tTuj{D2{6))^}uj (^nd is such that 

and for all A G D2{5). Moreover G KerQ^ and: 
(i) Qw is closable. 

(a) RanQ^ c D(Q^) and Q^il^ = for all ip G D(Q). 
(Hi) iQ*J^i; = for all ^ G D{Ql) 

Proof. As 'Ku){D2{5))VLi^ is dense in Ti^^ we define Q^^ on tTu{D2{5))^lu- Take ^ = ■Ki^{A)Q,^ 
where A G D2{S). We define, 

Qui' = QL,Trco{A)n^ := 7r^{6{A))n^, 

and check that this is well defined. Linearity is obvious, so as tTi^{D2{6)) is dense in TC^^, we just 
have to check that ^p = -ir^{A)Q^ = implies that Q(^V = '^lu{^{A))Q^ = for all A G 02(6). 
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For all Ae D2i6), B £ Di{6) we have 

io{6{AyB) = {7rU6{A))n^,7rUB)Q^), 
= u;iB*6iA)), 

= u;{5{j{B*)A)-6{^iB*))A)), 

= -u;iA*5ijiB*)r) (as a;(5(-)) = 0), 

= -{TTUA)n^,TrU6{j{B*)r)n^), 

and so 7ri^{A)Q^ = and TTi^{Di{6))^li^ dense in Tiuj imply that TT^{5{A))Qi^ = 0. 

With well defined we use the above calculation and 6(B)* = —a{6{a{'y{B*)))) to calcu- 
late, 

{Qu.TT^{A)Q^,TrUB)n^) = io{6iAyB), 

= -oj{A*5ijiB*)r), 

= u;{A*a{6ia{B)))), 

= u;{a{A*)6{aiB))), 

= {J^7rUA)n^,7T^{S{a{B)))Q^), 

= {JujT^u{A)^^,QujT^^{a{B))Q.^), 

= {■K^{A)Vt^, {J^Q^J^^u^{B))Vt^). 

As t:^^{Di{5))Q.u) is dense in '/r^(-D2('5))f^wi and as J* = J^^, we have that 

and so is Krein symmetric. 

Furthermore, let if) G D{Q^) = Tr^{D2{S)Q^. Then = TTi^{A)Q^ for some A G D2{5). 
Therefore = T:^^{5{A))Q.i^ £ '^uj{D2{6)i^uj = D{Q^), and so Q^, preserves D{Q^). Further- 
more 5"^ {A) = 0, so we have that 

Ql^ = Qu.^u.{5{A))n^ = TT^{6^{A))n^ = 0. 

and so is 2-nilpotent. Letting A = \ gives that l^i^ G KerQi^- 

Now (i), (ii) and (iii) follow from lemma (13.3. ip □ 

An extra complication in the unbounded 5 case as compared to the bounded 5 case is that we 
would like to be able to restrict to onvenient subsets of S^, e.g. the strongly regular states in 
the BRST-QEM case II (cf. Subsection 15.4.3) ) . We modify Definition (I5.1.6P accordingly. 
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Definition 5.5.4 Let &w C &s, 

(i) Let the representation ttw : A BiTLy/) he defined by, 

Denote the Hilbert inner product on 7iw by and let G B(TCw) denote the 

projection onto 7i^. 

(a) For uj G &w , to o a = uj hence a is unitarily implemented in each t:^ hence a is unitarily 
implemented in Tlyy- Denote the implementer for a in ttw by . As j'^li-i^ = it 
follows from o? = l that (J^)'^ = 1 and J^* = . By lemma (|7.2.3p 7iw is a Krein 
space with fundamental symmetry and indefinite inner product {•,-)'Hw •~ i'^ '^'^ ')'Hw ■ 

(Hi) Forco G &Wj l^t be the BRST charge as in Theorem (|5.5.3|) . with dense domain D{Q^). 
Let 



D{Qw) ■■={i^enw 



< CO 



and 



(iv) We have Q^^ip = and Qw is (•, -symmetric as Q^, for each lo G &w- Hence Qw 



IS 



Krein symmetric and and satisfies the conditions of the As^t- decomposition (Theorem 
([3XT]1 ; via lemma ([3XT1) . Let Hw = ®n\^ ® H^, = n^®n'^® Hi be the dsp- 
decompositions with respect to Q^r and where lo G &w ■ Let , k = uj,W, j = s,p,d 
be the corresponding projections on 7iw , T~(-uj ■ 

(v) Let uj G &w ■ For j = W,lo define, 

'^physj Ker Qj/TYj . 
and let ipj : Ker Qj '^ph^f'^ factor map. Denote ip := ipwi'P) for ip G 7iw (ii^d 

iP"" = Vu.W for^pen^. 

Remark 5.5.5 As Hw = ©i^eSi^^o; it is obvious that = ©ojeSi^'^i for j = d,s,p, and 
hence Pj^ = ©ojeSw^i"' i = d, s,p. 4 
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To get the spatial structures of Chapter [3) 



Proposition 5.5.6 We have 'H^/^^'yy in Definition (|5.5.4p has an indefinite inner product de- 
fined for all ijj,^, G KeicQ]^: 

Furthermore, i/ J^'H^ = then CHpf^g^ , {■ , ■)nw) "^^ Krein space with fundamental sym- 
metry, J^ijj := ipw{J^ Pj^'^) cif^d Hilbert inner product 

:= ii',J^i)p = {Pr^,PrOHw, (5-38) 

and norm WipWp := {'tl','ip)p^'^ . If 

jWpW ^ pW^ (5 39) 

then = 1 hence ('0,^)p = {''P, Opr Krein structure is the same as the Hilbert 

structure. 

Proof. We have that Q-^y and TCw satisfy the hypothesis of lemma (j3.2.3p hence {•,-)'Hw) 
well defined by the above formula on W^^f ^y. The rest of the proposition follows from lemma 

To get the algebraic structures as in Chapter [3) 
Definition 5.5.7 Define the linear map: 



By lemma (j3.3.10p we have that ^ homomorphism on Ker (5. We define the BRST-physical 

algebra as, 

pBRST ._ Ker(5/(Ker5nKer$f ) ^ $f (KerJ). 

where = above denotes an algebra isomorphism. Let the factor map be r : Ker 5 pBRST ^ 
denote A := t{A) e -p^RST ^ ^ Ker5. 

The above definition is motivated by the alternative definition of the BRST-physical algebra, cf. 
Subsection 13.3.21 and Theorem (j3.3.1ip for the connection to the usual cohomological definition 
of the BRST-physical algebra. 
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Note that ^^ot necessarily a *-isomorphism as Kerd is not necessarily a *-algebra 

{e.g. for the BRST-QEM example in Subsection 15.3.41 we have for h G Di that Ci(^)* ^ KerJ, 
Ci{h) ^ Ker6). As in the bounded case, to get a natural norm for Po^«^^ we use the norm on 

n-zBRST 
^phys,W 

Proposition 5.5.8 Define the representation, 

^ . -ryBRST _^ uf-uBRST \ 
^W,p ■ ~^ ^{'^phys,W)' 



and the seminorm on 'p^^^'^ by: 



\\A\\p := \\7rw,piMBin^^RST^) 

:>BRST 



Then \\A\\p is a norm on Vq 

\\A\\p = \\^Ymn^, (5.40) 



and "P^^-S"^ := j>BRST ^ Banach algebra where closure is with respect to ||A||p. Further- 

7B(Hw) 



more 'P^^^'^ = $^(Ker5) where the isomorphism is isometric. Thus ttw,p is a faithful 

representation ofV^^^^ and all calculations can be done in this representation. 

Proof. We adapt the proof of Proposition (jS.l.lip . First, 

^ G Ker(5 ^ ^ G D2{6) ttUA)D{Q^) C D{Q^), Vw G ©vy ^ 7rw(.A)D{Qw) C D{Qw). 

Therefore A G KerJ =^ 7rvy(^)Ran Qvi^ C RanQw, and so as irwiA) G B(TCw) and RanQiy is 
dense in H^r we get that 7^w{A)7^y^r C W^j/. Therefore 

^ G Ker,5 ^ Trw{A)n^ CTi^^ TrwiA)KeiQw = P^TrwiA)P^KeTQw, (5.41) 

Using this we see that ||^||p is a norm by the calculation: 

\\A\\p = sup{||7rvy,p(i)^||p I V e KerirwiQ), ||V'||p < 1}, 

= sup{||Pf 7rw^(^)^||w^ I ij G KeiTTwiQ), ||Pf V-llw^^ = 1} 
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for A G Ker 6 where we have used m the second equahty that HV'Hp = ||-Pj^V'l|ww- V' S Ker Q 



w 



by equation (j5.38p . and equation (|5.4ip in the third. Therefore \\A\\p = iff ||<I>7^(A)||7^^^, = 

\p is a norm. Let A, S G Ker (5. As ll-Pj^llwvi' 



iff {^) = iff ^ = 0, and so || • |L is a norm. Let A,Be Ker (5. As \\PY\\nw = 1 

we have, 



\AB\\v = W'^f {AB)\\n^ < W^Y {A)\\hw\\^Y m\n^ = UUB] 



This shows that p-Bi?ST jg Banach algebra where closure is with respect to □ 

Note again that Ker 6 is not in general a *-algebra, and so in general P^^^'^ ^ $f (Ker 5) 

is not a *-isomorphism. Now Ker (5 is not a *-algebra in general so for A £ Keid, A* is not 

necessarily well defined and so we have to be careful of how we define a *-involution on 'p^^^'^ _ 



Remark 5.5.9 In order that the Krein involution f on Ker 5 factors to 'P^^-^-' we assume below 
an extra condition that induces in indefinite innner product such that W^^f "(y is a Krein 
space in a natural way. This extra condition is sufficient but it may not be necessary. It is a 
reasonable condition to assume in this thesis as it holds for the all the examples considered. ^ 

Proposition 5.5.10 We have: 

(i) Assume J^Wy^ = nfy. Then (Ker(5)t = Kev 6 and (Ker dnKer $f )t = (Ker JnKer $f ). 
Hence f on Ker 6 factors to the ^ -involution on 'p^^^'^ which coincides with the ^ -involution 
with respect to the representation ttw,p, ^-e. 

for all A S KeiS where tts^A)^ is the the adjoint of 7rw^p{A) with respect to the inner 
product {■,■) p. Furthermore, 

■pBRST ^ $H/(Ker5) 

where the above is an isometric ] -isomorphism. 

(a) Let M G Ker 5 he a subalgebra such that ^>^(7W) = $^(A^*). Given A G M, define 

A* := B, (5.42) 

where <I>^(A*) = $^(i?) for some B G M. This defines an involution on M/{A4 H 
Ker $f ) such that M/{M nKer^f) is a C* -algebra where closure is with respect to 

II ■ lip- 
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(in) Let the physicality condition = hold (equation ()5.3p ). Then Kerd satisfies the 

conditions on Ai in (ii), hence p^^^'^ is a C* -algebra with respect to the norm 
Moreover, the ] -involution from (i) and * -involution from (ii) coincide. 



Proof. We adapt the proof of Proposition (j5.1.12p to this context, (i): (KerS)^ = Ker 5 follows 
from 6{Ay = -6oj{A'<) (cf. Definition ([CT^) (iii)). By the assumption J^n'y^, = H'y^ we have 
[pW^ JW^^ = hence (P]^)t = J^Pj^*J^ = P^ and so it follows that (Kei 5 n Ker $f ) is a 
f-subalgebra of Ker (5. Hence the involution f factors to p^^^'^ , Moreover, it coincides with the 
f-involution with respect to the representation iryy^p which can be seen by this calculation: 



pi 



for all ip,C ^ '^phy^'w ^^'^ A ^ since by definition ("0, = (v^, foi^ all 0, C £ Ker Q-^ 

(cf. Proposition (j5.5.6p ). 

Let A G Ker 5. Then using \Pf , J^] = 0, 

$f (At) = cl>f (a(A)*) = P^fj^T^w^AfJ^Pf = iJwP^7rw{A)P^Jwr = '^Yi^)^ 
where we used Jj^ = Jw in the last line. Combining this with Proposition (j5.5.8p gives that 



there is a isometric f -isomorphism such that p^^^'^ = $^(Ker(5). 

(ii): Let A £ {MnKeid) then by assumption there exists B e M such that ^Yi^*) = ^Yi^)- 
Hence for all (,,ip & KerQjy we have by equation (I5.38|) and equation ()5.4ip that, 

= {PYi,P7^w{A)PYi^)H^, 
= ($r(i?)C,V'W, 

= {T:w,p{B)iA)p- (5.43) 

Hence 

7riy,p(i)* = ^wAB) = T^wA{AT) G A^/(A^ nKer$f ) 
where we used equation (I5.42P and that B ^ Ai. This shows that H Ker<I>^) is a 



algebra. Furthermore Proposition (j5.5.8p gives that ttw,p '■ M/{M. n Ker <I>^) ^i'^ph^^'w) 
an isometric isomorphism, and so we have proved that 7r\Y,p is a *-isometric isomorphism. Hence 



as B(n^f^^,Jy) is a C7*-algebra so is M/iM n Ker $f ). 
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(iii): Now A G Ker5 implies E Keid, and by equation (|5.39p 



Therefore we can apply (ii) with A4 = KeriJ to get that p^^^'^ = Ker(5/(Ker 5 n Ker with 
norm || • ||p is a C*-algebra. Moreover by (i) and the defining equation (j5.42p . A^ = A^ = A* . □ 

Remark 5.5.11 (i) Note that the above Proposition does not assume that is a C*- 
algebra. If is factoring out by {A4 PlKer and using the the Hilbert *-involution coming 
from the BRST physical space W^^f that gives a C*-algebra. 

(ii) Proposition (j5.42p (iii) shows that equation (j5.3p is a good physicality condition as it 
ensures that the f -involution factors to a C*-involution on the physical algebra p^^^'^ , 

Summarising we get: 

Theorem 5.5.12 Let A,a,Q,6,6w,''^w '■ ■A. B{7iw) be as in Definitions (|5.5.ip . (|5.5.2p . 
(|5.5.4p . and let 

$f (A) := P^TTw{A)P^, AeA. 
as in Definition ()5.5.7p . Then: 

(i) ^-^ ^ homomorphism on Ker(5 and on {Kei 5)* . 

(ii) Let pBRST ^ Ker V(Ker5 n Ker $f ) and t^w,v ■ Vo^^^^ ^ ^(^ph^f ly) be as in Propo- 



sition ([53:8]) . Then P^RST j^^^ 



norm 



with respect to which P'^"-°^ ■= j)BHbi ^ Banach algebra and we have a isometric 

isomorphism such that p^R^'^ ^ <^^(Ker5) . Furthermore, if J^TlY = 'H^ then 

■B{Hw) 



pBRST ^ \-Banach algebra and is \-isometrically isomorphic to <I>^(Ker5) 

(iii) //$^(Ker (5) = $^((Ker J)*), then p^R^'^ is a C* -algebra with norm \\ ■ \\p and involution 
denoted by * as defined in equation (j5.42p . 

When the physcality condition P^ = P^ is satisfied, we have that <I>^(Ker5) = 
^Y{(Ker6)*), hence p^RST ^ C* -algebra. 
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Proof, (i): Follows from lemma (j3.3.10p applied to for Q^r and Ql^- (ii) is Proposition (|5.5.8p 
and Proposition (|5.5.10p (i). (iii) follows from Proposition (j5.5.10p . □ 

Remark 5.5.13 • Theorem (|5.5.12p (iii) gives a condition to check if "P^^-^"^ is a C*- 
algebra. For the case of bounded BRST charge Q, we saw in Example (|5.1.14p that by 
extending A to A = C*({P/, vr„(^)}) gives that this condition is satisfied hence 'P^^^^ 
defined using ^ is a C*-algebra. In the bounded case, extension to A is straightforward as 
Q ^ A and D[5) = A. However, in the unbounded case a similar extension is not straight- 
forward it would use the unbounded charge Qw to generate the extended structures, and 
would also require us to specify the extended domain of the unbounded 5. For this reason, 
in the unbounded case we leave extensions similar to Example (15.1. 14p to a case by case 
basis. 

• An intrinsic characterization for 'p^^^'^ without using is possible, although more 
complicated than in the bounded case (cf. Proposition (|5.1.16p ). We do not pursue it 
further however, as we do not need it to analyze the following examples. 

5.5.1 Examples 

We have now constructed the abstract structures associated to the BRST constraint process. 
Below we apply these to examples discussed so far: abelian Hamiltonian BRST for a finite num- 
ber of constraints, and both versions of BRST-QEM. In particular we establish the connection 
between the physical algebra produced by the T-procedure (Dirac constraint procedure) and the 
BRST-physical algebra. 

• To describe the relations between the different algebras below, we will state explicitly the 
nature of the homomorphisms, i.e. if they are algebra homomorphisms, *-homomorphisms, 
f-homomorphisms. The symbol '=' will denote isomorphism below but does not assume 
any adjointness property, e.g. *-isomorphism. Any such property of the associated the 
isomorphism will explicitly stated along with the identity containing '='. 

• We will use the following basic result frequently (cf. |76j [Theorem 3.1.5 p80]: 

Theorem 5.5.14 Let A and B he C* -algebras. Let ip : A ^ B be an *-homomophism 
with Ker if = {0}. Then ip is isomometric, i.e. A = B. 
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Example 1: 

For bounded Q let Di{6) = D2{5) = and let &w = &s- The definitions for bounded 
BRST in Section 15.11 agree with the unbounded case above. Recall abelian Hamiltonian BRST 
for a finite set of constraints in Example (|5.1.17p . For this case we get by lemma (jS.l.lSp that 
&s = &D ®&g and Ps = (1 - P) O 1 hence, 

-pBRST ^ ^ ^ Q^-^ _ _ p)] ^ n Ker 5 

where the above isomorphism is a f-isomorphism as given by Proposition (|5.5.10p (i) but not in 
general a *-isomorphism as Ker 5 is not a *-algebra in general. Theorem (j5.5.12p (iii) gives that 
-pBRST ^ C'*-algebra if $^(Ker(5) = ^>^((Ker 5)*). In Example (|5.1.14p we see that we can 
satisfy this condition by extending ^ to ^ = C*{{{Ps} U A}). 

Alternatively we can restrict to the original algebra and get the traditional Dirac observables 
as in Proposition (I5.1.19D . that is $^(Ker (5 n {Aq ® 1)) = [C /{C r^V))®l where '=' denotes 
a *-isomorphism. 

Example 2: 

For BRST-QEM I in Section let A = n{X,ai)<^Ag and Di{5),D2{5) as in Definition 
(I5.3.4P and let Gw = &s. We have by Proposition 15.3. iTl that &s = Sd &g, where &d are 
the Dirac states of 7^(2), cJi) using Di as a constraint test function space as in Subsection 15.2.31 
As discussed in Subsection 15.3.61 we have: 

TT^ o 5 = = 0, = 1, vr^p2(5)) = vr^(7eo(Xt, ai) ® Ag) 

^^(^2(<5)) =vr^(7^o(X^,al)8)^g) (5.44) 

for all G (3(5 (cf. equation (I5.18P for equation (I5.44P ). Using the facts we show that the 
BRST-physical algebra strictly contains the Dirac physical observables and is contained in the 
Dirac physical observables tensored with the ghosts. 

Proposition 5.5.15 Let V = O /T) are the Dirac physical algebra from Subsection \5.3l Then 

V ^ 7rvK(7^(X^, di) 1) C {Ker df^'^'^^ C nwiTliXt, ai) 0Ag)^V(^Ag 

where the containment iTw(J^iXt,(^i) S3 1) C <I>^(Ker(5) is proper, and the tensor norm is 

unique as Ag is nuclear. The above are * -isomorphisms. 
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Proof. As = 1 for all uj G &w and TLw = ®u)e&w have that HY = "Hw and so 
Pf = 1 G S(Wvy). 

We show that $^(Ker f^)^*-^'"'^ C 7^H/(7^(Xt, cii) = P From the discussion above 

TT^ o (5 = for all (J G Siy, and as ttw = (Buie&w'^<^ have 

7rH/(Ker(5) C 7rH/(i:'2('^))- 

Also = 1 and so 

Pf 7rH/(Ker(5)Pf C ^h'PsW) = 7^H/(7^o(Xt, cii) ^3), 

= 7^H'(7^o(3et,cJl) 1)7^^(118)^3). (5-45) 

where we used equation (j5.44p in the second equality. Note also that the first containment need 
not be equality as Ker5 C D2{6) where the containment is proper. 

Recall from lemma (|5.3.2p the representation vr/) : lZ{X,ai) B{TCd) by: 

By &w = ©5 = 6_D ® 6g we get, 

7^vy(7^o(X^,c^l) (g) i)^^"^"^^ ^ 7rz)(7^o(Xt, cJi))^^^^^ 1, 

=n{Xt,ai), (5.46) 

where the first isomorphism follows from lemma (j5.3.2p (ii) and the third from Proposition 
()5.3.3p . Also vrM/(l ® Ag) = Ag as Ag is a CAR algebra hence simple. Hence we have, 

-BiHw) JTP 7^B{nw) ^ r— TT ^ A s B(Hw) 



$f(KerJ) ' =7rH/(Ker,5) ^ "^^ ^ 7^ly(7^o(X^, en) l)^vi/(l ® ^) 

where all the isomorphisms are *-isomorphisms, we used Theorem (|5.5.12p in the first isomor- 
phism, Pg = 1 in the first equality and equation (j5.45p . equation (j5.46p and that the tensor 
norm is unique as Ag is a nuclear. 



-BiHw) 



We now show that -KwiTl^Xt^ai) ® 1) C $^(Ker5) , where the containment is proper. 
By P2Xt = and the definition 6{R{XJ)) = 6{R{X, f)) = iR{\jfC{KP2f) (cf. Theorem 
(j5.3.6p ) we have that 

7^o(X^,o■l) (g) 1 C Ker(5 
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rBiHw) 



hence irwCR-i^t, ai) 1) C ^f{Ker6) by equation UfUMh . 

To see that the containment is proper consider Ci(^)* •= R{—l,Yh) C{Jh) G D{6) for 
/i E Xi. By the definition of S in Theorem (j5.3.6p we have that Ci(^)* ^ KerJ. Now hj h £ Xi, 
lemma (|5.3.1UD (iii) and 6w = &s, we have that 7rH^(i?(-l, y/i)) 1)) = vri^ (i?(l, F/i)) » 1))* = 
il. Hence 

T^wiCiih)*) = TTw{R{-l,Yh) 1)ttw{1 C{Jh)) = iirwil C{Jh)) ^ 7^M/(7^(X^ , cii), 

where we have used that 7r\Y{l'^C{Jh)) 7^ as is simple. Hence the containment ■K]Y{Tl{Xt, cti) 
rB{Hw) 



l)C$^(Ker(5) is proper. □ 

Now by Proposition (j5.5.10p . 



(KerJ) 



BiHw) 



by a f-isometric isomorphism, and so Propostion (j5.5.15p therefore states that 'p^^^'^ properly 
contains the Dirac observables obtained using the T-procedure (7^(X, o"i), Ci) as in Subsection 
15.31 s-iid is contained in the Dirac observables tensored with the ghost algebra. This shows 
rigorously that BRST using the Resolvent Algebra TZ{X,ai) does not give equivalent results to 
the Dirac algorithm (T-procedure) as it does not remove the ghosts. 

By Proposition (I5.3.8P we can also easily encode Poincare covariance in this picture. 

Proposition 5.5.16 Let g ^ ag £ Aut (.A) be the representation of V\_ as in Proposition 
(jS.S.Sp . i.e. Og has action 

ag{R{\, f) C{h)) = R{X, Vgf) C{Sgh) 

for f £X, h£ Til ey D2- Then 
(i) We have 

{w o I w e 65, g G V\_} = &s 
for all g G V\. there exists fig G Aut (tt^ {A) ) such that 

{(igOTTs){A) = {TTsoag){A), VAgA 

Moreover, g —)■ f3g is a representation v]_ — > Aut (irsiA)). 
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(n) We have that Ug factors to a.g E Aut {Pq^^'^) such that 

ctgA = ag{A) (5.47) 

for all A G Ker5. This extends to a \- automorphism 'p^^^'^ ^ which we still denote ctg. 
Moreover 

9 ^ a-g 

is a representation ofV\_ in the ] -automorphisms of V^^^^ . 

Proof, (i): Let G S5 and g G "P^. Then by Proposition (j5.3.8p we have ct^-i o 5 o ag = S on 
D2{6) and ag{D2{6)) = D2{6), hence 

(co o ag)i6{A)) = co{6{ag{A))) = (5.48) 

for all A G D2{S). Furthermore, by Proposition ()5.3.8p we have Og o a = a o Og and hence 

(to o Ctg) o a = {u> o a) o ag = u o Og (5.49) 

Obviouly uj o ag £ &t = {uJi 0uj2\^i £ S(^(-^; o^i)), 102 £ ®(-4g)}) which combined with 
equation ()5.48p and equation (I5.49|) shows that uj o ag £ 6s (cf. Definition ()5.5.2p ). This shows 

{ujoag\uj e &s, 9 ^ Hi ^ ^-5 

The rcversG inclusion is obvious. Now 7T\y — ®a;G©vv^'^ — ^lu^&s'^uj • As uj o ag £ &s for all 
a; G we get that ttw ° ctg is tt^ with the direct summands permuted. Such a direct summand 
can be done in TCw by conjugation with a unitary, which we denote Pg. Conjugation by a unitary 
which preserves irwiA) is a *-automorphism we get that (3g G Aut {7r]y{A)), and as g ^ ag and 
TTw are representations, so is 5 — > 

(ii): Let g G V]_. By Proposition ()5.3.8p (i) we have ag{KeT5) = KerS. As = 1 and 
$^(.) = P^{-)P^ we have that Ker5 D Ker$^ = {0}. Hence ag factors trivially to an 
automorphism ag on 

pBRST ^ j^g^ 5/{Kev 6 n Ker ^f) with action given by equation (j5.47p . 
Now by Proposition ()5.47p (iii), ag{A^) = {ag o a){A*) = {a o ag ){A)* = ag{A)K Hence, 

ag(it) = c5^) = a^)^ 

where we have used that the f-invoution factors to a f-involution on 'p^^^'^ as in Proposition 
(I5.5.10p . Hence ag is a f-involution. 
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We now show that ctg extends to an f-automorhism on 'p^^-^'J". By (i), ag(Kevd) = Ker5 
and the fact that = '^w i we have that f3g G Aut {7rw{A)) is such that 

(/?gO$f )(Ker,5) = $f (Ker,5) 

As (3g is defined by a unitary conjugation, it is a *-automorphism on the C*-algebra nwi-A.) and 
so isometric and so extends to an f -automorphism on $^(Ker(5) but not a *-automorphism 
as Ker 5 is not a *-algebra. By definition 'p^^^'^ ^ $^(Ker 6) and so if r is this isomorphism, 
then Pg o defines an automorphism on •p-^KST^ jg g^gy check that this agrees with dg 
on 'p^^^'^ and so Pg o is the extension of ctg to 'p^^^'^ , 

Now g ^ Ctg is a representation of "Pj. Aut (p^^^'^^ which fohows as g ^ (3g and are. 

□ 

Proposition (|5.5.16|) (ii) encodes the Poincare transformations on the BRST physical algebra 

pBRST 

Example 3: 

For BRST-QEM II in SectionOwe take A = 7^(D, (J2)®Ag and Di{5),D2{5) as in Definition 
(j5.4.4p . Recall from Definition (j5.5.2p that we needed 'k^{Di[5))VI^ and 'Kuj{D2{6))VI^j to be dense 
in TL^ for uj € &w- We now show that if a; G &t{A) is regular on the resolvent part of A it has 
this property. 

Lemma 5.5.17 Let = uoi® L02 ^ St(-4,) and uoi € ©r.(7^(S), CJ2)) (cf. Definition ()5.2.8p ). 
Then vr^(-Di((5))r2^ is dense in TL^. 

Proof. Recall from Definition (|5.4.4p that for all g £ Di, Ci{3),Ci{9)* ^ Di{5) where 

Ci{g) = R{l,YP+g)R{l,KYP^g)^C{g) and (1(5)* = R{-l,YP+g)R{-l, KYP^g)^C{Jg), 

and furthermore recall the defining property R{X, f) = (1/A)i?(l, //A) (cf. Definition (|5.2.ip 
(I3|)). By Theorem dOTTP (ii), we have that for E -K^{Di{5))7p, g £ T»i 

7TUC{g))iP = - lim X\URi>^.yP+9MR{>^,KYP^g)7:UCig))i^, 

A— »oo 

= lim XTTUR{l,YP+g/X)TTUR{hKYP^g/X)7rUC{g/X))iP, 

A^oo 

= lim A7r^(Ci(s'/A))^, 

A— >oo 

and so TT^^{C{g))'il) £ 7r^{Di{5))'4'. 
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A similar argument using A7r^(Ci(5/A)*), gives tliat for g G TTi^(^C(^Jg^^ip G 7r(^(Z)x(5))ri(^ 
and hence iTuj{C{Jg))ip G 7r^{Di{6))^lu)- 

In fact we can use the same argument to show that for any finite set {gi)^^i C Di U we 
have, 

vr^(C(/i) . . . C{fn))7rUDi{6))Q^ C 7r^(Z)i((5))l^^, 

but 

[vra;(C(/i) . . . C{fn))7TUDii6)) \ (fi) is a finite subset of Di U ©2], 

= K{C{fi) . . . C{fn)Di{5)) I (/,) is a finite subset of S)i U ©2], 

and so, 

□ 

Hence we take for Siy the set: 

©ly = &Wr '■= {w = Wi 0^2 G ©5 I G 6^(^(2), CT2))} C 65, 

where 65 is as in Definition ()5.5.2p . 

To calculate the BRST physical algebra explicitly as in S ubsection 15 . 4 . 3 1 we restrict to BRST 
ground states that are strongly regular states on TZ{D,a2), ie, 

&w = &Wsr '■= {1^ = (Ji t<;2 G I G 6sr(7^(2), 0-2))} 

and restrict 6 to the domains Dj{6) := Dj{5) n {TZ^®Ag), for j = 1, 2 where = 7^o(2)^, CJ2) ® 
TZq{^i ©2)2, 172) as in equation (j5.33p . To use the domains Di{5) and D2{5) in the constructions 
above we prove. 

Lemma 5.5.18 Let uj = uji (g) uj2 ^ ®(-^) ^'^'^ ^1 ^ ©sr('^(2)2, C2))- Then 7ruj{Di{6))^uj is 
dense in Ti^ and 

Proof. The proof holds as for lemma (j5.5.17p . replacing Dj{5) by Dj{6) for j = 1, 2. □ 
We can now calculate the physical algebra. 
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Proposition 5.5.19 Let A, &wsr be as above for BRST-QEM II and let 6 have domain 
D2{S) D Di{6). Then 

(i) The physicality condition JwsrP^'^^ = P^^^ is satisfied. Hence 'p^^^'^ is a C* -algebra 
and the \-involution coincides with the ^-involution on pBRST _ 

(a) We have the * -isomorphisms: 

j,BRST ^ 7^(5)^ era) ^ V, 

where V = O /T) is the Dirac physical algebra of observables for (7^(2), cr2), C2) as in Sub- 
section \5^Tl\ 

Proof. Recall 7^o^ = *-alg{i?(A, /) | / E and TZph = C*{{R{\ f)\fe SJ). 

(i) : Let A £ TZph 1, then by a(i?(A, /) ® 1) = R{X,Jf) ® 1, and by J^^ = 1 (Proposition, 
hence we have a{A) = A. Now for u G &wsr we have TC^ = 'KuiiJZph ® '^)^uj (cf. Proposition 
(I5.4.13|) (ii)), hence 

JujT^^{A)9.^ = 'K^{a{A))VL^ = TJ:^{A)Vt^, 
and so Ja;|7^^ = 1. By Definition (|5.5.4p (i) and (iv) we have 

from which it follows that PJ^^'^It^^ = Pf for all to G &Wsr- Hence we have that JwsrPY^^\'Ht^ = 
Jlj\'H'^ = 1 hence JwsrP^^^ = 1, i-^- the physicality condition holds. The rest of the statements 
in (i) follow from Theorem (j5.5.12p (iii). 

(ii) : Theorem (j5.4.19p (i) gives that 

(CD- o ^J(7^o Ag) = (cl>^ o v^^)(7^o^ ® 1) 

for all UJ G &Wsr- Recall the definition 

$f ^'■(A) = PY''^T:wsr{A)PY'\ A G Ker 5. 

Combining PY^''\n^ = Ps for all w G &Wsr, T^Wsr = ^cueewsr^'^ and D2{S) C TZ^ ^ Ag give: 

$f -(7^o, 1) C <i>r-(Ker 5 n 02(6)) C $f -(^? ® A) = ^f'^iKh ® !)• 
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So by Theorem ()5.5.12p (ii), we get 



-pBRST ^ ^Wsr^^^^^^ jj^^^^^ ^ $^''■(7^°^ 1), (5.50) 

where the above is a *-isomorphism as by (i) the f-involution coincides with the *-involution on 





-pBRST 



Now define 

^Wsr . ^ ^ ^ by ^Y'^iA) := P^'WwAA)P^''' 

i.e. we have extended the domain of to all of A. Note that is a linear transform 

but not a homomorphism on A, but that it is a *-homomorphism on i^ujij^ph ® 1) as = 
T^ujiT^ph 1)^^<^ for all uj e &wsr- 

We want to show ^^'"'^(TZph 1) = TZph. Let uj = ivi fgi L02 £ &Wsr, then by Theorem (I5.4.19P 
(ii) we have a *-isometric isomorphism 

(^^ o 7T^)inph ® 1) = v^(^,,7^^,)(7^p;,), 

where '/r(j^^ 7^^^) is the GNS-representation for uJi^n^^. As wilTe^^ is also strongly regular we have 
that 7r((^j 7^^^) is faithful. Hence 

= ^ G 7^p/, ^ ($^ o 7r^)(yl ® 1) = G ©h^,^ ^ $^"^(yl) = 



where the last equivalence is clear from P^^^^lucj = for all u> G &wsr, t^Wst = ©weSi^sr'''"'^ 



Hence ^^'^^\ti ,(^\ is faithful and so 



7^p/, = (7^p/.0l) = <l>^^"(7^p,.®l), (5.51) 

where the above isomorphisms are isometric. Combining equation (j5.5ip and equation (j5.50p 
gives that 

-pO ~ -TjERST 
''^ph — ' Q 

where the above is a *-isomorphism between C*-algebra and hence isometric. Taking closures 
gives, 

j)BRST ^-Jl^^^J) 

where the last isomorphism comes from Proposition (j5.4.3p . □ 
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Poincare covariance is a problem in this example. As in Subsection 15.4.51 we do not have 
that the Poincare transformations define naturally on the auxiliary algebra TZ{D,a2), so it is 
not clear how to define them on A either. We do have the resolution to the problem that 
the final BRST-physical algebra is the same as that using the T-procedure where the Poincare 
transformations are naturally defined, as discussed in Subsection 15.4.51 This is solution is in 
some sense the converse of a usual raison d'etre of BRST, that is that BRST is 'manifestly 
covariant' while the Dirac method is not. 

Summarising, the BRST physical algebra is equivalent to the T-procedure for 
(TZiT) , ai) , Ci) or (7^(2), 0-2), C2) in Subsection 15.31 Subsection 15.41 and so we can say that C*- 
BRST for QEM using the auxiliary TZ{T),a2) gives equivalent results to the Dirac method, but 
is not 'manifestly covariant'. 
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Chapter 6 

Results and Conclusion 



6.1 Summary of Results 

A brief summary of the results in each chapter are as follows: 

Chapter [2^ The heuristic BRST structures were described and the examples of BRST-QEM 
and Hamiltonian BRST with constraints that close were given. The Multiple Copies of the 
Physical Subspace (MCPS) problem was discussed for Hamiltonian BRST. In this introductory 
chapter there were no original results. 

Chapter [3l The heuristic structures in Chapter [2] were made rigorous. The BRST charge Q 
was analysed and the dsp-decomposition was given for an unbounded Q acting on a Krein space 
(as first proved in Horuzhy [57]). The BRST physical subspace {'H^j^f^ , (•, •)p) was defined and 
shown to be a Krein space. The condition for physicality was given in equation (|3.29p which 
implied that the Hilbert and Krein structure on W^^f"^ coincided. 

The BRST super derivation was analysed. The basic spatial, algebraic and Z2-grading struc- 
tures required to define 6 was described at the level of algebras of unbounded operators acting 
on a dense invariant domain in a Krein space. Topological issues on the algebras were postponed 
till Chapter [5l The BRST physical algebra 'p^^^'^ was defined and its natural representation 
on Tip^^^ given. The connection between "P^^-^"^ and the ds;)-decomposition was given in The- 
orem (13. 3. lip . This fundamental result can be found in the literature in [5T] p285, however the 
rigorous statement and proof for an infinite dimensional Hilbert space with unbounded BRST 
charge Q is original. 

As a consequence of Theorem (13. 3. lip we showed that in a simple example with a single 
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constraint, Hamiltonian BRST does not remove the ghosts at a spatial or algebraic level in the 
final constrained theory, and that extra ghost number zero conditions do not fix the problem. 
This example and problem were communicated to me by Dr. Hendrik Grundling, however the 
proof via Theorem (j3.3.1ip is original and shows the connection between the non-removal of the 
ghosts at the spatial and algebraic level. 

Chapter (4^ We developed a rigorous model for the heuristic BRST-QEM model given in 
[68\ I92j . We analysed the QEM test function space and defined the abstract KO Abelian 
BRST test function space with analogous structures. We constructed the BRST super derivation 
6 and showed in the case of QEM that it gave the correct smeared version of the heuristic 
super derivation. We then constructed the BRST charge Q for KO Abelian BRST , calculated 
j^BBST pBRST ^^g-^g xheorem (13.3. We found that the KO Abelian BRST model and 
Gupta-Bleuler model for QEM gave equivalent results, at both the spatial and algebraic level. 
The calculation oiV^^^^ using Theorem (j3.3.1ip is to the author's knowledge an original result. 

Using KO Abelian BRST and Theorem (j3.3.1ip we were also easily able to calculate the 
BRST physical subspace and algebra for the examples of BRST with a finite number of bosonic 
constraints, and BRST for massive abelian gauge theory. 

We answered in the affirmative the conjecture at the end of [60] as to whether the BRST- 
physical state space can be used to calculate the BRST physical algebra more efficiently that by 
direct algebraic calculation (cf. Remarks (j4.2.29p (i). (j3.3.13p (ii)). 

Lastly, we synthesized Hamiltonian BRST with a finite set of commuting selfadjoint con- 
straints with KO Abelian BRST with a finite number of bosonic constraints, to get an abstract 
algorithm BRST for a finite set of commuting selfadjoint constraints that selects the correct 
physical subspace without the need for extra selection criteria. That is, it does not suffer the 
MCPS problem of the usual Hamiltonian algorithm and for simple examples, 'P^^^'^ for this 
algorithm also coincided with the quantum Dirac physical observable algebra. This combined 
algorithm is an original construction. 

Chapter [5t We developed a C*-algebraic framework for the structures in Chapters [3] and [H We 
did this by first investigating the case of bounded BRST charge Q. We used the selection criteria 
as in [39j to give representations with all the structures of Chapter [3l then defined 'P^^^'^ as an 
abstract Banach algebra. We encoded KO Abelian BRST in a C*-algebraic form. 

To deal with issues related to the unboundedness of the fields we used the Resolvent Algebra 
to construct a 'mollified' version of the BRST superderivation 5. The first attempt at this gave a 
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BRST-model on which we could encode the Poincare transformations, but did not give equivalent 
results to the quantum Dirac constraint procedure (T-procedure). The second attempt produced 
a BRST-model with BRST-physical algebra equivalent to that selected by the T-procedure, but 
did not admit a natural encoding of the Poincare transformations. 

Finally, we developed an abstract C*-algebraic framework for BRST for the case of an 
unbounded superderivation 6 with non-norm dense domain. We show that the examples of 
Hamiltonian BRST with a finite number of constraints and C*-KO Abelian BRST Abelian (both 
versions) fit into this framework. The correspondence between the abstract BRST method and 
the T-procedure for the examples is: Hamiltonian BRST for a finite number of constraints 
suffers the MCPS problem and is not equivalent to the T-procedure; C*-KO Abelian BRST with 
covariant symplectic space (5) , cJi ) does not give equivalent results to the quantum Dirac method 
as the ghosts are not removed in 'p^^^'^- C'*-KO Abelian BRST with the auxiliary symplectic 
space (5),(T2) gives equivalent results to the T-procedure. 

The results regarding both versions of C*-KO Abelian BRST are original but with the con- 
struction of the mollified version of 5 is heavily influenced by [17]. The abstract construction 
of for general unbounded 6, and its comparison with the physical observable algebra 

selected by the T-procedure in the given examples is original. 

6.2 Conclusions 

We have now analysed the quantum BRST method of constraints in a well-defined mathematical 
framework. This was first done in the setting of a concrete Krein-space representation where 
the model independent structures of quantum BRST common to the standard BRST examples 
in the literature have been defined. The standard quantum BRST examples have then been 
developed rigorously in light of these frameworks, enabling a discussion of problematic issues 
related to BRST in the literature. 

The analysis the quantum BRST constraint method was then extended to a C*-algebraic 
setting. The construction of this setting was one of the main goals of this thesis. This con- 
struction enabled a mathematically rigorous comparison of the results produced by the BRST 
method and the quantum Dirac constraint method (T-procedure), which was the other main 
aim of the thesis. We found that the results obtained from the different constraint methods were 
not equivalent for the examples of Hamiltonian BRST with a finite number of constraints that 
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close, and BRST-QEM using the covariant Resolvent Algebra TZ{X,ai). 

This is not to say that a C*-algebraic framework is the only way to analyse quantum BRST 
rigorously, indeed there are many other approaches to rigorous quantum BRST as mentioned 
in the introduction. The C*-algebraic viewpoint, however, was a methodology to draw together 
and analyse in a general and consistent mathematical framework examples coming from the 
different varieties of quantum BRST found in the literature. 

Even for basic examples, we found that a consistent treatment of quantum BRST was not 
straightforward. From the analysis, we draw several important conclusions: 

• The quantum BRST method and quantum Dirac method of constraints are not equivalent 
in general. This has been seen in the rigorous examples given Subsection 15.5.11 

• Quantum Hamiltonian BRST always suffers the MCPS problem and needs extra selection 
criteria to select the correct physical space. In simple examples, the MCPS problem also 
leads to the non-removal of the ghosts in the BRST physical algebra 'pBRST ^ 

• Conversely, KO Abelian BRST selects the correct physical algebra without extra selection 
criteria both at the level of unbounded operators acting on a Krein space, and at the 
C*-algebraic level when using the auxiliary test function space (2),cr2). As KO Abelian 
BRST is a rigorous example of Lagrangian BRST, we see that quantum Lagrangian KO 
Abelian BRST and quantum Hamiltonian BRST are not equivalent constraint methods. 

• Quantum BRST does not incorporate equivalent constraints well (cf. Remark (15.1.201) ). 

6.3 Further Issues with Quantum BRST 

The inequivalence of quantum Hamiltonian BRST, Lagrangian BRST, and the Dirac method 
is an interesting topic in need of further investigation, particularly as all are equivalent at the 
classical level. Characterization of when the quantum equivalence of the different methods will 
hold has not been analysed in this thesis. This is primarily because we have found no general 
algorithm that encompasses all the varieties of methods labelled as 'quantum BRST'. 

The Lagrangian approach is used to model heuristically the important physical examples 
of quantum gauge theories, but is the least well understood mathematically. The 5 and Q are 
defined by 'replacing the gauge parameter by ghost parameter'. As already stated, this is a 
vague concept and relies on gauge theory structures being present, rather than being an explicit 
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algorithm such as the T-procedure which begins with a field algebra A and a set of constraints 
C C A that ultimately select the physical observable algebra. In fact in KO, the classical 
constraint equation d^A^ + a^B = (cf. [68] pl4) is given but the quantum constraint set of 
the original unextended system are never explicitly stated. Natural questions to ask are: How 
do we do Lagrangian BRST-QEM with Gupta-Bleuler constraints? Or Coulomb constraints? 
Will they give equivalent results? To answer these questions, and the broader equivalence issues 
discussed above, we need to formulate rigorously the method of 'replacing the gauge parameter by 
ghost parameter' in a way that produces the heuristic Lagrangian BRST structures in examples 
but is also valid when no gauge theory is present. 

Related to the issue above is to what extent we can make other examples of heuristic La- 
grangian BRST rigorous. We have done so for KO Abelian BRST , but the main purpose for the 
use of BRST in KO is to apply in the case of non-abelian quantum gauge theories (NAQGT). 
Issues to address with respect to Lagrangian BRST for NAQGT's are: will the physical subspace 
always be positive as in the abelian case; Will extra constraint conditions beyond 6 and Q be 
needed to select the correct BRST-physical space and algebra which were not needed in the 
abelian case, and if so what extra conditions? Resolving these issues, however, is very difficult 
as constructing a rigorous realistic NAQGT is a long standing open problem. 

We should note that there is a standard heuristic argument that BRST also gives the correct 
results for NAQGT based upon the 'quartet mechanism" and asymptotic abelianess |68] p46-47. 
Whether this can be made rigorous is difficult to answer given the lack of rigorous NAQGT's, 
but there is evidence that extra selection conditions beyond 6 and Q will be needed in the non- 
abelian case [971 [2]. While very interesting and important to address, these issues are beyond 
the scope of this thesis. 

A further issue requiring attention is the matter of equivalent quantum constraints and quan- 
tum BRST. It is easy to construct examples of different constraint sets of operators that select 
the same physical states, but have different commutants. This means that the corresponding 
traditional Dirac observables (i.e. the commutant of the constraints) will be different although 
the physical states selected are the same. This issue is resolved by the T-procedure, which 
defines the observable as the abstract version of the weak commutant of the constraints (cf. 
|41j plOO), and is a significant advantage which this generalized Dirac method of constraints 
has over the traditional Dirac method. In Remark (j5.1.20p we see that quantum Hamiltonian 
BRST suffers the same problem with respect to equivalent constraints and poses the question of 
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how to formulate a generalized version quantum Hamiltonian BRST. Whether a weak version of 
Lagrangian BRST is necessary is a difficult question to answer. Evidence against is that in both 
versions of KO Abelian BRST for QEM, we found that the BRST method selected the same part 
of the Resolvent Algebra as the T-procedure. However, in the QEM case the T-procedure also 
selects the traditional Dirac observables. Hence to investigate the equivalent constraint issue for 
Lagrangian BRST we come back to need for a rigorous Lagrangian BRST algorithm. 

6.4 Directions for Further Analysis 

The most important task in finding a mathematically transperant understanding of the quantum 
BRST method is stating a well-defined algorithm that encodes Lagrangian BRST for a general 
quantum gauge theory as described by KO [68] . Until this is done, it is very difficult to resolve 
any of the issues of equivalence, extra selection conditions, positivity of the physical subspace, 
etc. as described above except on a case by case basis. But to complete this task, the author 
feels we must state what a quantum gauge theory is rigorously. As already stated, this is an open 
problem that is very difficult to solve, but should be first completed before we can feel confident 
that we fully understand the quantum BRST algorithm. A direction to take in doing this would 
be to further investigate the relationship between the structures developed in this thesis and 
the rigorous work related to PGI such as found in [92l [261 [13 [Ml [56], as this is developed in a 
Lagrangian BRST context and gives examples beyond BRST-QEM that would shed more light 
on the form of a general Lagrangian BRST constraint algorithm. 

On a less grand scale, an issue that needs resolution is the connection between the Resolvent 
Algebra with covariant symplectic space (2) , cxi ) and the Resolvent Algebra with auxiliary test 
function space (2),(T2). As both symplectic forms have act on the same vector space D and 
are related by the symplectic operator Sp(D,cJi) 3 J £ Sp(S),(72), it seems that they should 
encode the same information. However, the C*-KO Abelian BRST models constructed with the 
different Resolvent Algebras gave different results, i.e. the 7?.(2), (Ti)-model selected the wrong 
physical algebra but naturally admitted an encoding of the Poincare transformations, while 
the 7?.(2), cr2)-model selected the correct physical algebra but did not admit an encoding of the 
Lorentz boosts. Hence understanding the correspondence is worth investigating. It will also 
have relevance in other areas such as supersymmetry models constructed as in [17j, but for cases 
where the bose fields are Krein-symmetric gauge fields rather than Hilbert essentially-selfadjoint 

246 



scalar fields. 

With respect to quantum Hamiltonian BRST an interesting area to investigate is how to 
generalize the algorithm in a way that takes into account equivalent sets of constraints. It 
is not obvious to the author that the cohomological definition of the BRST physical algebra 
'pBRST _ Ker (5/Ran(5 can be generalized in the direction of using a 'weak' version of Ker (5 and 
Ran 6 similar to the weak commutant of the constraints in the T-procedure. 

A final direction to follow is to see to what extent we can extend the synthesized Hamiltonian 
BRST and KO Abelian BRST algorithm in Section [4.41 We have constructed a general quantum 
BRST algorithm for the case corresponding to a finite set of selfadjoint commuting constraints 
such that Q selects the correct physical subspace with no extra selection conditions (i.e. it does 
not suffer the MCPS problem of Hamiltonian BRST). It would be extremely useful to extend 
this to the case where we have a finite set of constraints that close but do not commute. Or 
to a general set of non-commuting constraints. We would also like to extend the algorithm to 
infinite sets of constraints. This would be a valuable area to investigate as results would lead 
towards a general quantum BRST algorithm that removes the ghosts and selects the correct 
physical objects with no extra selection conditions. 
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Chapter 7 



Appendix 



7.1 Superstuff 

Let A = A+ A- be an algebra with Z2-grading where © denotes algebraic sum. We call A+ 
the even part of A and A- the odd part of A. Define 



0, for AeA+ 

1, for AeA- 

Then we can define graded brackets on A with the following properties: 

• Super Bracket 

[A,BU = AB-{-iy^'''BA 

Note that, 

[A,[A,AUU = (7.1) 

• Superderivation 

[A,BCU = [A,BUC+i-ir^^^B[A,CU, 
[BC,AU = B[C,AU + i-iy^"'[B,AUC, 

in particular, for Q such that eg = 1 and S{A) := [Q,^]^^ we have 

6iBC) = 5{B)C + i-iy^BSiC), 

• Super Jacobi Identity 

i-iy^'^iA, [B,CU]sb + [A,BUU + i-iy'^iB, [C,AUU = 0, 
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A preferred notation for Z2-graded algebras and graded brackets is the following. Define the 
grading automorphism on A by 

7(^+ + A_) = A+-A- 

for A-i- € ^-1- and A_ € A- . Note that 7^ = t. Then we can equivalently define the superbrackets 

[A,B]sb = AB --f{A)B, yA,B£A. 

Using this we can restate all the properties of the superbrackets and superderivation above, such 
as the super Jacobi identity, using 7 notation instead on notation. In particular for Q such 
that jiQ) = —Q we have 

6{AB) =6{A)B + j{A)6{B) \/A,BeA. 
7.2 Indefinite Inner Product Spaces 

This appendix gives some basic facts about indefinite inner product spaces relevent to the 
disussion in this thesis. For much more extensive developments see in particular [14^ [5]. 

Let D he a vector space with inner product (•,•). A vector f £ D such that (/, /) is 
positive, negative, or zero, is called positive, negative or null. A subspace Sj^ C 5) is called 
positive, negative, or null if the vectors in Sj^ are positive negative or null. If T) is such that 
(/> /) > 0, (/, /) > 0, (/, /) < 0, (/, /) < or is both positive and negative then D is called 
positive definite, positive semi-definite, negative, negative semi-definite or indefinite respectively. 

Let S+ = {/ G 2) I (/, /) > 0}, 3„ = {/ G S) I (/, /) < 0}, S„ = {/ G S) | (/, /) = 0}, be the 
sets of positive, negative and neutral vectors in 2). If !l) is indefinite then none of these sets are 
subspaces ([T4] Corollary 2.7 p7). 

Let Do = {f £ D \ {g,f) = 0V(/ G 2)}. Then Do is called the isotropic subspace of D. If 
Do = {0} then D is called non-degenerate. 

Now suppose that Di,D2 C D are two subspaces such that (/i,/2) = for all /i G Di, all 
/2 G D2 and such that the sum of the two spaces is non-degenerate. Then it follows easily that 
the sum is a direct sum, which we denote by S)i[©]S)2. 

We still have to discuss topology on D. We will only consider the special case when D 
can be completed to a Krein space. More general cases are discussed in Suppose that D 
non-degenenerate and, 

D = Di[(B]D2 (7.2) 
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where Di is a positive subspace and D2 is a negative subspace. Let P+, P_ be the projections 
on T>i, D2 respectively and let, 

J = P+-P_. 

We call J the fundamental symmetry on D corresponding to the decomposition ()7.2p ( |14j 
p52), or the fundamental symmetry when the decomposition is understood. 
Now we define, 

(•,•) := i^J-)- 

It is straightforward to check that = 1, (J/, Jf) = (/, /), (J/, Jf) = (/, /). 

Now (•, •) is positive definite, and hence ||/|| := (/, f)^^"^ for / € 2) is a norm on D. Let TC 
be the completion of D with respect to || • ||. We call 7i a Krein Space. Note J is isometric on 
with respect to || • || and so can be extended to a unitary on 7i. Likewise the indefinite inner 
product (•, •), and the projections P-f , P-_ can be extended to to 7i. This is not definition of a 
Krein space given in [14] plOO, but is equivalent for our purposes via [14J Theorem 2.1 pl02. 

As we now have two inner products on Ti we have two notions of orthogonality. Krein orthog- 
onality will be used when we refer to orthogonality with respect to the indefinite inner product, 
and we will use square brackets [ ] when writing relations with respect to Krein orthogonality. 
For example /[-L](7 means that (/, 5) = and 2)i[_L]2)2 means that /[-L]g for all / G g € 5)2- 
Hilhert orthogonality refers to the usual notion of orthogonality with respect to (•,•). 

As well as orthogonality, the two inner products on 7i give rise to two different notions of 
adjoints of operators. Let T € Op('H) be a densely defined operator on TL and let, 

D{T^) = {fen\{f, Tg) = {h, g),ygen}, 
D{T*) = {fen\{f, Tg) = {h, g),yge H] 

Then we define T^/ = h is the operator such that {f,Tg) = {h,g) for / € D{T^), and a similar 
for T*. We refer to T^^ as the Krein adjoint or ^-adjoint of T and T* as the Hilbert adjoint 
or *- adjoint of T. 

Similarly as above we will also prefix properties of operators, such a self adjointness, sym- 
metric, isometric, unitary with a Krein or Hilbert depending on whether it is in reference to the 
indefinite inner product (•,•), or Hilbert inner product (•,•). 

We have the following relation between the two adjoints ([H] lemma 2.1 pl22) 
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Lemma 7.2.1 Let T be a densely defined operator on a Krein space TC with fundamental sym- 
metry J. Then we have that, 

T* = JT^J 

We also have ([5] corollary 3.8 pl05) 

Corollary 7.2.2 Suppose that T is ]-self adjoint. Then JT and TJ are *-self adjoint. 
We will also use, 

Lemma 7.2.3 Let TC be a Hilbert space with inner product (•,•) giving the norm on TC. Let 
J G B(TC) be a unitary operator such that J ^ ±1, J* = J , and define the indefinite inner 
product, 



on TC. Then = 1 andTC is a Krein space with indefinite inner product (•, •), and fundamental 
symmetry J. 

Proof. The proof follows [H] Theorem IV. 5. 2 p89. First as J is unitary and J* = J we have 
that = J J* = 1. Next as J is unitary and self adjoint with respect to the Hilbert inner 
product (•, •), it has spectrum cr{J) C (M H T) = {1, —1}, where T is the unit circle in C. As 
J 7^ ±1 we have (t(J) = {1, —1} 

Now by the spectral theorem for normal operators ( |20j Theorem IX. 2. 2 (a) p263) we have 
that, 



where E{A) is the spectral measure for J ( [20] Definition 1.1 p256). Now we define TC+ = E[1)TC 

and TC- = E{1)TC and P+ = E{1), P_ = £^(-1). Therefore TC = TC+ ® TC- is a fundamental 
decomposition of TC with fundamental symmetry J = — P^, and so W is a Krein space. □ 

A useful fact about Krein space operators is the following. Let TC is a Krein space with 
fundamental symmetry J. From [75] proposition2, pl843. 

Proposition 7.2.4 Every Krein symmetric operator is closable (in the (•,•) topology). 
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7.3 Symplectic Spaces 



The following is a collection of basic facts about symplectic spaces as given in [18] . In this section 
X will be a real linear space with a nondegenerate symplectic form o" : X x X ^ M, and for any 
subspace 5 C X its symplectic complement will be denoted by 5"*" := { / G X | a{f, 5") = }. 
By X = S*! © 52 © • • • © we will mean that all Si are nondegenerate and Si <Z Sj- M i ^ j, and 
each / G X has a unique decomposition / = /i + /2 + • • • + /n such that /j G Si for all i. 

Lemma 7.3.1 (i) If X is countahly dimensional, then it has a symplectic basis, i.e. a basis 
{qi, Pi; Q2, P2; • • • } such that a{pi, qj) = 6ij and = (T{qi,qj) = (7{pi,Pj) for all i, j. 

(a) For any symplectic space X we have that if S is a nondegenerate finite-dimensional sub- 
space, then X = S © S-^ 

(Hi) For any symplectic space X and a finite linearly independent subset jgi, q2, ■ ■ ■ , qk} C X 
such that cy{qi,qj) = for all i, j, there is a set {pi, p2, ■■■ , Pk} C X such that B := 
{(71, pi; q2, P2', ■ . . \ qk, Pk} is a symplectic basis for Span(i?). 

Proof: (i) Let {en)n£n be a linear basis of X. We construct the basis elements Pn,qn in- 
ductively as follows. U pi, . . . ,pk and qi, . . . ,qk are already chosen, pick a minimal m with 
Cm Span{pi, . . . ,pk,qi, . . . ,qk} and put 

k 

Pk+i := Cm - ^ (<7(em, qi)Pi + cr{Pi,em)qi) 

i=l 

to ensure that this element is a-orthogonal to all previous ones. Then pick / minimal, such that 
(^{Pk+i,ei) 7^ 0, put 

k 

qk+i := e/ - ^ {a{ei,qi)pi + a{pi, ei)qi) 
1=1 

and pick qu+i G 1^%+! with (t(pa:+15 %+i) = 1- This process can be repeated ad infinitum and 
produces the required basis of X because for each k, the span of {pi, . . . ,pk, qi, ■ ■ ■ ,qk} contains 
at least {ei, . . . , e^}. 

(ii) Since S is finite dimensional and nondegenerate, we can choose by (i) a symplectic basis 
{^1, Pi; 12, P2;- ■■; qk, Pk} for it. Given any v € X then 

k 

vs ■■= ^ {cr{v,qi)pi + a{pi,v)qi) G S 

i=l 
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and V — vs G S"*-, i.e. a{v — vs, S) = 0. Thus X = Span{5 U 5^}, and as a is nondegenerate 
S n 5-*- = {0}. Moreover, if = u + w where v ^ S and w G 5-*-, then u = —w G 5 H S"-*- = {0}, 
and hence any decomposition of an x G X as x = xi + X2 where xi G S*, X2 G S-^ is unique. Thus 

?i = s®s^. 

(iii) We first find via the method of part (i), symplectic pairs {gi, ri; . . . ; ^A:, r^] C X such that 
the nondegenerate subspaces Sj := Spanjgi, ri; . . . ; gj, rj| D {gi,---,gj} but gj+i S'j. We 
construct the basis elements qi, ri inductively as follows. If ri, . . . , and qi, . . . ,qj are already 
chosen, put 

k 

qj+i := qj+i - ^ {a{qj+i,qi)ri + a{ri,qj+i)qi) 

i=l 

to ensure that qj+i G Sj-. By (ii), X = SjQSj- hence Sj- is nondegenerate, so there is an element 
rj+i G sj- such that a{rj^i,qjj^i) = 1. It follows that (7^+2 'S'j+i and that {qi, ... ,qj j^i} C 
This process can be repeated to produce the required symplectic bases. Next, we want 
to show that in Sk we can choose {pi, p2, . . . , pk} such that {gi, pi; q2, P2', ■ ■ ■', qk, Pk} is a 
symplectic basis for 5"^. Now {qi, . . . , q^} C {qi, . . . , qk}'^ where henceforth the symplectic com- 
plements are all taken in S^- We claim that the containment {q2, . . . , qk}'^ ^ {li, Q2, ■ ■ ■ ■, Qk}'^ 
is proper. The map 99 : 5^ — > S"^ by fxiv) ■= (^{x,y) is a linear isomorphism by nondegeneracy 
of a. Then for any set i? C S'fc we have 99 (i?"*") = i.e. the annihilator of R in S^, hence 
dim(ii^) = dim(ii'^) = 2k — dim(Span(i?)) . Thus dim{(7i, . . . = 2k — j from which the 

claim follows. Thus there is an r G {q2, . . . ,qk}'^\{Qi, Q2, - ■ ■ ,(lk}'^ such that <j{r,qi) 7^ 0. In 
particular, let pi be that multiple of r such that cr{pi,qi) = 1. Let Ti := Span{ (71,^1} then 
{Q2, ■ ■ ■ , Qk} C Tf*-, and by (ii) we have 5fc = Ti © Tj- where T-j- is nondegenerate. Thus we can 
now repeat this procedure in starting from 52 to obtain p2. This procedure will exhaust 
to produce the desired symplectic basis {qi, pi; q2, P2', ■ ■ ■ ] Qk, Pk} ■ ■ 



7.4 Quantum Dirac Constraints 

The following account of Quantum Dirac Constraints in the algebraic context follows the survey 
|41j and references therin. 

A brief heuristic outline of the Quantum Dirac Constraints is as follows. Suppose that TC is 
a Hilbert space and that C = {Gj | j G A} is a set of operators that select a physical subspace, 
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ie 

Hp := rijgAKer Gj 

Then the Dirac observables are traditionally taken as the commutant of the constraints C, but 
can be enlarged to be the algebra generated by the self-adjoint operators that preserve Hp. The 
final constrained system is these observables restricted to Tip. This procedure can be problematic 
for reasons such as spectral issues (think of trying to impose momentum p = when p has a 
canonical conjugate), hence we abstract the process to a C*-algebraic setting that is independent 
of the defining representation, then look for representations where the problematic issues are no 
longer present. 

We give a summary of the relevant aspects of this abstraction found in in the survey |41j . 
Much more can be said about C*-Dirac constraints than will be given here, see \42 \ I4H 1^3} 140 1 146j 
for more. 

Definition 7.4.1 A quantum system with constraints is a pair {A^C) where the field algebra 
A is a unital C* -algebra containing the constraint set C = C* . A constraint condtion on {A,C) 
consists of the selection of the physical state space by: 

6d := W e 6{A)\TT^{C)n^ = ycec} 

where &{A) denotes the state space of A, and (vr^, Wcji ^^oj) denotes the GNS-data of uo. The 
elements of Go are called Dirac states. The case of unitary constriants means that C = U — 1 
for a set of unitaries lA C Au, and for this we will also use the notation {A.,hl). 

Now observe that we have, 

©D = {wGe(^)|a;(C*C) = VCgC}, 
= {uo(^&{A)\C(zM^}, 
= M^r\G{A). 

Here A/L := {A £ A\uj{A*A)} is the left kernel of u and M := n{Muj \uj G 6d}, and the _L 
denotes the annihilator in the dual of A. 

We now have the equality M = [AC]. Since C is self-adjoint and contained in we have 
C C C*({C}) C (AfnM*) = [AC] n [CA]. We can use these facts to get. 

Theorem 7.4.2 We have 
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(ll) COe&D iff TT^i'D)n^ = 0. 

(in) An extreme Dirac state is pure. 

A constraint set is first class if 1 ^ C*{{C}) which by the above theorem is the assumption 
that the constraints are non-trivial. 

Now we define the observable algebra as, 

0:={A€A\[A,D]eV V-D G V}. 

We get 

Theorem 7.4.3 We have 

(i) T> =M r\N* is the unique maximal C* -algebra in n{KeTLo\uj E 6d}- Furthermore T) is 
a hereditary C* -algebra of A. 

(a) O = Ma{T^) ■■ {Ae A\ ad gV 3 DA \/D £ V}, i.e. it is the relative multiplier algebra 
ofD in A. 

(Hi) O = {Ae A\[A,C] C V}. 

(iv) V = [OC] = [CO]. 

(v) For the case of unitary constraints, i.e. C = U — 1, we have U C O and C = {A € 
A\auiA) - AgV yU £U} where au := AdU. 

Therefore 2? is a closed two-sided ideal in O and the traditional observables C C O where C is 
the commutant of C in A. 

Define the maximal C* -algebra of physical observables as 

V := O/V 

The factoring procedure is the step of imposing constraints. We call this method of imposing 
constraints the T-procedure. We require that all physical information is contained in {V, & {V)). 
It is possible that V is not simple and in the case we adjust as in [41j plOl. We have the following 
connection 
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Theorem 7.4.4 There exists a w* -bijection between the Dirac states on O and the states on V ■ 

Although the T-procedure is an abstract C*-algebra procedure not dependent on the orginal 
representation, it can be helpful to work in a representation to aid intuition and calculations. In 
fact as P is a hereditary subalgebra of we can utilise results in }83j chapters 1-3 in relation to 
the universal enveloping von Neumann algebra. Denote the universal representation by vr^ on 
the universal Hilbert space Hu and let Al' be the strong closure of t^u{,A) and make identification 
of A with a subalgebra of A!\ i.e. we generally omit 7r„ explicitly. Also if u; G ®(-^) the we 
denote by lo the unique normal extension of lj from A to Al' . 

From [8^ we have that 

Definition 7.4.5 A 'projection P G J-" is called open if C = {A"P) is a closed left ideal of 
A. 

From [83j Theorem 3.10.7, Proposition 3.11.9 and Remark 3.11.10 we have bijections of open 
projections with: 

(i) hereditary ideals of A given by P ^ PA"P n A. 

(ii) closed left ideals of ^ by P ^ A"P n A. 

(iii) weak *-closed faces containing of the quasi-state space {Q){A) by 

P^{oje Q(^) I a;(P) = 0} 

Using this we get the following results ([H] Theorem 4, Theorem 5) 

Theorem 7.4.6 For the constraint system {A,C) there exists an open projection, P G A" , such 
that, 

(i) M = A"Pr\A, 

(ii) V = PA"PnA, 

(Hi) 6d = {uj£ &{A) I a;(P) = 0} 

(iv) = {AeA\ PA{1 - P) = (1 - P)AP = 0} = P'nA, 

(v) v^{i- P){P' n ^) = (1 - P)0{i - P) 
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Now in the universal representation we define the physical space to be Ti^ := HcgcKer C. Then 
from the above theorem we that 7iu = Ker (1 — P) where P is projection in the statement 
of Theorem (17.4. 6p . That is, P is a condition that selects the same physical subspace as the 
constraints. Note however that P is not in A in general and so we would have to extend A if 
we wanted to apply the T-procedure using P as a constraint. 

Still we have the decomposition of TLu = PTCu © (1 — P)Ti.u, and with resepect to this 
decomposition using Theorem (I7.4.6j) (ii),(iii),(v) we may write 



V 



O 



A(^A\A 



AeA\ A 




and, 



V 



AeA\ A 



D G PAP 



A G PAP, Be{l- P)A{1 - P) 




Ae {l-P)A{l-P) 



Now we define 

%{A) = (1 - P)^(i - P), Ago 

From Theorem (17.4.60 (iii) we see that <5p is a homomorphism on O and from Theorem ()7.4.6p 
(v) we see that Ker = D. Therefore we have that, 

V = 0/KeT<^p^^p{0) (7.3) 

Example 7.4.7 (i) Suppose that TC is a Hilbert space, Q is a self-adjoint projection on 7i 
and {A,C) = {B{7i),{Q}). It is straightforward to see that P = tTu{Q) where P is the 
projection in Theorem (j7.4.6p . Therefore O = Q' and V = {\ — Q)Q' {1 — Q) . Hence in this 
case we have that the T-procedure gives that the observables are the same as the Dirac 
observables. 

(ii) Suppose that W is a seperable Hilbert space, K(7i) are the compact operators on Ti and 
that {A,C) = {B{n),K{n)). Then C = CI (see) but O = B{n) as intersection of the 
kernel of all the finite rank operators is {0}. 

4k 
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7.5 Covariance for C*-BRST II 



The Fock-Krein representation of the auxihary algebra in Section [4.2.11 np, is faithful and the 
Poincare transformations are defined there by ag := Ad{T{Vg)). Therefore it is natural to see if 
we encode the Poincare transformation on the auxiliary algebra via this representation, and so 
for the remainder of this section we will assume that we are working in the Fock representation 
and will identify TZ{D,a2) with ttf{TZ{D,(T2))- We will also use the notation Rf = R{l,f). 

An important point to note is that with respect to the IIP (•, •) on (see subsection (|4.ip ) Vg 
is Krein-unitary, but not (•, •) = (•, J-)-unitary, i.e. Hilbert unitary. Two important consequences 
of this are: 

(i) We have that Og will be a f-automorphism on the unbounded algebra generated by the 
^(/)'s, but that in general ag will not be a *-automorphism. 

(i) Vg is Krein unitary hence invertible and hence r(V^) will define Krein unitary operator on 
the finite particle space ^oiTC). However, for g = (A, a) where ||A|| > 1 it follows from, 

that Vg is unbounded and so does not extend to ^{H). Moreover, there will be problems 
defining Og on all of 7^(2), (T2). 

To understand the problem of ag on TZ{D, 02) more explicitly, we look at its action on 

ag{(P{f)) = ag{A{P+f) + iA{iP^f)), 
= A{Vg^P+f) + iAiiVg^P^f), 

= <P{{P+V^gP+ + P^V^gP-)f) + imP+Vg^P- + P-V^P+)f), 

= {mmvj + Vg*)f) + imv,^ - ^;)/)], (7.4) 

= {l/V2)[a{V^f) + a*{Vg*f)] 

where the second last line follows from lemma ()4.2.9p and V* = JVg J. This shows explicitly 
that ag will be a *-automorphism for all / G S iff {Vg —V*) = 0, which is when g is a rotation 
and/or translation. 

Using this we can show that in fact that if g is a Lorentz boost, then ag can map resolvents 
to unbounded operators. First note that if we define coordinates (xq, xi, X2, X3) € and Bi is 
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Lorentz boost in the xi-direction, then 



Si 



Bi{t) 



t G 



(7.5) 



/ cosh(t) sinh(t) 0^ 
sinh(t) cosh(t) 
10 

\ ly 

which is given in [77] p90-92, (Note that [77] uses the index X4 for the time co-ordinate and the 
order x = (xi, X2, X3, X4), while we use xq and x = (xq, xi, X2, x^), which leads to a different 
arrangement for the entries of 

Let P- = diag{— 1,0,0,0) and P+ = diag{0, 1,1,1) be projections on M^. For ei = 
(0,1,0,0) G then we see that P+BiP+ei / and PiBiP+ei / 0. Hence by the defini- 
tion of Vbi (equation (j5.37p ). we see that we can choose h £ P+S), such that hi = Pj^Vs^h ^ 
0, h2 = iP-Vs^h / 0. Now 0(/i) = A{P+h) + iA{iP^h) = A{h) so, 

«Bt(0(/i)) = A{VB,h) = 4>{P+VB,h)+i(t){iP-VB,h) = 4>{hi)+i4>{ih2). 

As P+2),P_S) (72-symplectically commute, we have [(j){hi) , (f){h2)] = , = 0' ^"^^ 
have joint spectral theory for (p{hi), 4>{h2)- We can use this to calculate ag{Rh). Take ^ G ^oiji)-, 
then, 

ip = {i- (j){h))RhTp ^tp = ag{il - 4>{h))ag{Rh)ip, 

= (i - 4){hi) - i(t){h2))ag{Rh)il), 

(il - A - ifj,)dP{X, fi)]ag{Rh)'ilJ, 

{i{l- IJ.)-X)dP{\,fi)]agiRh)iJ, 

ag{Rh)i^' =' ( / (i(l - /i) - A)-idP(A, ^))V', 

Now as {i{l — /u) — A)~^ has a singularity at ^ = 1, A = then we have that ag{Rh) is unbounded, 
and so we cannot define ag abstractly on all of TZ{D,a2)- 

Although the Poincare transformations as defined directly as in the Fock-Krein representation 
do not define on all of the auxiliary algebra, we can look for strategies to encode them in a way 
so that we can get correct transformations back on the physically interesting objects. 

One strategy to use is to see if we can find a homomorphism from 7 : Sp(2?, cJi) — > Sp(S), ai), 
define the Poincare transformations on the auxiliary algebra via Theorem ()5.2.4p (v) and check 
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that these give the same transformations as in Subsection 15.3.21 when factored to the physical 
subspace. 

A step in this direction begins with 



Proposition 7.5.1 Define the real linear operator 

T:X^X by Tf:=P+f + P_Cf, 

where C is as Proposition ()5.4.ip . Then 

7t : sp(X, C72) — ^ sp(X, (J2) defined by M ^ TMT, 

is a real algebra isomorphism. 

Proof. By Proposition (j5.4.ip (ii) we have 

a2{Cf,Cg) = -a2{f,g), f,ge^. 

Hence for all f,g £ D we have: 

a2{Tf,Tg) = a2{P+f,P+g) + a2{CP.f,CP.g), 
= a2{Plf,g)-a2{Plf,g), 
= o-2{Jf,g), 
= o-i{f,g), 

Moreover, for M € sp(X, CJ2) we have for all f,g £ X: 

ai{TMTf,TMTg) = a2{MTf,MTg) = a2{Tf,Tg) = ai{f,g), 

and as = 1, it is obvious that = 1 and so jt is a real algebra isomorphism from 
Sp(X,cri) ^ Sp(X,cr2). □ 

However C and K do not commute, hence T does not extend to a linear or anti-linear operator on 
D. Hence we do not have that 7t extends to an isomorphism or anti-isomorphism of Sp(2!), cJi) — > 
Sp(2),cr2). So although 72- is the first step in implementing the above strategy of mapping 
sp(S),o"i) to sp(2),cJ2), it is not clear at present how to continue. 

Another strategy towards implementing ag is to reduce the problem to implementing Lorentz 
in the xi-direction. There is no problem implementing rotations and translations as these are 
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both Sp(!l),cri) and Sp(2!),(T2) symplectic, and a general Lorentz transformations can always be 
written as A = R2B1R1 where R2,Ri are rotations and Bi is a boost in the xi-direction (see 

m (ni),p93). 

In this direction we begin by breaking the transformations Vg into more manageable pieces. 
Note that for g = (A, a) G "P^, we have that Vg = TgU^ = U^Tg where, 

{Tgf){p) := e'P''f{A~'p), (C/a/)(p) := A/(p) V/ G S{R\C'). 

now it is easy to check that Tg is both ui-symplectic, and (T2-symplectic, hence will generate 
automorphisms on and Tl(T),a2) (and Tl{D,ai)), and ^{Tg) implements these autormorphisms 
in the Fock representations. Therefore if we let D = 5o(W)) then, 



Ad{r{Tg)){(l,M))1^ = MTaDV. 



As [Tg,P+] = [Tg,P^], we use. 



to get, 

Ad{T{Tg)){A{f))V = A{Tgf)V. 

So we only need to consider how to encode of C/a for A G C\, in 7^(2), 02)- 

Now A = R2B1R1 where R2,Ri are rotations and Bi is a boost in the xi-direction (see 
[77] (III),p93). It is straightforward to check that Ur^,Ub.2 are both also (T2 symplectic and 
[C/ij-,P+] = [[//j.,P_], z = 1,2, hence as above, 



Ad{T{UR^))A{f)V = A{UrJ)V, 



i = 1,2. 



So all we have left to do is to construct . Bi is given by the matrix in equation (|7.5p , and 
by equation (I7.4p . 

= (l/2)[<A((i?i(t)t + + i<A(i(i?i(t)^ - i?i(t)*)/)]. 

Furthermore, by (|7.5p 5* = so using i?| = Ji?f J and J = diag{—l, 1, 1, 1) we get, 



i?i(t)t 



cosh(t) - sinh(t) 

- sinh(t) cosh(t) 

10 

1 



t G 
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Therefore, 



d 



(5i(i)t + Bi(tr) = 2 



t=o 



dt 



t=o 



( cosh(t) 0^ 
cosh(t) 
10 

y ly 



0, 



and, 



d_ 
dt 



{B^{t)^ -B^{tY) = 2 



t=o 



dt 



t=o 



( sinh(t) 0^ 
sinh(t) 


y oy 



/o 1 o\ 

10 


yo oy 



So we get that, 
d_ 



where. 



/o 1 o\ 

10 


yo oy 



We summarize in 



Lemma 7.5.2 Let Bi{t) be a boost in the x\ direction. Then, 

d 



d(</>(/))V^ := ( 



dt 



t=o 



«i3i(*))(0(/))V' = i<P{ibif)ip, 



where, 



6i := 



/o 1 o\ 

10 



yo oy 



and il> E V. 



Prom this lemma there are two directions to go: 
Directionl: Mollify d 
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This approach is taken in a different context in [T7] pl2. We can calculate d on R{X, /) via, 



R{X, f)i; = asuMRiK f))aB,u){iXl - Hf))R{\ /)V' 



and so differentiating, 



d(i?(A, /))(iAi - m)Ri\ f)^ = Ri\ /)d(iAi - m)Ri\ 



which implies. 



d(i?(A, f))^P = iR{X, f)4>{ihif)R{X, f)i;, 

= imbif) + a2{ihifJ)l)R{Xjfi^ 

where R[X, f)ilj G ^q{'H). Using the above we see that for any A G 7^(D,(T2)o we can find a 
monomial of resolvents Ma to mollify d(74). We have that M^d(A) G 7?.(5),cr2) and so this 
encodes the Lorentz boosts on the auxiliary algebra in infintesimal form. With this done we can 
the aim is to recover d on the auxiliary fields and then covariant fields in other representations 
by using tools such as Theorem 15.2.71 A problem with this is that the mollifying monomial Ma 
depends on the original A G 1^(1), (72)0 and so the 'mollified d' is a difficult object to analyse. 

Direction2: Use T G Sp(S),(T2) 

The idea here is that ibi is a self-adjoint operator with respect to (•, ■) on TC = D. Therefore 
Wt := exp{itbi) is unitary on 7^ = and so cr2-symplectic on D (61 preserves 2) so so does 
exp(it6i)). Explicitly, 

/ cos(t) isin(t) 0\ 
ism{t) cos(i) 
10 

ly 

Therefore we can define the corresponding awt S Aut {TZ{T>, (12)) ■ In 'nice' representations (such 
as the Fock) we have that awt is unitarily implemented by St and we can differentiate to get a 
self-adjoint generator M with dense domain D(M) for St- That is, for a 'nice' representation. 



W{t) 



\ 



t G 



TT, 



TT{awM)) = StTTiA)St, St = exp(itM), 
and so when the appropriate fields exist, we get 

St(l)Af)Sti^ = MWtm ^ G D{Mf)) n D{c^^{Wtf)). 
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Then we differentiate to get a *-derivation, 



t=o 

That is, under the appropriate regularity conditions, we we will have a well defined derivation 
that is generated by a self-adjoint operator, ie 

d(0.(/))V' = MibiDi' = [iM,MfM- 

Now if we let L = iM then we have that, 

is a well defined derivation for A that preserve the appropriate domain, and we have that, 

the exact relation we want for the infintesimal version of Bi. Now we can check by direct 
computation that [61, P+] = and so we get that, 

AtBAMm = dtB,{MP+f) + iMiP+m, 

= i{<PAithP+f) + i(t>^{-tbiP+f))i^, 

= iMitP-hf) + MtP+hm, 

Therefore (d(Bj)"(^7r(/))i/^ = and so given strong convergence of the fields in their 

arguments, we get, 

exp(dtsj(^,r(/))^ = ^^(exp(t6i)/)V' = 

and so we can reconstruct q:£^((). Also by the derivation property of dtBi we can check that 
Q'Bi(t)(^-S)V' = (^Bi{t){-A)(^Bi{t){P)'^ for appropriate A,B e Op(7^7r) (such as the fields). Note 
that as L is skew-self adjoint we will not have that aBi{t) is a *-automorphism or that it is even 
bounded, as in the case for the Fock representation. 

To summarize for direction 2, we start with G Sp(2}, (T2) and look for restrictions on 'nice' 
representations such that wc can strongly difi^crcntiatc and exponentiate and get convergence 
in the argucmcnts for the fields, etc. Given these conditions we construct the derivation corre- 
sponding to the infintesimal version of exponentiate this on the fields to get the ag^. Once 
we have these it is straightforward to get any covariant transform in the nice representations. 

265 



So we see that we have several strategies and directions for encoding the Poincare trans- 
formations directly on the auxiliary algebra. The first strategy was mapping cri-symplectic 
transformations to cr2-symplectic transformations via some isomorphism 7 and checking that 
the automorphisms generated are then match those in Subsection 15.3.21 when factored to the 
physical algebra. At present such a 7 has only been constructed on Sp(£'c, ci) a real subalgebra 
of Sp(2),cJi). The second strategy was to reduce the problem to encoding ajj^-^^ where Bi was 
a boost in the xi-direction. This is still a difficult problem however we can instead encode the 
infintesimal version of au^^ using d. There were to approaches to doing this: one was mollifying 
d but this faced the problem that the 'mollified d' depended on the A £ Tl(T),a2)o on which 
it was acting; The other was to use W{t) £ Sp(S),cJ2) and differentiate to get d, which faces 
the problem that we need to have nice representations where we can differentiate. Also, in 
both of the infintesimal strategies, we would need to restrict to representations where we could 
re-exponentiate d. 
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